Mathematics for an A-level student

THE SIMULTANEOUS EQUATIONS
A. Simultaneous Linear equations with two unknowns

Case I: A pair of linear equations in two variables

apx+byy+cog=0 , ax+by+cy =0

NOTE: x and y are two variables and the unknowns.

Methods to be used
e Solution by substitution
e Solution by eliminating coefficients (Elimination method)
e Matrix method
e Crammer’s rule method
e Determinant method
e  Graphical method
The last four methods have not been discussed, but the first two are to be
reviewed in the subsequent examples below.
Examples
Solve the pair of simultaneous equations
a) 5x+2y=14,3x —4y =24
b) 3x+4y—-9=0,2x+3y=38

Solution
Solution by substitution
a) Sx+2y =14 i (1)
Bx =4y =24 ciiiii )
From eqn. (1), making x the subject
14-2y
>x=—" (3)

D e
Substituting eqn. (3) in to eqn. (2)

:;3(@)—@:24 .............................. (x5)
= 3(14 - 2y) — 20y = 120

=42 -6y — 20y =120 or — 26y =78

.'.y=—3

Substituting y = —3 in two eqn. (3) (either of the original equations)
14-2x-3 _ 20 _

> x= - S 4

wx=4,y=-3

Solving by equating coefficients
Sx4+2y =14 i (1)
B3x =4y =24 i )

Multiplying both sides of eqn. (1) by 3 (the coefficient of x in eqn. (2)) and
multiplying both sides of eqn. (2) by 5 (the coefficient of y in eqn. (1))

= 15x + 6y = 42

= 15x — 20y =120

Now subtracting the equations,

26y =-78~y=-3

Substituting y = —3 in either of the original equations
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5x+2y=14,y =-3
=>5x—6=14:.5x=20 orx =4

wx=4,y=-3

Left as an exercise. ANSWER: x=-5,y=6
Try also to solve simultaneously

3x+2y=16,4x -3y —10=0. ANSWER: x=-5,y=6

Case II: A pair of simultaneous equations in two variables, one
Quadratic and one Linear

Example

Solve the pair of simultaneous equations

4x —3y=1,12xy + 13x* = 25

x> +y?—6x+4y—-13=0,2x=3y—1

Solution

From eqn. (1)

Y= (3)
Substitute eqn. (3) in to eqn. (2)

= 12x (4x3_1) F13x2 =25 it (x3)
= 48x% — 12x +39x%2 = 75

W 87x2 = 12X =75 =0 tteeieiiiie e (+3)
=29x2 —4x—-25=0

= (29x+25)(x—-1)=0
25

-'-x=1,—5 .................................................. (4)
Eqn. (4) in to eqn. (3) yields

100
y=%=1,forx=5andy= 2 forx=—§
= ]y =_®B ,__8
sx=ly=lix=-3.y="%
2x=3y—1=2x="0 (1)
X2+ Y2 —6x+4y —13=0.rrrrrrrrrrrrrerrnnnnnnn, )

Substitute eqn. (1) in to eqn. (2)
~1\2 _
-2+ -a(2) s ay-1a=c

2_
5204y 43 -9y +4y —13=0 oo (x 4)

=>9y? —6y+1+4y>+12—36y+16y—52=10
=13y?—26y—-39=0 ory?—2y—4=10
=>@-3)y+1D=0

~y=-1,3

Substitute eqn. (3) in to eqn. (1)
Fory=—1,x=>""—=-2
Fory=3,x=22"1-4

2
sx=—-2,y=—-Lx=4,y=3
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Other techniques of solving specific set of simultaneous equations
Solve:

x> +y?2=185,x—y =3

x3+y3=4914,x+y =18

x3—-y3=218,x—y=2

2x+3y=5,xy=1

S5x—y=3, y>?—6x>=25

3x—=2y=7 ,xy=20

NOTE:

The above equations can also be solved using substitution as in the
previous examples.

Solution

X2 Y2 =185, (1)

X = Y = 3 e 2)
From eqn. (2), squaring both sides

(x—y)? =32

>x2+y?—-2xy=9

But from eqn. (1), x? + y? = 185

=185—-2xy =90rxy =88 ............... 3)

Again (x + y)? = x? + y% + 2xy

From eqn. (1) and eqn. (3)

= (x+y)>=185+2x88

= (x +y)? =361

AXFY =119 e @)

Now solving eqn. (2) and eqn. (4) simultaneously
Adding the equations,

=>2x=119+3

2 2x=19+4+3=22 orx =11

~2x=-19+3=-16 orx = -8

From eqn. (2),y =x—3

Forx=11,y=11-3=8
Forx=-8,y=-8-3=-11
wx=11,y=8x=-8,y=—11

Wy =4914 . (1)
X+Y =18 i 2)
From eqn. (2), cubing both sides

(x+y)} =183

= x3 4+ y3 + 3x%y + 3xy? = 5832

= x3 4+ y3 + 3xy(x + y) = 5832

But from eqn. (1) and eqn. (2), x3 +y3 =4914 ,x + y =18
= 4914 + 3xy(18) = 5832

XY =17 e 3)
Squaring eqn. (2) on both sides

= (x +y)? =18?

SA2 Y2+ 2xY =324 ceiiiiiiiee e 4)
Substitute eqn. (3) in to eqn. (4)

= x2+y?+34=324
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X2 Y? =290 e (5)
Also from (x — y)? = x? + y2 — 2xy

= (x —y)? =290 — 34 = 256

X =Y T L6 e (6)
Solving eqn. (2) and eqn. (6) simultaneously
x+y=18,x—y==16

Adding the equations,

=>2x =116+ 18

~2x=16+18=34 orx =17

w2x=-16+18=2 orx =1

Also subtracting the equations,

=2y =18—- t16

~2y=18—-16=2o0ry=1

~2y=18+16=34 ory =17

wx=1,y=17x=17,y =1

NOTE:

The equations have been reduced to a solution depending on the quadratic
equation.

3
X Y T 2 e e (2)
From eqn. (2), cubing both sides

(x=y)P=2°

=>x3—y3-3x%y+3xy? =8

=>x3—y3-3xy(x—y)=8

But from eqn. (1) and eqn. (2), x3 —y3 =218, x—y =2
=218 -3xy(2) =8

XY =3 3)
Squaring eqn. (2) on both sides

= (x —y)? =22

S PP =20 = A e 4)
Substitute eqn. (3) in to eqn. (4)

=>x2+y?-70=4

WX YE = Th e (5)
Also from (x + y)? = x? + y% + 2xy

= (x+y)?=74+70=144

Sx+ Yy =12 6)
Solving eqn. (2) and eqn. (6) simultaneously
x—y=2,x+y==212

Adding the equations,

=>2x=411242

w2x=124+2=14 orx =7

“22x=-124+2=-10 orx=-5

Also subtracting the equations,

=>2y=412-2

~2y=12-2=100ory =5

Z2y=-12-2=-14 ory = -7
~x=7,y=5x=-5,y=-7
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XY = L e

Re-writing eqn. (2) in terms of terms of eqn. (1)
= 2x.3y = 6 (No change in the meaning in eqn. (2))

Now squaring eqn. (1)
(2x +3y)? =52

=4x2 +22x.3y +9y? =25, but = 2x.3y = 6..............
wdx? +9y2 =25—12=13 ..ccooiiiiiiiiieie e

Also from (2x — 3y)? = 4x? + 9y? — 2.2x.3y

But from eqn. (*) and eqn. (3), 2x.3y = 6,4x% + 9y? = 13

>2x-3y)?=13-12=1

Solving eqn. (1) and eqn. (4) simultaneously
2x+3y=5,2x—-3y=%1

Adding the equations,

=24x=5+1

~4x=5+1=6 0rx=§
“d4x=5—-1=4o0orx=1

Subtracting the equations,

>6y=5- %1
~6y=5—1=4 ory=§
~6y=5——-1=6o0ry=1

x=2 y=2.4= -
--x—z,y—3,x—1,y—1

Left as an exercise. ANSWER: x=2,y=17; x=—§,y=——

97

9 19
8 15

Left as an exercise. ANSWER: x=5,y=4 ; x=—- ,y=——

Task

3 2

Solve: 3x —5y =2,xy =8 ANSWER: x=4,y=2;x=-3,y=-2:

HOMOGENEOUS EQUATIONS

Homogeneous equations are equations in which all terms have the same

degree.

e.g. ax® + bx?y + cy*x + dy® = f , is a homogeneous of 3°

Ix? + mxy + ny? = p , is a homogeneous of 2°

If the powers in every term in variables x and y are added, give a uniform

degree.

Solving Homogeneous Equations
The equations to be considered are:

Ix* +mxy+ny* =4
Both quadratic

px* +qxy+ry* =B

x> +mxy+ny’?=4

qxy =B

, wherel,m,n,p,q,r,A,B are constants.
Examples
Solve the pair of simultaneous equations.
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X2 XY FAY? =6 e (1)
3x2 +8Y% =14 i 2)
Solution

Re-writing the equations by factoring

= x2 [1 +%+4G)2]= .............................. 3)

= x2 [3 +8 (%)2] =14 oo, 4)
Eqn. (3) = eqn. (4)

xz[1+§+4(§)2] .

=—;letm=2

x2[3+8(§)2] 14 x

1+m+4m? _ 3 2 _ 2

W—; or 7+ 7m+ 28m*° =9+ 24m
2Am?+7Tm—-2=0or(4m—-1D)(m+2)=0
Butm=i—' ory=mx

1

DY T H (5)
Ay % PPN (6)

Using any of the equations (3) or (4)
2
From eqn. (4) x? [3 +38 G) ] =14

= x%[3+8m?] = 14
Form = -2,
x2[3+8(=2)2] =14 orx? == =2

35 5
2
~x =% |5
e

From eqn. (6), y = —2x = —2 (i %)

L= |2 —_9 |2
..x_\/;‘y_ 2\/;
s = |2 = 2
X = \/;'y_z\/;

Now form = %, equation x?[3 + 8m?] = 14 becomes;
2

:,~x2[3+8(§) ]: 14 orx? = 4

SX = iz

From eqn. (6), y = —2x = —2(£2)

ax=2 Y = —4

wx=-2,y=4

= 12 e o 2 e 2 = 2 20 v A= D =
..x—\ﬁ,y— 2\/;36— \ﬁ,y—Z\ﬁ,x—Z,y— 4;x=-2,y=4

Solve the pair of simultaneous equations.

X2 H4xy + Y2 =13 i (1)
2X2 43XV =8 et (2)
Solution

Re-writing the equations by factoring
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"2[1*4(%)*(%)2] 13
O
1+4m+m? _ 13

== orl+4m+m?®=2+3m
24+3m 8

~8m?—7m-18=0
m= 7+/49+4(8)(18) - 7425

16 16
9
am= 2,—5

Fromm:i—':y:mx

From equation (4)

=2 [2+3(2)] =8~ 2*[2+3m] =8
Form =2,x*(2+6) =8
wx?=1orx=+1

Buty = 2x

~Forx=1,y=2
~Forx=-1,y=-2
wsx=1,y=2;x=-1,y=-2

Also for m = —g

From equation (4)

= x? [2 +3 (— g)] =8.x%= —% , hence roots are complex.
Alternatively
Dealing with question (1)
X2 F XY FAY? =6 e (1)
362 +8Y% =14 i 2)
Eliminating constants 6 and 14
Eqn.(1) x 14 —Eqn.(2) X 6
= 14x? + 14xy + 56y = 84
= 18x2 + Oxy + 48y? = 84

—4x% + 14xy + 8y*> =0
or =2x*—T7xy—4y*=0

Factorizing to linear factors gives
2x+y)(x-2y)=0

Ly =-—2x ory=%x

Eqgn. (3) in to Eqn. (2) or (1), the original equations
3x2 +8y? =14,y = —2x , gives

3x2+32x* =14 -~ 2-% orx=i\/§

x4 =
— |2 —_ |2
Forx—\/;,y \/;
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2 2
Forx——\E,y—\E

Also 3x%2 +8y? =14,y = %x gives

3x2 + 86x)2 =14 orx = +2
1

Nowforx=2,y=ix2=5

Also for x = —2,y=—%x2 =—%

Dealing with question (2)

X2 H4xy + Y2 =13 i (1)
262 43XV =8 i, 2)

Eliminating constants 13 and 8

Eqn.(1) X 8 —Eqn.(2) x 13

8x% + 32xy + 8y% = 104

26x% +39xy + 0y% = 104

—18x? — 7xy +8y? = 0 or 18x% + 7xy — 8y? =0
Factoring in to linear factors
(2x—y)(9x+8y) =0

Ly =2x 0ry=—gx

Eqn. (3) in to Eqn. (2) or (1), the original equations
2x% +3xy=8,y=2x
=>2x2+6x2=8 ~x?=1o0orx=+1
~Forx=1,y=2;x=-1,y=-2
Also 2x? +3xy =8,y = —gx
= 2x? +28—7x2 =8 ~x?= —% or x = complex
NOTE:
The second alternative gives rise to a quadratic equation in terms of x and y
which is factorisable to linear factors after eliminating the constant terms.
Substitution method can also be applicable to solve homogeneous
simultaneous equations.
Task
Solve the pair of simultaneous equations
a) 2x*—xy—y*=8,xy=6
b) x%+y%=35,x2y+xy* =30
c) x?—2xy+8y?>=8,3xy—2y*=4
ANSWERS: a) x=143;y=41 ¢) x=12 ,y=41;x=+41,y =412

Simultaneous Linear Equations with three unknowns

ax+byy+ciz=4
a;x+ b,y +cz=B

azx+ b3y +c3z=C

Methods to be considered are;
e Elimination method
e Reducing to roe Echelon form
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Elimination method of solving linear set of equations

X F DY FCLZ=A i (1)
X+ DY+ CrZ =B i 2)
A3X F D3V FC3Z = C oo 3)

Eliminating any variable (i.e.x or y or z) from any pair of equations
Eliminating x from eqn. (1) and eqn. (2)
Multiply % by eqn. (1) and subtract the result from eqn. (2)

1

The resulting equation is of the form

PY+QZ=R | oo 4)

Eliminating the same variable i.e.x from any other pair of equations
Eliminating x from eqn. (1) and eqn. (3)
Multiply ? by eqn. (1) and subtract the result from eqn. (3)

1

The resulting equation is of the form

my+nz=r

Now solving eqn. (4) and eqn. (5) as discussed earlier (i.e. solving set of
linear equations in two variables), this gives y and z values.

Now substituting y and z values in any of the original equations .i.e. (1) or
(2) or (3), the value of x can be obtained.

Examples
Solve the linear set of equations simultaneously
x+4y+4z=7

3x+2y+2z=6
9x + 6y +2z=14

Solution

X+AY+4Z =7 (i (1)
BX+2Y+2Z=6 oottt )
X+ 6y +2Z=14 .ot (3)

Eliminating x from eqn. (1) and eqn. (2)
3

Eqn.(1) x (I) —eqn.(2)

3x+12y+12z =121

3x+2y+2z=6

10y +10z=15 or 2y +2z=3............ 4)
Eliminating x from eqn. (1) and eqn. (3)
Eqn.(1) x G) —eqn.(3)
9x + 36y + 36z = 63
9x + 6y +2z=14
304+ 342 =49 oot (5)
Now eliminating y from eqn. (4) and eqn. (5)
Eqn.(4) x (32—0) —eqn.(5)
30y + 30z =45
30y + 34z =49

—4z=—-4 ~z=1
Put z =1 in to eqn. (4) or (5)
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2y+2z=3,z=1

S2y+2=3.y=>

2
Now substitute z=1,y = % in to eqn. (1) or eqn. (2) or eqn. (3) the original
equations

Using eqn. (1)

x+4y+4z=7 +x+2+4=7o0orx=1
-'-x=1,y=%,z=1
Task
Solve the simultaneous equations
a) x+2y—3z=3
2x—y—z=11 ANSWER: x=2,y=-4,z=-3
3x+2y+z=-5
b) 3x+2y—z=19
4x—y+2z=4 ANSWER: x=3,y=4,z=-2
2x + 4y — 5z =32

Solving Linear set of equations in 3 unknowns by reducing to Row
echelon form
Consider the equations to be solved

UXF DY FCIZ=A o (1)
WX+ DY+ CZ=B i (2)
A3X + D3V +C3Z=C oviiiiiiiiiiiiii (3)

Writing the equations in matrix form

a bl Cq X A
(az b, c2> (y> = (B) , which may be written in short form P.V =K
az; by c3 z C
— —
Coefficient Constant matrix
Variable matrix
Writing elements ot K 1n r matrix, the augmented matrix is formulated as;
ap b i A
Q= (az b, ¢ B )
az; by c3 1 C
Eliminating elements beow the major diagonal in the coefficient matrix gives
rise to a triangular matrix
<@~ by ¢ A
( ay~bnr_c; B) , elements to be zeroed/ eliminated are a; ,a;,,a;3
az b3-o-, C
To eliminatevaz, subtract Z—j times first row from the 2™¢ row, and to

. . a . .
eliminate aj, subtract a—3 times first row from 3™ row .i.e.
1

<a1 by ¢ A\ Rowl=R,

@ by ¢ B Row2 =R,
a4 by ¢ Row 3 = R;

Now eliminating using the formulae

10
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a; by ¢ A\ Ry >R,
(az b, ¢ B) R, > R, —a,/a;R,
a by sy C R3 = R3 —az/a1 Ry
This gives

aq bl Cl:A
(0 d e D
0 f g E

f
d

<a1 b1 C1 :A) Rl —> Rl

Now eliminating f, subtract ~ times 2"¢ row from the 3" row

a, b CziD R, — R,
as bs ¢ \H/ p R,

, which is a triangular matrix
Finally detach the right hand column back to its original position

aq bl Cq1 X A
(0 d e) (y>= (D)
0 0 h z H

Multiplying the matrices, the result will be;
ax+bhy+cz=A4....c....... (i)
dy+ez=D ............... (ii)
hz=H ....cc.ccn... (iii)
From equation (iii) and by back substitution, values of x,y and z can be
evaluated.

Examples

Solve the linear set of equations by reducing to row echelon form
x—2y—3z=0

3x+5y+2z=0

2x+3y—z=2

Solution

x—2y—3z=0

3x+5y+2z=0

2x+3y—z=2

Writing the equations in matrix form

1 -2 -3\ sx 0

s 2)0)-0)

2 3 -1/ \z 2
Formulating the augmented matrix
1 -2 -310\R
(3 5 2 .0) R,

]
2 3 -1:12/ R
Now eliminating 3 and 2 from column 1

1 -2 -3.:0\R—-R
3 5 2 ,0|R,=R;—3/1R

2 3 —1.2/R3>R3—2/1R,
This gives :

1 -2 =3.10\ R~R
(0 11 11, 0) R, > Ry

0 7 5 .2/ Ry—>R;—7/11R,

11
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Now eliminating 7 from 3™ row

1 =2 =3.0
(o 11 11.:0
0 0 —-2.2

Detaching the matrices back to their original positions

55 2) () (3

X—=2Yy—=32=0 cccooviiiiiiiiinnn. (i)
11y+11z=10 ............. (ii)
—2Z=2 cceiiiinnn. (iii)
From eqn. (iii), z=1
Put z =1 in to eqn. (ii)
511y—11=0 ~y=1
Put z=1,y = 1in to eqn. (i)
x—2+3=0x=-1
cx=-1,y=1,z=-1
Task
1. Solve the equations simultaneously using row- echelon method
a) 2x+3y+4z=-4
4x+2y+3z=—11 ANSWER:x = -3,y =2,z= -1
3x+4y+2z=-3
b) 2a+b+3c=11
a+2b—2c=3 ANSWER:a=1,b=3,c=2
4a+3b+c=15
c) 2p+3q+4r=38
3p—2q—3r=-2 ANSWER:p=1,q=-2,1r=3
Sp+4q+2r=3
2. Simplify and solve the following set of simultaneous equations
a) 4(x+3y)—20@x+32z)—-3(x—-2y—4z=17)
2(4x —3y)+5(x—4z)+4(x —3y + 2z) = 23
3(y+42)+4(2x—y—2z)+2(x+3y—22)=5
ANSWER: x=1,y=3,z=-5
b) 5(x+2y)—4(3x+4z)—2(x+3y—5z=16)
2B3x—y)+3(x—42)+4(2x—3y +2z)=—16
4(4—-22)+2(2x—4y—3)—3(x+4y—2z) = —62
ANSWER: x=2,y=4,z=-3

Other 3 — unknown simultaneous equations

Solve the equations

i) x+3="2="2 11x—3y+7z=8
E DI 6x+ 6y +22 = 6 (Uneb2005)

4 3
Solution
). Letx+3=2-=22=1
>x+3=4A2x=1-3
:YT_l:A.'.y=2/1+1 ................................................ (1)

:>%:,1 nz=-21+5
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Substituting eqn. (1) in to the 2" equation 11x —3y + 7z =8
= 11(A—3)— 321+ 1) + 7(=24+5) = 8
=111—-61—144—-33-3+35=8

> -91=9.-1=-1

Substituting 4 = —11 to eqn. (1) gives

x=—4,y=-1,z=7
4x— 3y 2y—x z+4y

ii). Let ——= =5 =4
:Q A ndx =3y =4 oo (1)
=>2——/1 2V =X =34 et )
:ﬂ ANZHAY =20 i, 3)

Expressmg x,y,z in terms of 4
Eliminating x from eqn. (1) and (2)
eqn. (1) + eqn.(2) x 4
=>4x -3y +8y —4x =41+ 122
EEY =642 Y =TT 4)
Eqn. (4) in to (2) to find x in terms of 1
=22y—x=31 ~x=2y—31 orx=%—3l
D T T et (5)
Eqn. (4) in to (3) to find z in terms of 1
z+4y =21 >z=21—-4y
S z=2 = e e, 6)

5 5
Substituting eqn. (4), (5), (6) in to 6x+ 6y +2z=6

172 161 542\ _
=6(5)re(%)+2(-%)=¢
>91=3: 1= 5
Substituting A = % in to eqn. (4), (5) and (6) gives

17, 1_17

T 5 737 15

—16,1_16

T 5 737 15

—_4,1__ 18

- 5737 s

x=Y ,-10 _ 18
15’y 15’ 5

Task

Solve the simultaneous equations
a) f=22=""and3x+4y+2z-25=0 ANSWER: x=5,y=0,z=5

5 2
b) %:%ZZZU;Z andx+y+z=2 ANSWER: x=1,y=-2,2z=3
o) T3 ang4x+2y+52=15 ANSWER x=0,y=5z=1
d ZF=%F=2z-xandx+3y+2z=4  ANSWER: x=3,y=-1,z=2
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SURDS AND INDICES

Indices:

When a quantity a multiplies it self n — times .i.e.aXa X a X .............n — times, the
product is called a powerof a.i.e.a”

Definition:

Let a,x and y be real numbers such that a® = y, then y is a power of a,x is called
index and a is the base.

1
For example in 2*,32,5Y2,2,3 and 5 are the bases and 4 ,%and V2 are indices.

Laws of indices:
If m and n are integers then

1) am X an = am+n
ii) (@) =a™
iii) Z—j =a" +a"=a""
iv) (a.b)™ =a™. b™
1

n_ L
v) a’t=—
vi) a’®=1

P

vii) Ifas = b, then a? = b7 for g >0
viii) Ifa™ =a" thenm=n

Proof of the laws:
)

am x at = am+n

Several cases arise,

CaseI: m >0 and n > 0 .i.e. both m and n are positive.
By definition,

a"=aXxaXaX.......m— times and

at=axaXxXaX.......n—times

2ada"Xa"=(@XaXaX ... ....m—times) X (@XaXaX ... ...n—_times)
=aXaxXaX......(m+n)—times
=am+n

samxat = am+n

CaseII: m < 0 and n <0 .i.e. both m and n are negative
Let m = —k and n = —l where k,n >0
sa"xa'=ak*xa™

11

T ok Tl
1

= —71 » by first case

1

. -k -l — o —(k+D) — —k—l _
ca®xat=a =a =

Case III: m > 0 and n < 0 .i.e. both m — positive and n — negative
Letn=-1,1>0
sa"xa'=am" xa

1
:amx—l
a

14
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camxal=a" xil
a
Now if m = [, then
amxa_l=alxa_’=a’x$=1
But by first case,
alxat=a"=1
a’® =1
Also from a! x a™! = 1, then
al = Ll , showing that a™ is the reciprocal of a”
a
Further simplification of a™ x a=! = a™ x% , form > 1
1 1 . .
sa"xal= ((a X E) X (a X g) QY tlmes) XAXAX e wrre . (M — 1) — times
=(1X1X el —times) x a™ ! = g™
. -l — 1_ m-l
~a™xa —amx;—a”’
Now again for m <[, then
1 1 . 11 .
a” xal= ((a X E) X (a X E) X oot e e M — tlmes) X (E X=X (l—m)—- tlmes)
=1 1 : 1 _ —(-m) — ,m—l
=(1X1X.iuiuuen...m—times) X pre =a

~ For any integer m and n, a™ X a" = a™*" holds.

ii) (am)n = gmn

Case I: let m,n > o0.i.e. m and n are positive.

@) =a™Xa™ X woeee vrve e X N— times
=(@xaxaX......m—times)X (axaxXaxX....
=aXaXaX ... .....mn—times
= am.n

Now if m >0,n <0, putn =—lwherel >0

myn — my—l _ 1 L — 4—ml
=>(a ) _(a ) _(am)l_aml_a
w (@)t =amD = g forn = -1

Also if m > 0 and n = 0, then
(am)n — (am)O =a’ =1

i)

am
_nzam+an = gm"n
a

a™ _ axaxaX <o —times

am | axaxax e—times
= AA A et e, (M — 1) — times
=gm " ﬂ =gm "
= =

iv)

(a.b)™ = a™.p™

.m — times) X .......n — times

15
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(a.b)™ =abxab X ab ... ... ... ... — times
=(@xXaxXaX.w..m—times) X (bXbXbX...........m—times)

~(a.b)™ =a™. b™

NOTE:

The above laws hold for rational/ fractional indices.
Consider a” and a® where r = 5 and s = % with p,m,q,n are integers and p,q > 0
Leta”" =banda® =c
P
=>ai=b ~aP =b?
:a%zc Lam =ct
Making powers of b and ¢ the same
= (ap)n — (bq)n L g = pan
Also (@™)? = (c™)? ~a™ =c™
Now multiplying
= b1".c™M =q"™.a™

= (b.c)™ = g"Pt™a
np +mq m.p
~b.c=a na =qn ¢

T oS 4k r+s
= a.a=ar 1=a

Illustrative examples
1. Simplify
xm+2nlx3m78n

x5m76n
b) b73.x7? + 4b%x
3(2n+1)_4(2n71)

2n+1_2n

d) 9=(n x gn+2 x g7nt1
a~1p2\7 . (a’h™s -5
€) (azb*“) - (a’2b3)

Solution
xm¥2n 5 3m—6n — xm+2n+(m —8n)—(5m—6n)

x Sm—6n
- x(m +3m—5m)+(2n—8n+6n)

— — 1
=x m+0 — x M = —
xm
_ _ b3.x72
b) b73.x7% =+ 4b%*x =
4b2x
b3 x7% 1 p372x—2"1
T2 x a 4
b5x73 _ 1
R E
3(2nth—4(2n 1 3(2n.2h)—4(2n.27!
¢ F@HEMH 3@ 2)a@ah eon
2n+l_on (2".21)—2"
. 3(29‘)—4@) _6x—2x _ 4x _ 4
- 2x—x - x T x

. 3(2n+1)_4(2n—1) _
° 2n+l_on -

4

d) 9—(%)71 X 3n+2 X 27n+1 — [32]—%71 X 3n+2 X (33)n+1
_ 3—2x%n+n+2+3n+3 — 33n+5

16
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a-1p2 R -5 a-7pl4 R a-15p25

€) a2b—* —zbs aldp-28 ° 410p-15
a pla a5 p25
it ) \p=2s) 7 g0 ) -5

~7-14 pl4—(=28) . 4=15-10 25— (~15)

=a
a2l p42 21—(—25 _
=t n=a 21-(=25) p42-40 — g4 p2
2. Simplify
1 1
22?2 4+1) 72— (x2+1)2
a) —/
1+ )% e+ )%
X — =X X
b) _____i_T___
(14x)3
1 1
9 VA0 5(142) " 245 (1-2)” 2./ (T+2)

1—x
3

d) x7+xy_ Vx
xy=y3  Vx-y

(22n_3.22n—3)(3n_2l3n—2)

e) 3n74(4n+8_22n)
Solution
1 1
20,2 — (2 >
q) TUHD IR +1)x22 CHE Jetx2+1=a
. xz.af%—a% af%(xz—al) . .
= Expression = = = 2 (Factoring term with smallest power)
_ af%[xz—(x2+1)] _ (x2+1)7%.(—1)
- x?2 - x?2
1 1
A2 1)2 1
x? xz(x2+1)7%

Lt 2
(14x)3 —2x(14x) 3
b) —— " leth=1+x
(1+x)3
) b3 —Leb o %(b—%x) . .
Expression = 32 = 5 (Factoring term with smallest power)
3 3

(1+x)3——x(1+x) 3 _ 3+2x

(1+x)3 3(1+x)%
_1g 1
JA=0) 20 +2) " 2421 %) 2./ +x)
) gl 1_)2( - 2 yletl—x=a,b=1+x

1,-11 1 1 11,4 11
Vazb”Z+ia”24b  JaZb” Z+za” 2.b2

Expression =
a

‘a%b‘% (1+b) 1 1
= T = a 27 .b2.(1+4b)

—a b5 (1+b)
—(1-0) (140 (1 +1+%)
—(1-0) (140245 =

2+x 2+x

(l—x)(l—x)%.(l+x)% (l—x)(l—xz)%

2+x
3 1
(1—x)2.(14x)2

17
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1 _1a _1
. 1/(1—x).5(1+x) 2+E(l—x) 2.4/ (1+4x) _ 24x
1—x (1—x)V1—x2
3 3 1
) x2+xy VX xZ+xy x2
-yl ry oyt g

letxZ—a x = a?

x2-y
a3+a’y a a(a+y) a
Expression=———=——=——"-— ——
p aty-y3 a-y y(a?-y?) a-y
a?(a+y) a

" y@+y)a-y) a-y
a

- y(siy) _aaTy oy (3_ 1)

a (ay) _a

a-y 'y ¥y
1
_x2_x

y oy

3

. X2+xy Vx £

"oy Vr-y  y

@¥n=3.220%) (3" -23""2) _ [@M)2-3((@M)2279))[3"-2.3"372] n_ n _
3n—4(4n+8_p2n) - 3n 3-4,((22)n+2—(21)2) let 2" = a, 3"=b

ez _(=He
(@) +2—a?) 8b1.((2")2.24—a2)
s sa2 75
— 8 9 —_809
sr(a216—a?)  -15a?
5a2 7b 81 _ 5x7x81 _ 21

e)

8 "9 '15a2h  8x9x15 8
L (@322 H@En-23"2) _ 21
* 3n—4(4n+8_p2n) - ?
3. Simplify

2 ()

(. 3)3( ) (9)6 (. 81)3

b)
(0.9)3(3)*7.(5) ! (243)78
372x62x\/48
c) 2301 _4 1
5 x\/;—sx(ls) 3%(3)3
85447
3+42
d) 7
164
1 1
(8)6x(4)3
1 1
(32)5%(16)2
Solution
0 (BB s
256 gty 475 35T 243

4

1
B e 0 I o e et
095.3)2(2) 23y (1)3(3)—7,(3_1)_2,(35)%

10
2

- 3 1, 3,1,8 1, 4
(3)3(10) 3.(3) %G5, (102) By

5 2
(32)3 (10- 1)3 (3)-7 (32). (3)“ 33+ 22t 51073
31 5
312 1073 31 19
=5 X 2=31212>(1033
312 1073

=31x10"1=2
10
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1
0 372x62x+/48 _ 372x(3x2)%x(3%x16)2

3[1 4oL 3[1 41
Szx\/:—sx(ls) 3x(3)3 Szx\/:—sx(ls) 3x(3)3

1 1 1
372x(3x2)2x(3x16)Z  _ 372x32x22x32x(2%)2

- 1 _4 1= 2z 4 41
52x(572)3 x(3%5)73%(3)3 52x573 x373x5 3%(3)3
3 225242 32

4
= = X 2% X
2 4 4.1 —
527573x373t3 3 50

1
=3 x 16 = 16v27
2
3

3 2 3
83+42 _ (2%)3+(2%)z _ 22423 _ 448 _ 12 _ 3
d —5= =48
yy

16 ah: 2 8 8 2
1 1 1 1 3 2
(8)6x(4)3 __ (23)6x(2%)3 __ 26x23
e) T 1= 1T 1= 5 1
(32)6x(16)2 (25)6x(24)2 26x23

e i=20=1
PROOFS IN INDICES
1. Ifa=2,b=23, show that (a®h*c®)*Va=3b=*c6 = 144~/2.¢°
Solution
(a®b?c3)*\a3b~*c6 = a®h*c. (a‘3b‘4c6)%
— aSbc6.a"2h2c3

3
Z. b4_2.C3+6

= a6_

9
= az.b?.c’

2 s 1
= a2 b%. ¢’ = (2)2.(3)%.¢° = (2%)2.9¢°

1 1
= (28 x2)2.9¢% = 2% x 22.9¢% = 16 x 9vV2c? = 144+/2.¢°
1 1

2. Ifx=[a+VaZ+b3]’+[a—VaZ +b3]}, show that x> + 3bx — 2a =0
Solution

Letva2+ b3 =B

= x=[a+BJ+[a—B]
Cubing both sides

1
3

x* = [(a+B)i+(a— 13)§]3
=@+ 13)§]3 +3[@a+ B)§]2 (a—B) +3(a+B).(a—BY +[(a- 3)5]3
—a+B+3(a+B).(a—B)i+3(a+B).(a—B)i+a—B
=2a+3(a+B)i.(a— B)i|(a+ BY + (a— B)]
=2a+3[(a+ B)(a— B)]é.x
=2a + 3(a® - Bz)g.x
=2a+3(a®—(a®+ b3))§.x [ VaZ + b3 = B]
=2a+3 (—b3x§).x

= 2a — 3bx
~x¥—2a+3bx=0

2 2
3. Ifx =33+ 373, show that 9x3 — 27x = 82

19
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Solution

x = 3§ + 3_§ , cubing both sides,

= = (3§ + 3*5)3 = (35)3 + (3*3)3 +3.35.375 (3§ + 3*3)
[+ (@+p)* =a’® + f° +3aB(a + B)]

=>x3=324+37243xr=9+;+3x

-'-x3=8’72+3x or 9x3 —27x =82

4. If 2*r=4Y =8 andi+$+;—z=§, showthatx=%,y=3l2 andz:j—8
Solution
2 =4Y 228 =22 £ X =2V ciiiiiiiiiieee e (1)
Also 2¥ =87 =2¥ =23 £ x=3Z ..o, 2)
Eqn.(1) = eqn.(2)
=>2y=3zorz=2?y ...................................................... 3)
1 1 22

1 1 122

= T

1 1 122
BRI R I

1 1 3 22
S—+—+—==

2x  2x  8x 7

n_2 7 1_7

8x 7 2
From eqn. (1), x =2y
sy=f=lyloT
27 16727 32
From eqn. (2), x =3z

x 7 1 7
D Z=——=—X-=—
3 16 3 48

7 7

7
A= YT i

x z xM+y™ 4z w™ 3
S. If ===, show that w{f = (wxyz)2
y w x M4y Mtz M4y M
Solution
x z
Let====k
Yy w
=>x=yk,z=wk
x"+y"+zm+w™ Yy k™ Hym 4w M 4w ™
x Mty Mz M4y M - YT TM 4y T M My T
Y™ +1)+w™ (k™ +1)
Ty MM D) +w T (kM +1)
_ (E"+D™+w™)

T (kD (ymw ™)
_ "D ™ aw™)
(1) G+
_ kM&™m+1) MW ™™ w™)

A+km) m+wm)
=km™ymw™ = (k.y.w)"
But from :—/ = 5 =k= 3 =k ,% = k, multiplying the equations

1

Xz xz \2

>k?=2 ork= (—)2
yw yw

20
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m

o (koy.w)™ = ((;—;)%y w> = ((x. Z.y‘l.w_l)%.y. W)

1 1 1 1\m 1 1 1 1\m m
= (xi.zi.yl_i wl_E) = (xE. z2.y2. WE) = (wxyz)z
6. Ifa*=b"=c*=d" andab=cd,showthat%+%=§+%
Solution
Leta*=bY =c*=d" =k
1
=>a*=k or a=kx
1
=>b”"=k or b=k
1
=>c =k or c=k:
1
=>d¥ =k or d=kv
From a.b =c.d
11 101 1.1 1,1
> kx.ky =ki.kw or ki'y =kw'z
1.1 1 1

x y_z w
7. If 3* =5Y =757, show that xz = z(2x + y)
Solution
Let3*=5Y =75 =k

1
=3*=k or 3=kx

1
=55 =k or 5=k

1
=752 =k or 75=k:
But75=25x3=5%x3

1 1\2 1

=>k2=<ky> x ks

1 1,2

=k =kt
1 1,2 1 +2
Lem==4 = 07"—=y_
z x y z xy
~xz=z2x+y)
X+l gnl g+l n_ n o nnT
8. If—==-=—"-=a+b+c, prove that(xn+1+yn+1+2n+1) =a+b+c
Solution
Leta+b+c=k
xn+1 xn+1
= =k or a" =
an k
1 n+1
(xn+1)7l x n
SaA= = T
k s
Similarly
ntl ntl
. _ y n _ zZ n
sbh==—71,c="—7
kn kn
n n

o o LU ey 1 1 INn+1
= (xn+1 + yn+1 + Zn+1) = (a. kn 4+ b.kn + c. kn)

1 n 1
= [(a+b+c).kz] =(a+b+ )i kit

Buta+b+c=k

n

n n n by n 1
(xm + yuet + Zn—H)n+1 =(a+b+c).(a+ b+ )

21



Mathematics for an A-level student

n 1
=(a+b+c)rmi=a+b+c
9. Ifa=xy?P™',b=xyi™ !, c=xy"!, prove thata?" xb™P x P4 =1
Solution
al™ " X bh"P x Pl = (xypfl)qfr X (xyqfl)rfp X (xyrfl)pfq
= x@) y@-D@T) x x=p) y@-DE=P) 3 xP-0) T -D@-q)
= x 17 PHP=q x y -V +H-Dr-p)+-Dp-q)
— xO_ ypq —pr—q+r+qr—qp—r+p+rp—rq—p+q

=x0y0=1

Solving equations involving indices
1. Findx if x*V* = (xvx)", where x is a positive integer.
Solution
1 1\ X
XV = (x/x) = = (x. xE)
3 37X 3
= x*% = (xi) = x2*
3
=>x2 = gx , squaring both sides

=% =%x2 or 4x3 —9x?2 =0
=>x%(4x—-9)=0 ~x=0 ,%

Butx #0 -'-x=§

2. Solve 4*.2Y = 128 and 3% = 9

Solution
4%.27 = 128 = 22%+y =27

2X F Y = T (1)
Also 32x+2y =9W = 32x+2y — 32xy
S22y =2XY OF X+ Y = XYeiiiiiin 2)
Fromeqn. (1), Y =7 = 2X.eiuiiiiiiiiiiiiieiieeeen 3)

Eqn. (3) in to eqn. (2)
=2>x+7—-2x=x(7—-2x)
=>7—x=7x—2x? or2x>—8x+7=0

_ 84,/ (—8)2—4x2x7
2X2
_ 8B _ 842vZ _ 42
B
Fromeqn. 3) y=7—-2x

Forx="22 y=7-2(22) =7 (4+v2)

442
*==
3. Solve

iy a*3.a?*? =a’a*,a*.a” =a, wherea#0,1

11) (\/E)x+y — (%)y+z—l ‘(\/E)x+z—2 _ (%)y+z '(%)y _ (%)x+y+z

111) 2xty+z — gx+z—y ‘53y+2 = 25x+z , 32x+y+Zz — 93x+y

,y=3—x/§;x=4_2—2,y=11+x/7

Solution
i)y a3t =qa%a*
= ax—3+y+2 — a2+x

>x+y—-1=2+x ~y=3
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Alsoa*.a’ =a=>a*"V =a
=>x+y=1,buty=3
Sx=1-3=-2
~x=-2,y=3

. + +z—-1
i) (Va)™ =(Va)

x+y y+z—1
=>az2 =qa 3
x4y _y+z-1

or 3x+3y=2y+2z—-2

2
S3XF Y —2Z = =2 e (1)
(\/B)x+z—2 =(%)y+z
x+z-2 y+z
2[) 2 =bT
:»HZLz:y;Z or 5x+5z—10 =2y + 2z
SBX =2V 32 =10 .t 2)
A\,/—E y _ % x+y+z
(o =00
=ci=cC 7
=>Z—'=x+37'—+z or 7y =4x+4y + 4z
SAX =3V H4Z =0 oo 3)

Eliminating y from eqn. (1) and eqn. (2)

2 X eqn, (1) + eqn. (2)

=>6x+2y—4z+5x—2y+3z=-4+10

SAIX = Z =6 i 4)
Eliminating y from eqn. (1) and eqn. (3)

3xeqn, (1) + eqn.(3)

>9%x+3y—6z+4x—-3y+4z=-6+0

SABX = 2Z = —6 i (5)
Eliminating z from eqn. (4) and eqn. (5)

2 X eqn, (4) — eqn.(5)

=22x—2z—(13x—-22) =12—- -6

>9x =18 ~x=2

Fromeqn. 4),z=11x—-6

=2z=22-6=16

Fromeqn. (1),y = -2 +2z - 3x

>y=-2+4+32-6=24

wx=2,y=24,z=16

111) 2x+y+z — 8x+z—y

= 2%y +2 = 23x43273Y orx 4+ y+z=3x +3z—3y
=>2x—4y+2z=0

X 2P F Z =0 e (1)
53y+2 — 25x+z

= 53V*2 = 52422 o 3y 4 2 =2x + 2z

SD2X =3V F 2Z T 2 e (2)
32x+y+22 — 93x+y

= 32Xy +22 = 36x+2y o 2x +y + 2z = 6x + 2y

SAX Y —2Z =0 i 3)
Eliminating z from eqn. (1) and eqn. (2)

2 X eqn, (1) — eqn. (2)
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=2>2x—4y+2z2—(2x—-3y+22)=0-2
S>—y=-2 ny=2

Eliminating z from eqn. (2) and eqn. (3)
eqn, (2) + eqn.(3)
=>6x—2y=2,buty=2

>6x—4=2 ~x=1

From eqn. (1), z=2y —x
=>z=4-1=3

wx=1,y=2,z=3

Task
1. Show that
. Vel4xy  Vx _|(x
) xy-y3  Nx-y (y)
ii) IFx=3p+q+3ip—qandp?—q*>=r, thenx® -3rx—2p=0
i) If (2.381)" = (0.2381)” = 10, then = % +2
1 1 1 1

iv) Ifx=31+37%,y =31—371, then 3(x? + y?)* = 64
v) F2*=3" =67, then§+§+§=0
2. Prove that

16(32)m_23Tn72.4m+1 5m _
a) 5@ haer Ve L

(9"*%).\/3><3n
b) Y=

_ 1 1 1

c) fpar =1, then 1+p+q~1 + 1+q+r~1 + T4r4p1 1

(81)".35-3%1,(243) 4.3"
d) 92n 32 - 3n+l_3n = 4

2 2
e Ifx=33+373, then9x® — 27x = 82
3. Simplify
1 1 3
a) Vabb=2c=* x Va=6b*c3 ANSWER: azb3cz
7 7
5-172\2 | (53.775\2

b) 5+~ (E5) ANSWER: 175
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LOGARITHMS

Definition:

The logarithm of a positive quantity N to any given base a is defined as the
index of the power to which the base a must be raised to make it equal to
the given quantity N.i.e. if , then x is called the logarithm of N
to the base a and is written as

log, N = x

NOTE:

We notice that a logarithm is just a power, thus it can also be called an
index or an exponent. This implies that in the derivation of laws of
logarithms, laws of indices come in to use.

Logarithms are defined for only positive numbers.

PROPERTIES/LAWS/THEOREMS OF LOGARITHMS
The logarithm of unity to any base is zero.

log,1=0

Proof:

Froma® = 1 [Seting x = 0 for a* = N], then
0=1log,1 [Fromdefination]

~log,1=0

Logarithm of any number to the same base is 1

log,a=1

Proof:

Froma! =a [Setingx =1 for a* = N], then
log,a=1 [Fromdefination x =log, N]
~log,a=1

A number a power logarithm of another number N to base of a number a is N

alogV —
Proof:
Letlog, N=x=>a* =N
alogaN =N
In general,

L

Proof:

Let a'8¢? =y =>y =)
Now leng = blOng =N
1alead N —

The logarithm of a product is equal to the sum of logarithms of its factors.i.e.

log,(M.N) =log, M +log, N
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Proof:

From LHS = log,(M.N)

Letlog,(M.N)=b=a’ =M.N........................... (1)
Letlog, M =x 2a* =M.ccoooviiiiiiiiiiiiieieeeens 2)
Letlog, M =y =a” =N.oiriiiiiiiiiiiieiiiieeeeeen )

Eqn. (2), (3) in to eqn. (1)
=a’ =a*.a¥ = a*"
>b=x+y

~ log,(M.N) =log, M + log, N

NOTE:
e log,(M+N) #log, M +log, N
e log,(M.N)=1log, M xlog, N

The logarithm of a fraction is equal to the logarithm of numerator diminished
by the logarithm of the denominator .i.e.

log, (%) =log,M —log, N

M

Letlog,(M.N)=b=a" = ..ot (1)
Letlogs M =x 2 a* =M..cooiiiiiiiiiiiiiiiiieen, )
Letloga M =y =a” =N.oiiiiiiiiiiiiiicii e 3)

Eqn. (2), (3) in to eqn. (1)
sad =a*+a¥ =a*
>b=x-y

=~ log, (%) =log, M —log, N

NOTE:
e log, (%) # log, M +log, N
e log,(M—N)=1log, M —log, N

The logarithm of the pt"* power of a positive number is p times the logarithm of
that number.i.e.

log,MP =plog, M

Proof:
Letlog, M =x =2a*=M

Now powering by p on both sides
(a*)P = MP = a*? = MP

= log, M? =xp =plog, M
~ log, MP =plog, M

.. . 1 1
Similarly ifp = > then log, M7 = %logu M
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To transform a system of logarithms having a given base to a new system

with a different base.i.e.

log, N
lo N = n
Bmn 1+log, M

Proof:

Let log, N = x be given and required log, N =y = b =N

= log, N = x , becomes
log, b¥ = x =log, N
= ylog, b =log, N or y=@xlogaN

loga N 1
log, b - log, b

~log, N = X log, N

NOTE:

To transform a logarithm from base a to base b we have only to multiply it

by log;b. This is known as Base changing formula

From the above base change of bases, if N = a,

log, N 1
log, N = =4— = X log, N, becomes
&b log, b log, b 8a V>
log, a 1
log,a =—=*—= Xlog,a=——
&b log, b log, b 8a log, b
log,a=——
8b log, b

Proof:
Letlog,a=x=>b*=a

1
= b = ar , introducing logarithm to base a on both sides

1

Lt 1
= log, b =log, ax =;logaa =7
-
_log;,a

~log,a = or log, b

1
log, b

A base and. its reciprocal inverse as a base

log, N = —log1 N
b

Proof:
1
Letlog, N =x=>b* =N or b =Nx

Introducing logarithm to base %

1
= log%b = log% Nx = %log%N
1N
b

og1b
b

From change of base formula

= xlogib=logiN or x=
b b 1

_logpb _ 1 _ 1 _
=>log1b—l T ™ log,b1  —log,b
b 0g by, 02 » 08 b

log1 N log1 N
b b
>x= = =—log: N
log1b -1 g;

b

~logy N =—log1 N
b

Logarithm of a number with a composite base
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_logs,N 1
log, b - log, b

x log, N

Proof:

1
Let log,, N=x = (mn)* =N or mn= Nx
Introducing logarithm to base n on both sides

1
= log, (mn) =log, Nx = %logn N

= x= log, N _ log, N _ log, N
- log , (mn) - log,, m+log, n - log,, m+1
log,, N
08mn 1+log, M

Application of laws of logarithms
Solving equations
Solve the equations:
i) log(x? +2x) = 0.9031
ii) log,(5x — 6) + log, (2x + 3) = log, (10x? — 3x — 6)
iii) 2log,(x —2) =log,(2x — 5)
iv) log, 3 +log,9+729=9
Solution
log(x? + 2x) = 0.9031
= logyo (x% + 2x) = 0.9031
= 1099031 = x2 + 2x  (From the definition)
>x2+2x—8=0 or (x+4)(x—2)=0
wx=—4,2
log, (5x — 6) +log, (2x + 3) = log, (10x? — 3x — 6)
= log, (5x — 6)(2x + 3) = log, (10x? — 3x — 6)
Since the bases are the same, then also the numbers must be equal.
= (5x—6)(2x+3)=10x*—3x—6
= 10x% +3x — 18 = 10x2 —3x — 6
=>6x=12 ~x=2
log, (x — 2) = log,(2x —5)
= log, (x — 2)? = log,(2x — 5)
= (x-2)2=2x-5
=>x*—4x+3=2x-5
=>x*—-6x+9=00r (x—3)* =0
Lx =3
log, 3 +1log,9+729=9
=1og,(3X9x729) =9

= x° =19683

1 1
= (x°)s = (19683)>
~x=3
Task

Solve the equations

i) In(x*-1)—In(x—1)=1In5 (x>0)

ii) In4+2Inx—In(x>+x)=In2 (x>0) ANSWER: i) ; ii) %
NOTE: log. N =InN
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Solve that equations
1) 310g32 + 510g57 — 610g6x
ii) 11'8x7 =7
iii) logipx —2+1og,10=0
iv) log, x +logy x + logig x = 24—1
v) log,x—log,8=2 (Uneb2007)
vi) log,(6 —x) =log,x (Uneb2003)
vii) log, 4 +log, n? =3
viii) log, x +1log, 64 =5
ix) logsx —log, 5= %
Solution
3log32 + 510g57 — 6log6x
Using a'®8«* = x,
=>247=x ~x=9
1108:7 = 7
Letlog, 7=y =211V =7
Introducing logarithm to base 11
= logy; 117 =logy1 7 ory =log, 7
Butlog, 7=y - log,7 =logy; 7
Since numbers are the same, then x = 11
Alternatively
From a'°8«* = x, since 1187 = 7, then x = 11
= a7 =7 also a must be 11
s1rlen’ =7 5 x =11
logiox —2 +log, 10 =0
= logox +1log, 10 =2

Changing to base 10
log 19 10 —

log 19 x

= logox + ! =2;letlogox =y

log 19 x -

:r~y+)l]=2 ory?—2y+1=0 cy=1

= loggx +

~logipx=1o0r x=10
log, x +log, x + logie x = 24—1
Since 4 and 16 are multiples of 2, changing the base to 2

log, x log, x 21
= log, x + ==+ —=*—=—
82 +10g24+10g216 4
=1lo x_l_logzx +10g2x _ 21
82 log, 22 = log, 24 4
log,x | log,x 21
Slogyx + =+ ===
B2 X+ 4

=>(1+%+i)log2x=%

:%log2x=24—1 or log,x =3

~x=2%=8

log, x —log, 8 = 2, changing to base 2
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log, 8

:logzx—@=2
3log,2
:logzx—ﬁ=2
3
:logzx—@=2,letlogzx=

=>y—}3—/=2 or y2—2y—-3=0

y

=>@+1Dy-3)=00ry=-1,3

= log, x =—1 or 2*1=%
=log,x =3 o0or 22=8=x

=X

1
.'.x=5,3

Left as an exercise (Hint: Change to base 2)

ANSWER:x=2,-3

log, 4 +log,n? =3

=log, 4+ 2logy,n =3
log 4 4

= —=—"—4+2logyn=3,letlogyn=x

logyn

=>%+2x=3 or2x*=3x+1=0

=>2x-Dx-1)=0 -'.x=%,1
=>log4n=% or 412 =2=n

slogan=1o0r 4'=4=n
.‘.n=2‘4-

viii) Left as an exercise.

ix)

Left as an exercise.

Task

Find x if log, 8 —log,216 =1
Find x if log, 3 +logz x = 2.5
Find x if log, 3 + logz x = 13—0

Solve for x: log;, (x2+24) =1

X

In proof numbers.

ANSWER: 4,8
V5

ANSWER: x = 5 ,25

ANSWER: x = 2 [HINT:Change to base 2 or x]
ANSWER: x = V3,9
ANSWER: x = 27,33

ANSWER: x = 4,6

Show that logm% is negative where n > 2

Solution

logm% =logiy 1 —logion = —logyon , which is negative for n > 2

If a® + b* = 7ab, prove that log E (a+ b)] = %(loga +logh)

Solution

a’ +b%* =7ab = (a+b)?> —2ab = 7ab

. 2 a+b2_
~ (a+b)*=9ab or (T) =ab

2
= log[%(a+b)] =loga.b =loga+logh

= ZlogE(a + b)] =loga +logb
~ log E (a+ b)] = %(loga +logb)
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Prove thatlog?2 + 16log% +12 logg + 7log% =1 (Assuming that the base of

each logarithm is 10)

Solution

L.H.S:

log2 + 16log% +12 logg + 7log% =log2 +16(log16 —log15) + 12(log 25 —

log 24)

+7(log81 —log 80)

=log2 + 16log2* —161og(3 X 5) + 12log 52 — 1210g(3 x 2%) + 7log 3* —

7log(2* x 5)

=log2 + 64log2 —16log3 —16log5 + 24log5 — 12log3 — 36log 2 + 28log 3 —
28log2 —7log5

=(1+64—-36-28)log2+ (—16—12+ 28)log3 + (=16 + 24 —7)log5

=log2 + log5

=log2 + log5 =log(2 x 5)

=logl0=1

1 1
Prove that o8 @) + g n@h)

Solution
Let log,(ab) = x = ab = a* or a = (ab)'/*
log, (ab) =y = ab = a” or b = (ab)'/¥

Now (ab)! = (ab)'/*.(ab)'¥ = (ab)%%

x y
1 1
= foga(ab) + log p(ab) ~
Prove that —— + ! + ! =1

log ,(abc) log , (abc) log , (abc) -
Solution
Proceeding as in the previous example,
Let log,(abc) = x = abc = a* or a = (abc)'/*
log, (abc) =y = abc = a¥ or b = (abc)'”Y
log, (abc) = z = abc = a* or c = (abc)'/*

11,1
Now (abc)! = (abc)'/*. (ab)'/. (abc)t/? = (ab)<v"

a1olplyl
x y z
1 1 1
log ;(abc) * logp(abc) * logy(abc) -
Prove that

i) log, b xlog, c Xlog.d =log, d
ii) log, b X log, c Xlog.d xXlogza=1
iii) log, b X log,a=1

Solution

Changing to another base, say k

L.H.S: log, b x log, ¢ X log. d = logb y Jogyc y logd _logpd

logya logyb logkc_logka
Now changing to base a

log d log,d log,a
= logk =(ga )x(g“)zlogad
logya log . k log . k

~ log, b X log, c X log, d = log, d
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loggb  logyc  logyd  logra _

L.H.S: log, b X log, ¢ X log. d X log,; a = g2 X log, b XTogrc Xiogid

loggb  logra _

iiij) L.H.S:log, b X log, a = —=— X

®ooo o T

b)

logya logpb -
Task
Prove that:
a) log,x xlog,y =log, x Xlog,y

b) log, a xlog, b xlog, c =

- log.a

c) log,3xlog;8=1
More conditional proofs
Iflog(x3.y®) = a and log% = b, show thatlogx = %(Sb +a) andlogy = %(a —3b)
Ifa® + b® = 0, prove thatlog(a + b) = %(loga +logb + log3) given thata + b # 0.

2xz

Ifa* = bY = ¢* and b? = ac, prove thaty = P

Iflog,, a = x,logsz, 2a = y,logy, 3a = z, show that xyz + 1 = 2yz

Ifa=1logy, 12 ,b =logzs 24 ,c = log,g 36, prove that 1 + abc = 2bc

If z = log,(mn) ,x = log,, (rn) and y = log,(mr), prove thatx +y + z = xyz — 2
xy

Iflog, N = x and log, N =y, prove thatlog,, N = e

Solution
log(x3.y3) = a,log:—] =b , to show that: logx = %(3b +a) andlogy = %(a —3b)
a

From log(x3.y%) = a = log(xy)® = a - log(xy) = 3

=>logx+logy=§ ............................................... (1)
Also log:—] = b gives

108X —108Y =D e 2)
eqn. (1) + eqn. (2)
= 2logx = % +b=
~logx = %(Bb +a)
eqn. (1) —eqn.(2)

_a_, _a-3b
:,~210gy—3 b= 3
10gy=%(a—3b)
a>+b3=0

But (a + b)? = a® + b3 + 3a%b + 3ab?
=a®+ b3 =(a+h)®—3ab(a+b)

= (a+b)>—3ab(a+b)=0

= (a+b)[(a+b)*—3ab] =0
~(a+b)?>—3ab =0 or (a+b)?>=3ab
Introducing logarithms

= log(a + b)? = log(3ab)

= 2log(a+ b) =log3 +loga +logh
~log(a+b) = % (loga +logb +log 3)
Leta* =bY =c* =k

>a*=k or a=k*

=>bY=k or b=k
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e)

=c?=k or c=k*
Given: b? =ac

1\2 11
= <ky> = kx. k=

2 o1
=>ky =kx'z
2 1 1 x+z

y x  z xz
2xz

- x+z
Note: the number portrays the use of laws of indices.

1

log,pa=x = (2a)* =a or 2a=ax
1
logs, 2a =y = (3a)” = 2a or 3a= (2a)
1
logy, 3a =z = (4a)* =3a or 4a= (3a):

1 1
From 20 = ax = 2= G5 " coovveeeeeeeeeeeeeee e (1)

1 1\z !
From 4a = (3a): = 2%.a = (aXY) = qw=

1 2 1
(a¥ _1) .a = awz
1
= a(% _2+1) = am
o= L _ -
~--1 =57 O 2yz—xyz=1
~xyz+1=2yz
a =log,, 12 ,b = logzs 24 , ¢ = log,g 36, to prove that 1 + abc = 2bc
1
a=1l0ogy, 12 = (24)* =12 or 24 = (12)7 ceeirieniniinininannns (1)
1
b =logss24= (36)" =24 or 36 = (24)b «ecovvvvrreiaeaaaaa, )
1
¢ =1logyg 36 = (48)° =36 0r 48 =(36)c c.eeverreriniininiinennnns 3)
From eqn. (1)
1 al 1
24=(12)a 22 ="2= (12" @)

From eqn. (2)

1 1 1
ot o @0F _ (2505 _
36 = (24)r =3 = - = L2

eqn.(4)into eqn. (5)

o=

=3=(12) ‘1.((12)5‘1)
=3 = (12) 5. (12)i ' = (12)@ 5!

B2 (12D e 6)
eqn. (4),(6)into eqn.(3)

48 = (36): = 22 x 12 = [3(12)]°

N [(12)5‘1]2.(12) = [(12)ﬁ ‘1.(12)]

1
c
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1

2 1 -

= (12)a 2* = [(12)5 —1“]5
1

2io1="L or2bc—abc=1
a abc

~ 1+ abc =2bc
Given: z = log,.(mn) ,x = log,, (rn) ,y = log, (mr) to prove: x +y +z = xyz — 2

1
z=log,(mn)=>r?=mn or r=_(MN)7 ccccoeerirriiriniiiiniinanneenn. (1)
1
x=log,(r)=m*=1rn or m= (Nr)x ..ccceeeriririniiiininienannn.n 2)
1
y=log,(mr)=n =mr or n=(Mr)Y ..ccoooeerrriieeiiiieeaeeernnnnn. (3)
eqn. (1) ~ eqn.(2) , to eliminate n
$i=ﬂ:rz+1 =mx+1
m* r
z+1
Lm= r(m) ....................................................................................... (4)
eqn.(2) +eqn.(3) , to eliminate r
mt_n o mXtl = g+l
ny m
)
SIS MMVYHY e ()]

eqn. (4)into eqn. (5)

M)](;%) e

=>n= [r(xﬂ r\y+1

Now eqn. (4), (6) in to eqn. (1)
r? = mn , becomes

z+1

>r?= r(m)r(;m

z+1 z+1

2= () + ()

_ yztyt+zt+xz+x+z+1

z= xy+x+y+1
>xyz+xz+yz+z=yz+y+z+1l+xz+x+z+1
wxyz+z=x+y+2z+2
sx+y+z=xyz—2

1

log, N=x2a*=N or a=Nx..ccocoovvriiiiiiiiiinininaninn.. (1)

1
logs N=y=>bY =N 0r b=NYuoooiiiiiiiiiieiiieeiieeiin 2)
Multiplying the equations
O
= a.b=Nx.Ny=N\«'y
Introducing logarithm to base ab

1,1
= log,, ab = logg, N(;+;)

(L 1 = (Y
:,~1—(x+y)logabN or 1—(xy)logabN
'.‘logabNZ%
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Task
Prove that

i logyzaxlog,2b = %logx a
ii) Iflog, (1 + %) =1,log, (1 + 11—5) =m and log, (1 + 21—4) =n, then
loga(l +81—0) =l-m-n

x— log , c—log, a
iti) Iflog, n = x and log.n = y where n # 1 then —2 = “8b-—08b2
x+y log , c+log, a

a) Given thatlogs; x = p and logg x = q, show thatlogg 3 = - (Uneb2002).

p—q
b) Show thatlogg x = %log4 x. Hence without using tables/ calculator,

evaluate logg 6 to 3d.p, if logy 3 = 0.7925. (Uneb 2000)

ﬁ—;xz, Hence given that log; 2 = 0.631, find without
3

using tables/ calculator logg 4 correct to 3 s.f. (Uneb 1998 March)
d) Ifx andy are positive numbers and each is greater than 1,

xx+y — y12 and yx+y — x3

Prove thatlogx = 2logy. Hence find x and y

c) Prove that logg x =

ANSWER:
1
logsx =P =3P =X 07 3=XP oeeiiiiiieeeeiiiieeeeii e, (1)
1
logigx=q=>187=x 0or 18 =X1 ..ccoeeerrrurneerrirnnnnnn, 2)

eqn.(2) ~eqn.(1)
L 1 11 (ﬂ)
=S>6=x9=xp =Xx9 P =Xx\prq
Now introducing logarithm to base 6

= loge 6 = logg x(%) = (%) loge x

1= (%) logx - loggx = % , dividing through by p
1
— 986X _ 4
p p—q
q _ logegx log ¢ x
p—q  logzx  lex
log 63
s log, 3 =1
86 p—q
Alternatively
From loggx =¢q
_ logzx _ logzx
- log 318 - log 3(3%6)
_ log 3 x _ p
q

- log 3 3+log36 - 1+log36
=>q(1+logz6)=p

=>q+qlogzs6=p or p—q=qlogz6
_p—q _logg6 1

=logz 6 = . ,butlog36——log63——10g63

-1

PR or log63—p_q

To show that logg x = %log4 x

. P—q

log 4 x 1

LHS: loggx =——=log,x.——
88 log 4 8 84 log 4 8

log, 8 3log, 2 3

But log, 8 = 252 =-282° — 2
log, 4 2log,2 2
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» logg x = logy x.—— = -1
« loggx =log, x.;=> = Jlogy x

Putting x = 6 in to the proof,
= logg 6 = glog‘; 6= %log4(2 % 3)

2
=3 [log, 2 +log, 3]
_ Z log,2 _ g 1 _ 3 _
=2 [—1og24 +log, 3] =3[ g+ logs 3] =205 +0.7925] = 0.862
log 3 x

To prove 1 =
0 prove logs X 1+log 5 2

1
Letloggx =y =6 =x or 6 =xv
Introducing logarithm to base 3

1
= logz 6 =logz x» = %log3 x

_ _logzx _ logzx
= logzx =ylogz 6 or y——log36—10g3(2X3)

log 3 x log 3 x
Sy = g3 — 983
log 3 2+log3 3 1+log32
log 3 x
~loggx = —>—
86 1+log 32
Now setting x = 4
log 3 4 2log32
> logg 4 = —23= = Z283%
1+log32 1+log32
2x0.631 1.262
~logg4 = =——=0.774
86 140,631  1.631

xx+y — y12 = logxx+y — logylz
S (X4 Y)]0gx =12108Y eeiieiiiii e (1)
Yy = x3 = logy**Y =logx3
S (X +Y)]10gY =3108X cenieiiiii e @)
eqn. (1) +~eqn.(2)
(x+y)log x _ 12log y logx _ 4log x
(x+y)log y 3log x log y log y
52=2 5 g2 = 4p2
b a
~a=2b
~logx =2logy
Now from logx = 2108y = X = Y2 . .oviiieeeeeiiiiiiiicin (3)
x**Y = y12  becomes
= (yZ)(y2+y) =y12 or y2y2+2y = y12
=>2y2+2y=12 ory’+y—6=0
=>@y+3)y-2)=0+y=-3,2
From eqn. (3), x = y?
Fory=-3, x=(-3)2=9
y=2,x=(2)=4
wx=9,y=-3;x=4,y=2
Task
Prove that abc =1 if a =log,c ,b =log, b ,log, c
log V27 +log v8—log V125 _ 3
log 6—log 5 2
Prove thatlog(1+ 2+ 3) =logl+log2+log3
Prove thatlog, 2.log, 6.logg4 =1
Prove that log,[log,{log;(log27%)}] = 0

,letlogx =a,logy=»b

Show that

without using tables/ calculator.
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SIMULTANEOUS EQUATIONS INVOLVING LOGARITHMS

Solve the following simultaneous equations
2log,y=1
xy = 64
6logsx +6logy, y =7
4loggx + 4logzy =9
ylog,8 =x
2% +8Y =8192
logx —log2 = 2logy
x—=5y+2=0
log, x +2log,y =4
x+ 12y =52
In6+In(x—3) =2Iny
2y—x=3
2+1log,(2x+ 1) = 2log, y
x=22-y

Solution

2log, y=1=210g, ¥?* =1 “ Y% =X ceeevrieeerriennn.
XY =64t

eqn. (1)into eqn. (2)

ﬁy_y2=64-01" y3=4-3 y=4— ....................

From eqn. (1), x = 4% =16
~x =16, y= 4

6logz x + 6logy; y =7
Changing to the same base

logzy _
log 327
logsy

= 6logzx +6

= 6logzx +6 =7 or =>6log3x+6l°gT3y=7

log333

2 6logsx + 21083 Y =7 ciiiiiiiiii

log 3
log 3

4loggx +4logzy=9=4 :+4log3y=9

2 21logzx +41083Y =9 ciiiiiiiii

Eliminating log; x from eqn. (1) and eqn. (2)
eqn. (1) —3 x eqn.(2)
= 6logz x + 2logzy =7
6logz x +12logz y = 27
—10logz y = —20 = logzy = 2

SY=32=0 e,

eqn.(3) into eqn. (2)

= 2logz x +4log39=9

= 2logzx+8=9

= 2logzx =1 or logzx? =1

S22 =3 = V3 e

.'-x=+\/§;y=9
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ylog, 8 =x = ylog, 23 =x or x = 3y....
2% 487 = 8192 cveeeeeeeeeeeeeeeee e 2)

eqn. (1)into eqn. (2)
= 2% +8Y =8192
= 8+ 8Y =8192

=2(8Y)=8192 or 8’ =4096 = 8*
SV S e 3)

eqn. (3)into eqn. (1)
>x=3x4=12
nx=12,y=4

Left as an exercise

Left as an exercise

Left as an exercise

Left as an exercise

ANSWER:

ANSWER:

ANSWER:

ANSWER:

xX=9,y=6

x=12, y=10
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SURDS

Definition:

A surd is an irrational root of a rational number.

A rational number is a number with exact nt” root .i.e. /b = Real number
e.g. V4 =2,Y16 = 2,3/8 = 2, these are rational numbers.

If a = Vb for some rational number b such that a itself is an irrational
number, then a = Vb is a surd.

When a = Vb is a surd, n is called order of a and b is called a radicand of a.
Surds of 2,374 4" and higher orders are respectively called quadratic,
cubic, quartic and quintic.

Compound, Simple and Similar surds
A compound surd is a surd with coefficient different from

+1. e.g.2v2,3V5,-3V7 etc
A simple surd is a surd with coefficient +1. e. g.v2, 4\/% A7 etc

Similar surds are surds if in reduced form (simplified form) contain same

surds. e. g V45 and V80 are similar surds, since V45 = 3v5 and V80 = 4+/5.
Similar surds can be added or subtracted easily after being reduced to their
simplest forms.

e.g.\75 + 27 = 5v/3 + 3v3 = 8V3 and 2v/128 — V162 = 162 — 9V2 = 7/2.

Rules of simplifying surds

Ya x Vb = Va.b; surds of the same order can be multiplied or divided
Va+Vb="[

mva +nva = (m+n)a

(mva +nvB)(mva—nvb) = (mva)” - (nb)*

NYa x MVb = MNVa.b
Ifa++vb=0ifand onlyifa=b=0

vii) If a +vVb =+cifand onlyifa=0,b=c
viii) If a + Vb = c +Vd ifand only ifa = c,b = d

ix)

IfVa++vb = +Vx—,[y thenVa—+vb=+(Vx—./y)
Rules /properties from (viii) to (ix) represent quadratic mixed surds
properties.

RATIONALIZATION
If the product of two surds is a rational number and if one of them is
multiplied by the other, the process is called Rationalization.

Thus /3 x /3 = 3, so multiplication by +/3 is rationalization of V3.
Similarly V5 — v/3 then multiplied by V5 + V3 is rationalized to 2 as
(V5+V3)(V5-v3)=5-3=2

NOTE:
Rationalization can be in the numerator/denominator of a given surd.
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Rationalization of Denominator
a

Case I: Two quadratic surds Denominator.

Vb+yc
a _  a(Wb—c) _ a(¥b-Vc)
Vb+Ve — (Vb+/e)(Vb—Ve) T (vB)'-(ve)’
—o(Ve) _ @ gy e
b—c b—c b—c
Note:
Vb —+/c is a surd conjugate of Vb + /¢
. . a
Case II: Three quadratic surds Denominator. Torveidd

First multiply both numerator and denominator by (Vb + vc) —Vd

Denominator becomes (Vb + \/E)Z - (\/3)2 or b+c—d+2Vbc
Then multiply both numerator and denominator by (b + ¢ — d) — 2vbc

Denominator becomes (b + ¢ —d)? — (2vbc )2 = (b + ¢ — d)? — 4bc which is a
rational quantity.
Example

Express as equivalent fraction with a rational denominator
1

Q) s
7+4+3
b) 7—4+/3
1 1
° Fvztieve
Solution
1 V23 _ V23 _ﬁ—ﬁzﬁ_ﬁ

VZHE - (ZHBWIE) | (V2)-(3) | 1
7+4v3 _ (7+4V3)(7+4V3) _ 49+28v3+28v3+16v9

7-4y3 ~ (7-4v3)(7+4v3) 72— (4y3)
_ 49+48+56V3 _
=g =74+56V3
1 1 V32 2V3+V2

T B - (BB | @D
3z 2WINZ = 2342
R R G AT
_ 10v3-10v2+2V3+V2 _ 12+/3-9v2

s 10 10

Express as equivalent fraction with a rational denominator

_ 1
a) 1+V2—V3
1
b) 24V3+V5
Solution
1 1 (1+V2)+3

1+V2—V3 ~ (1+V2)=V3  [(1+v2)—V3|(1+V2)+V3
_1+2+H3 1243
T (+v2)-(v3)  1+2v2+2-3
_ 123 _ (1232

2v2 2\2xy2
_ VZ(1+VZ+y3) _ Y2+2+/6
4 4
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1 (2+v3)—V5

2435 (2+V3)+/5 = [(2+v3)+V5](2+V3)—V5E

_ 2+/3-5 _ 2+/3—5
(2+v3)"~(¥5)"

4+4+/3+3-5
_ 2+V3—V5 _ (2+V3—V5)(2-4V3)

T 2+4v3 (2+4v3)(2—-4V3)

_ 4-8V3+2V3-4V9-2V5+4V15 _ —8-63-2V5+4V15

22-(43)’
= (8+6V3 +2V5 - 4V15)

4-48

ANSWER: 1 ++/5++10 —+2
ANSWER: —— (8 + 63 + 25 — 4V/15)

Task
Express as equivalent fractions with rational denominators
12
2) 3+V/5-2V2
1
b) 2+/3—5
Express as equivalent fractions with rational denominators
a) L
VZ+/3—5
1
b s
Solution
vz vZ V2[(VZ+/3)+V5]

VZHB—E - (VZHB) V5 [(VZ4v3) B ((VZE)+V5)

1

_ VE+/6+/10 _ 2+/6+V10
(VZ+V3) -(V5)) ~ 2+26+3-5
_ 2+V6+v10 _ V6(2+V6+y10)

2v6  2V6xv6
_ 2V6+6+V60 __ 6+26+2V15
- 12 - 12
_ 3+V6+VI5
- 6
1 VZ+V3—5

VZHBHE  (ZHB)E (V23| (VZHE) s

2v6 2V6xv/6
_ VIZ+/18—30 _ 2v3+3v2—V30
- 12 - 12
Task
Express as equivalent fractions with rational denominators
VI0—/5-v3 . 3V30+5vI5-10vV2-12
T ANSWER: ———=——
_ 2 .
Ifx= WS , find the value of;
. x+\/§
i) py
.. x+\/ﬁ
ii) oy
oo xHV8 | x+V12
iii) Py

— V235 V235
(VZ+V3) —(V5)) ~ 2+26+3-5
_ V235 _ V6(V2+V3-V5)
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Solution
2V24 _ 2V6x4 _ 46

SN OV S OV SN
__ 46(V2—3) _ 4/12-4V18
(V2 +\/')(\/’ fv’) V2)'-(v3)°
(Zﬂ =12v2 - 8V3
. x+V8 _ 12+/2— 8\/—+\/— 12/2-8v3+2v2
i) Now = =

x—V8  12VZ-8V3—V8  12vZ-8V3-2V2
_ 14V2-8V3 _ 7V2-43
T 10vZ-8V3 | 5v2-43
_ (WVZ-4/3)(5V2443)
= (vE-av3)(5v2+a3)
_ 70-48+18v6 _ 22486 _
(5v2)'-(4v3)"  50-48
x+V12 _ 12v2-8V3+V12 _ 12¢2-8V3+2v3
x—12 ~ 12v2-8V3—V12  1242-8V3-2V3
_ 12v2-6v3 _ 6V2-3+3
T 12v2-10V3 ~ 6V2-53
_ (6V2-3V3)(6V2+5v3)
~ (6vZ-5v3)(6vZ+5v3)
_T7 45+30«/‘—18\/‘ 27+12V6

(6\/_) (5\/—) 72-75
27+_12\/_ —9_ 4\/—

i) "f$+"+vc_11+4\/'+ —9—4V6 = (11— 9) + (46— 4/6) = 2

1 .
5. Ifx=+3+ 7 calculate;

=11+4V6

ii)

. 126
i x- Tz
. 1
i) x——5
5
iii) (x - %) . (x - j), correct to 2d.p
3
Solution

Va2 42
126 4 4—/9 1
x V26 _ 4z V9 _ 1
42 3 3 V3

4 1

V126 1 5«/— 5_
111) (X _ﬁ) (.X — x—l§> 73 X — g =0.83
3

Proofs in surds
_\B3=VZ . \BH2
L Ix=7m5 Y= 5a

show that 3x? — 5xy + 3y? = 289
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Solution
_V3=V2 _ (V3-V2)(¥3—V2) _ 3+2-2V6

¥ T (G T () -(2)
=5-2V6
x? = (5-2v6)" =25 — 206 + 24
=49 —20V6
_ (B2 (3HZ) _
xy = () () = 1
_V3HZ 1 1
Y= GBI x 526
_ 5+2V6 _  5+2v6
T (5-2V8)(5+2V6)  52-(246)
=5+2V6
y? = (5+2V6)" = 25+ 20v6 + 24
=49+ 20V6

~ 3x% — 5xy + 3y? = 3(49 — 20vV6) — 5(1) + 3(49 + 20V6)
=147 — 60v/6 — 5 + 147 + 60vV6 = 289

52 341 524l =
Ifx ===, prove that x* + S(x +x2)+(x+x)_0

Solution

5—/21 2
2 + 5—21

_ (5—v20)’+2 _ 25-10VZT+21+4
T 2(5—21) ~ 2(5—v21)
_ 50-10v21 _ 10(5—v2T) _ 10
T 2(5—21) ~ 2(5-v2I) 2

2
Now x2+l2=(x+l) —2xi=u?-2
X X X

Let u=x+i=

=5

eah=(erd) =3(er)
=5-3x5=125

o x3 +%—5(x2+%)+( +§)=110—5(23)+5=0

_ —3+/5 2 1 1 _
Ifx=— ,showthat(x +;)+(x+;)—4—0
Solution
x = 3+/5 1 _ 2 2(-3-5)

2 x 3B (3+v5)(-3-v)
1_ —6=2v5 _ -2(3+V5) _ 3+/§
x (_3)2_(\/§)2 - 9-5 - 2
_-3+/5  3+/5

1
NOWX+;— 2 T__3

e enl) -
.-.x2+xl—2=(—3)2—2=7
A+ L)+ (x+2)-4=7-3-4=0
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Task

Ifx =7 — 48, prove that x* + - — 15 (x? + 1) +20(x +3) = 72 =0
’ x3 x2 x

Ifx = 7 —+/5, prove that x* — x3 — 20x?> — 16x + 39 = 15

It is given that V3 = 1.732 and /5 = 2.236, evaluate V53

4+V15
V5+v3 _ (VE+V3)(4—VI5) _ 4v5+4y3—75—V45
4+V15 ~ (4+V15)(4—V15) 16-15

=45+ 4/3-5V3-3V5=v5-+3
=2.236-1.732=0.504

HINT:

If24/54 + 5\/294+§\/E— Jg— \E= av'b, find a.
ANSWER: a = 41

TO FIND THE SQUARE ROOT OF A MIXED QUADRATIC SURD

A surd of the form a + Vb is a mixed quadratic surd. To find va + Vb,
proceed as follows.

Let vVa + Vb = Vx + [y, squaring both sides
(Va+ \/E)z = (Vx+y)

sSa+Vvb=x+y+2/xy

DATXFY i (1)
=>+vb=2/xy or b=4xy
DD =AY e 2)

From (x —y)? = x? + y? — 2xy
= x—y)?=(x+y)?-2xy—2xy
= (x—y)? = (x +y)* —4xy

DX =Y =FVAZ =D i (3)
Now taking the positive sign in the equation
Sx—Y=4Va2 —b oo, (4)

Adding eqn. (1) and (4)
1 7 _
S>x= 2(a+\/a b)
:;y:%(a—\/az—b)
Hence v a + Vb can be determined

NOTE:
If we take a —ve sign from eqn. (3), the value of x and y will be interchanged

and we shall get a second square root of v a + Vb

Example
Find the square root of

31+ 421

Solution

Let 31+ 4vV21 =+x + ﬁ, squaring both sides
:>31+4\/ﬁ=x+y+2\/x_y

SAXFY =31 (1)
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2\/x_y = 4+/21 ,squaring

=4xy =336 orxy =84 ...coeviiiiiiinnnen. @)
But (x —y)? = (x + y)? — 4xy

> x—y=+v312—-336 = +25

Taking the +ve sign

S A=Y =25 3)
Adding eqn. (1) and (3)

2x =56 = x =28

Fromeqn. (1) y =31-x=31-28=3

B+ W2 = £(V2B +33) = £(207 +V3)

Find the square root of V32 — /24
Solution

V3224 = 42 - 216 = V2(4 - 2V3)
Then V32 — /24 = /ﬁ(4— 2v3) = 214 — 23
Evaluating v4 — 2v3

Let V4 — 2v/3 = Vx — [y, squaring both sides
=>4-2V3=x+y—-2/xy

DX F Y =4 e (1)
2,/xy = 2V/3 or \[xy = /3, squaring
S Y D e (2)

But (x — y)? = (x + y)? — 4xy

SX—y=v42 -3 =42

Taking the +ve sign

D — Y T 2 e 3)
Adding eqn. (1) and (3)

2x=6 =>x=3

Fromeqn. (1) y=4—-x=4-3=1

« B2 —24 = 214 — 23 = +2i(V3 - 1)

7+4/3
Fx= (7:} ﬁ), show that x?(x — 14)? = 1

Solution

_ (7443 _ [(7+4V3)(7+4V3)
*= \} (7—4\/§) =x= (7-4v3)(7+43)

_7+4V3

X = =7+4V3
Now (x—14)% = (7+4V3—14)" = (=7 + 4V3)’
= (x—14)% = 49 —56+/3 + 48

=97 -56V3
Also x2 = (7 + 4V3)’
=49 + 563 + 48 = 97 + 56V3

w x2(x— 14)% = (97 + 56v3)(97 — 56v3) = 972 — (56v3) = 1
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1 x2—1 a—1
If 2x= \/a+\/—a, show that — === —~

i

Solution

a+1
2va

2 _ (a+1)? _ a’+2a+1

4a 4a

a’+2a+1 a’-2a+1 a—1)>?
Also x? —1 =424l g _atatl_ (e l)
4a 4a 4a

1
2x—\/E+\/—E=>x—

Now x

VxZ-1 ((a;al)z)
x—VxZ—1  a+1 (a—1)2
m_ ( 4a )

a-1

_ 2dya _a-1 | 2a _ a-1

— a+1 a-1 . -
W oe Ve e 2

Task
V3-2
2343 (Uneb 2007)

Express as an equivalent fraction with a rational denominator

VZ . 6+2v6+2V15
m (Uneb 1996) ANSWER: T

Express

Simplify

1+V3
(v3-1)
Find the square root of 14 + 6V/5 ANSWER: + (3 ++/5)

. . 2v3
Simplify PR A

Find the rational numbers a and b such that
3+V2=(a+bv2)(6-2V3)
ANSWER:a +bV2 == +2V2 a=1 b=>,c=2

5 in the forma + bvc ANSWER: §+ 2v3
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THE THEORY OF QUADRATIC EQUATIONS

An equations of degree two is a quadratic equation and generally takes the

form
ax’*+bx+c=0

, where a, b, c are rational numbers.

Types of Quadratic Equations

Are of two types.i.e.

Pure Quadratic Equation
Is an equation of the form
ax’+bx+c=0

ax’*+c=0

Affected Quadratic Equation

Is an equation which is not a pure quadratic equation, and takes on the
form, withab #0 <= a+#0,b+#0

, Wwhere b =0 in

ax’*+bx+c=0

Methods of solving a Quadratic Equation ax?+ bx+c=0

Method of Factorization

If the expression ax? + bx + ¢ can be factored in to linear factors, then each
of the factors put to zero, provides us with a root of the quadratic equation.

Thus if

ax*+bx+c=a(x—a)(x—B)

, then the roots of the equation ax* + bx + ¢ = 0 are

Example

Solve:
a) x2—5x+6=0
b) 2x2—x-3=0
c) 4x*-x-3=0

Solution

x> —=5x+6=0

Sum of roots= -5, (coefficient of middle term)

x=a andx=f

Product = 6 , (product of the constant term and coefficient of x?)

Numbers = (—2,-3)
wx?—=2x-3x+6=0
=2x(x—2)—-3(x—-2)=0
=>2x-3)(x-2)=0
~x—=3=00rx=3
wx—=2=00rx=2
Hence roots are 3 and 2
2x2—x—-3=0

Sum of roots= —5
Product=2x -3 = -6
Numbers = (—3,2)

2 2x%—3x+2x—-3=0
=>x2x—-3)+12x—-3)=0
=>x+1)2x—-3)=0
~x+1=00rx=-1
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3
~2x—3 =Oorx=5

3
Hence roots are —1 and 7

Left as an exercise: ANSWER: x=1; —%

Method of Perfect Square
Let ax? + bx + ¢ = 0 be given equation.
Step 1: Divide both sides by a
x4+ Zx +-=0
Step 2: Transpose the constant term (i.e. term independent of x) on the
R.H.S

x242x=-%
a a
2
Step 3: Addszto both sides
2 b, b2 e b
x +ax+4a2_ a-|-4a2
b\% _ b-sac
or (x+3:) ="

NOTE: 2 = (2+ 2)2 _ (M)Z

re a 2

Step 4: Find the square root on both sides

b +Vb2—4ac

x+—==—

2a 2a
Now solving for x
x = W . This is a quadratic formula for solving quadratic equations.

- 2_,
x=w,forax2+bx+c= 0

Example

Solve:
a) x2—5x+6=0
b) 2x2—x—-3=0
Solution
By quadratic formula
x> -5x+6=0=>a=1b=-5,c=6
= —EOREAME) _ 51

2(1) 2

(31

2
X = _1=2

(3]
N

~ Roots are 3 and 2
2x2—x—-3=0=2a=2,b=—-1,c=-3
¢ = —CLE/CDTARED) _ 145

2(2) 2
_1+5_§
T4 T2
1-5
,‘,x:—:—z
2
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~ Roots are ; and —2

Nature of Roots of a Quadratic Equation

—b+/b?—4ac
2a
Nature of roots depend on (b? — 4ac) inside the radical, called
DISCRIMINANT
Let the roots be a and
—b+Vb2—4ac —b—bZ—4ac

Leta = , b=

2a 2a
Deduction
Case I:
If b? — 4ac is positive.i.e.b?* — 4ac > 0, a and B are real and unequal or real
and distinct
Case II:

If b? — 4ac is zero.i.e.b? — 4ac = 0, a and B are real and equal each reducing

The equation ax? + bx + ¢ = 0 has roots x =

in this case to —2% or roots are coincident/ double/ repeated.
Case III:
If b% — 4ac is negative.i.e.b? —4ac < 0, a and B are imaginary and unequal
Case IV:
If b? — 4ac is a perfect square, a and § are rational and unequal
By applying these tests the nature of roots of any quadratic equation may
be determined without solving.
Graphical Interpretation of y = ax* + bx + ¢
The graph y = ax? + bx + c is a parabola with vertical axis of symmetry.
v | yr o
Axis '

-

. Vertex

AN

v Vertex 0 X
: Ll / \
o ' Axis
Fig.y = ax* + bx +¢,a >0 Figgy=ax*+bx+ca<0
(Opens upwards and has a (Opens down wards and
minimum values) has a minimum values)

Note: The bigger |a|
the narrower the
parabola.
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FigI. b> — 4ac > 0 There are two intercepts

1
—b—Vb2—4ac 0) \‘\
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For an equation ax? + bx + ¢ =0

yﬂ

]

\ > X 0,0)
AW\ g

2a

(0.0)

Fig Il. b2 — 4ac < 0. No x — intercepts
y y

(0,0) \

Fig lIl. b?> — 4ac = 0. There is one intercept. (at the point
where the narabola meets the ¥ —axis and ¥ — axis ina

Illustrative examples on deduced cases on roots of a quadratic
equationax?* + bx+c=0
Show that the equation 2x> — 6x + 7 = 0 cannot be satisfied by any real value
of x.
Solution
From discriminate, b? —4ac,a=2,b=—6,c =7
= (—6)? — 4(2)(7) = —20 . Thus roots are imaginary.
If the equation x* + 2(k + 2)x + 9k = 0 has equal roots, find k.
Solution
For equal roots b> —4ac=0,a=1,b =2(k+2),c =9k
S[2GK+2)P—4(1)(9k) =0 oo + (4)
=>k+2)?-9%=0
>k>+4k+4—-9k=0 ork?—5k+4=0
>k-1)k-4)=0-k=1,4
Show that the roots of the equation x> — 2px + p* — q*> + 2qr —r? =0 are
rational.
Solution
For rational roots, b?> — 4ac is a perfect square
a=1,b=-2p,c=p*—q*+2qr—r?
= b% — 4ac = (=2p)? —4(D)(P?* — ¢% + 2qr — r?)
=4p? — 4p% + 4(q% + 2qr +1%) = 4(q% + 2qr +1?)
=4(q—71)? =[2(qg —)]? , hence roots are rational.
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Prove that the roots of the equation x* — 2ax + a? — b% — ¢? = 0 are real.
Solution

For real roots, b? — 4ac = 0

Note: for real and distinct roots, b> — 4ac > 0

= (=2a)®> —4(1)(a®>—b*—c*) =0

=4a® —4a®> +4(b*>+c?) =0

= 4> +c?) =0

R.H.S will always be true for any value of b and c.

Prove that the roots of the equation(a — b — c)x? + ax + b + ¢ = 0 are real if
a,b,c are real

Solution

For real roots B> — 4AC = 0

=a’—4(a—b—c)(b+c)=0

Letb+c=n

=a’—4(a-nn=0

=>a’—4an+4n? =20

=(a-2n)?=0

sla=-2b+c))=0

This inequality will be satisfied if a,b and ¢ are real, hence a,b and ¢ are
real.

Task
Prove that the roots of the equations are real rational
a) (a+c—b)x*+2cx+(b+c—a=0)
b) abc?x? +3a’cx + b?cx — 6a% —ab 4+ 2b*> =0
Prove that the roots of the equation (a —b + ¢)x* +4(a—b)x+(a—b—c) =0
are real
For what values of m will the equations
a) x*-15-m(2x—-8)=0
b) x%—2x(1+3m)+7(3+2m) =0, have equal roots?
ANSWER: @) 3,5 b)2,-%

Relationship between roots of a quadratic equation .i.e.a and  and its
coefficients in ax* + bx +c=0

From ax? + bx + ¢ = 0, with roots a and g,

—b+Vb%—4ac —b—Vb2%—4ac —b+Vb%—4ac
a=— 0 = "=

— 2_ —h— 2_
Thena+ﬁ= b+Vb 4ac+ b—Vb 4ac _ b

2a 2a a

b
a+p=—-

a

—b+VbZ—4ac % —b—VbZ—4ac

2a 2a
_ (=b+Vb%2—4ac).(-b—Vb?—4ac)
- 4a?
 (=b?—(VhT=Aac)’  b2—(b2—dac) .
- 4a? - 4a? (l.ﬁ = a
_dac _c

4a?2  a

Also a.fp =
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From ax? + bx + ¢ = 0, re writing in the form

2+2x+S=0
a a

From
a+ﬁ=—§ or §=—(a+/3’)and a.ﬁ=§

~ the quadratic equation becomes

X —x(a+B)+a.f=0

In general, if a quadratic equation ax? + bx + ¢ = 0 can be written with
coefficient of the first term as unity x? + %x + 5 =0, then
a) Sum of roots = coefficient of x with its sign changed
b) Product of roots = the third term
Note:
Re writing x* — x(a + ) + a. 8 = 0 by factorization,

x—-a).(x—B)=0 , is a quadratic equation with coefficient

of x? being unity.
In general, the quadratic equation with given roots is

x% — (sumof roots)x + (product of roots) = 0

Illustrative examples
Form the equation whose roots are;

a) 3and -2
b) 2++v3and2-+3
Solution

Required equation is x? — (sum of roots)x + (product of roots) = 0
Sum of roots =3+ —-2=1

Product of roots = 2(—3) = —6

= Required equations is x> —x — 6 =0

Sum of roots = (2+V3) + (2-V3) =4

Product of roots = (2 +v3).(2 - V3) =22 - (\/§)2 =1
= Required equations is x> —4x +1 =0
Ifa and B are the roots of the equation x* — px + q = 0, find;
i) Values of a? + g2
ii) Values of a3 + 83
0
iv) Value of (% - g)z
Solution
x> —px+q=0,a,pB are roots
> a+p=—(—p)=plie signof coeff.of x changed)]
sa.f=q

iii) Values of - +
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ii)

i)

iv)

From (a+8)? =a?+p%+2a.B
cal+pi=(a+p)?-2ap
=p*—-2q

From (a + )3 = a® + 32?8 + 3af? + 53
cal+ R =(a+pB)P -3a.Bla+p)

=p° —3pq
1 _ a2+ﬁ2 _ a2+ﬁ2 _pzizq
2

a? | B2 @22 T (@2 q2

a BV _o_,ap B’

(,B a) T p2 'ﬁ'a+a2
B, _atpt
_ﬁ2+a2 T (a)? 2

From (a + £)* = a* + 4238 + 6a? B> + 4a® + p*
cat+ Y = (a+ B — (4a3p + 6a?B? + 4af?)
= (a+p)* — [4a.B(a® + B*) + 6(ap)’]
=p* — [49(®* - 29) + 6¢°]
=p* —4q(p* - 2q) - 64
= p* — 4qp* + 8¢* - 6¢°
=p* —4qp* +2¢°
If @ and B are the roots of the equation x> — 7x + 2 = 0, evaluate;

iy a’+p?

i) 2-a | 2-f

348 3+a
Solution

x> —7x+2 =0, with roots « and 8, then a+ f = 7,a. = 2
a’?+pr=(a+p)?-2ap

=72 -2(2) =45
2-a | 2-f _ @-a)B+R)+2-FIB+A)
348 3+a (B+B)(B+a)
_ 6+2a—3a—a’+6+2p-38—F>
- 9+3a+38+ap
_12+2(a+B)-3(a+p)—(a*+B?)
- 9+3(a+B)+ap
_12+2(a+B)-3(a+B)—-[(@+B)* -2 aB ]
- 9+3(a+p)+ap
_12+414-21-(7-2(2)) _ 28 _ 7
- 9+21+2 T 32 8

Ifa and B are the roots of the equation x* — px + q = 0, form an equation
whose roots areaf+a+ B and aff —a—f
Solution
Required equation is x% — (sum of roots)x + (product of roots) = 0
From x? — px + g = 0 with roots a and f,
a+tp=—(-p)=p, a.fp=q
Sum of roots= af+a+f+ af —a— L =2af =2q
Product of roots = (af +a+ B).(af —a—pB)
=(@+p)+(@-p)=q*—p°
~ Equation is x? —2qx + q> —p*> =0

Ifa and B are the roots of the equation 2x? — 4x + 1 = 0, form an equation
whose roots are a’ + f and % +a
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Solution

From 2x% —4x +1 = 0 with roots a and f3,

=>a+ﬁ=—(—§)=2, a.,8=%

Required equation is x% — (sum of roots)x + (product of roots) = 0
Sum of roots = a?+p+ pi+a=a’+p*+a+p
=(@+p)l-2af+a+p
=22-2-+2=4-1+2=5
Product of roots = (a2 + f). (8% + @)
=a’B’+ad+B3+ap
= (@p)? +af + (a+p)° = 3af(a+p)
=+2+8-3.2.2=2

-'-x2—5x+24—3=0 or 4x* —20x+23=0

If @ and B are the roots of the equation ax? + bx + ¢ = 0, find an equation
whose roots are aa + b and ba + af8
Solution
Sum of roots = aa + b + ba + af
=ala+b)+B(a+b)=(a+B)(a+Db)
= —Z X (a+b) = @
Product of roots = (aa + bB). (ba + af)
= aba’? + a’Ba + b*apf + abB?
= ab(a® + B?) + af(a® + b?)
=ab[(a +p)* -2 a.f] + aB(a® + b?)
2 2 2
- (- 2) 00

a
_ b(b%—2ac)+c(a?+b?)
- a
Hence the required equation is

2_ 2 2
Xz _ b(aa+b)x + b(b*—2ac)+c(a“+b*) =0

or ax? —b(a+b)x + b(b?* — 2ac) +c(a®> + b*) =0
or ax® —bax —b*x + b3 — 2abc + a’c+b*c=0
or ax(x —b) —b*(x—b) +c(a*—2ab+b*>)=0
or (x—hb)(ax—b*>)+c(a—hb)?>=0

The roots of a quadratic equation x> — px + q = 0 are a and f8. Determine the
equation whose roots are a’® + 7% and % + a=? expressing the coefficients in
terms of p and q. prove further that if p and g are both real, then this equation
can have roots if p = 0 or p* = 4q.

Solution

Required equation: x> — (A+ B)x+A.B=0

LetA=a?+p72 =a2+%and3 =p+at=p2+L

a?
A+B=a+5+5 +;
1

1
=(a2+,82)+ﬁ+ﬁz
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a’+p?
a?.p?=(a+p)?—2ap +

= ((Z + ﬁ)z - Zaﬁ + (@tp)2—2ap
(a-$)?

But from the equation x> —px + q =0, @ and § are roots thena + B =p,q =
ap
2_

“A+B=pt-2q+" 7

2 1Y _ ®@*—29)(¢*+D)

- (p zq) (1 + qz) - qz

— (2 2y (L, 1
AB=(a®+p).(5+7)
=B 1+ 145

1

(a.p)?

4 2
= g2 1 _a'+297+1
=q +2+q2— pe

=(a.p)*+2+

_ (@*+1)
=43
®*—2q)(q*+1) (@*+1)% _ 0
2 q2 -
If p and q are real then x must also be real .i.e.
P}ﬁ—mgﬁquz4}ftnz3<#—mimhn2>4mﬁTﬂ
q q q q

Required equation is; x% — x +

Dividing both sides by (q2q+1)2

= (* —29)* 2 4q% or (p* —29)* —4q* 20

By factoring using a difference of two squares identity,

= (* —2q +2q) (P> —2q —2q) 2 0 or p*(p* —4q) 2 0
>p?=0o0rp>—4g=0

~p=0o0r p=4q

If the roots of the equation ax? + bx + ¢ = 0 are in the ratio p: q, prove that

ac(p + q)* = b*pq

Solution
Let the roots of the equation be @ and
——; =<
Sa+f= a,aﬁ—a ................................... (1)
g =P P
But a:f i
=L e 2)

Eqgn. (2) in to eqn. (1)
¢§B+B=—§,alsoﬁ.§ﬂ =§

-g(? =_t =__Dba 2 -9
~ B (q + 1) =—z 7 p a(p+q) B ap
Solving these equations
2 2,2
N [_ bq _ ¢ b%q®  _ q¢
alp+q) ap a’(p+q)?* ap

~b%q?.ap = a*(p+ q)%.qc , simplifying

= ac(p + q)* = b’pq

Task

Ifa and B are the roots of the equation ax? + bx + ¢ = 0, and r is the ratio of
the roots, show that ac(r + q)% = b*r
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If the roots of the equation lx?> + nx + n = 0 are in the ratio p: q prove that

fr =
q P l
If the roots of the equation ax?® + 2bx + ¢ = 0 are a and f and those of the

. 2 b?—ac _ B*-AC
equation Ax* 4+ 2Bx+C =0 are a + § and 8 + 8, prove that — =

A2
Solution
Given: ax? + 2bx + ¢ = 0,a,p are roots, then
2b
a+p=-= ,aﬂ=§ ..................................................... (1)
Given: Ax* + 2Bx+C =0,a+6,B + & are roots, then
a+8+p+6 =-=
:a+B+25=—%
Or26 = —%— (a+p) , from eqn. (1)
—_2B_(_2b
=>26__A ( a)
_b_B
T 2)

Also(a+5)(ﬁ+a)=%
=>0‘5+0‘5+ﬁ5+52=% oraﬁ+6(a+ﬁ)+62=%
< _2 2 _¢C
=>a+5( a)+6 A
. 2b 2 _C ¢
2B (=B) 482 = E S 3)
Eqgn. (2) in to eqn. (3)
b B 2b b B\ ¢ ¢
=(C-DED)HC-) =5
b B
> (@-C2) + -t =5~

= —2p* +2pq +p* - 2pq +¢* =
2 2_C_c¢

<
a
c_c¢
A a

To find the condition that the roots of the equation ax? + bx + c =0
should be;

i) Equal in magnitude and opposite in sign

i) Reciprocals

iii) With one of the roots as zero

iv) Both positive
The roots will be equal in magnitude and opposite in sign if their sum is zero.
Hence the required condition is:

a+pf = —S =0 or , where a and 8 are roots of the equation.

The roots will be reciprocals if their product is unity. Hence the required
condition is:

a[?z%zlor c=a
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When one of the roots is zero then the product must be zero. Hence the
required condition is:

a,b’=§=00r c=0

The roots will be both positive if;
a) The product of the roots is positive.i.e.aff = 2 = +ve
This is only true if ¢ and a are of like signs

b) The sum of the roots is also positive .i.e.a+f = —g = tve
This is possible if b and a are of unlike signs. Thus the required
condition is that the signs of a and c are alike and opposite to that
of b.
The roots of the equation x*> + ax + b = 0 are a and . Find the equation
whose roots are pa + qf and pf + qa.

If the original equation is x*> — 4x — 5 = 0, find the values of s in order that the

new equation shall have one zero root.
Solution
Required equation: x> — (A+ B)x+A.B=0
Let A=pa+qB and B =pf + qa
A+B=pa+qf +pp +qa
=ap+ @ +p+q =@+ q(a+p)

Buta+pf=—-a, af=»b
~A+B=—-alp+q)
A.B = (pa+qB )P + qa)

= p*af +pqa’ +pqB® + q*ap

= (p* + q»)aB + pq(a® + B?)

= (p* +q*).b +pql(a+ B)* - 2apB]

= (p* +q*).b +pq(a® - 2b)
~ Required equation is: x? + a(p + @)x + (p?> + ¢%).b + pq(a®? —2b) =0
Now to find the values of s in original equation x> — 4x — 5 = 0, so that the

new equation shall have one zero root,

Comparing the equations x> —4x —5=0and x> + ax + b = 0,
sa=—-4,b=-5

Substituting these values in the obtained equation gives;
X% —4(p+q)x —5(@* +¢*) +pq((-49)* =2x =5)=0

= x2 —4(p +q)x — 5%+ q*) + 26pg =0

This equation will have one zero root if the product is zero
= —5(p? +q%) + 26pq = 0 or 5p®> —26pq+5q°> =0

Factoring

= 5p% — 25pq —pq +5¢* =0

=5p(p—59) —q(p—5¢9) =0

=>@-5¢9)0Gp—q) =0

~p—59q=0 or §=5

.'.Sp—q=00r§=é

.225
q )

[ RN
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Other examples on quadratic equation

If @ and B are roots of the equation ax? + 2bx + ¢ = 0 while § and y are the
roots of the equation a;x? + 2b;x + ¢; = 0, show that if (@ — y)(B — 8) +
(a—=8)(B—y)=0, thenac, + a;c = 2bb;.

Solution

From ax2+2bx+c=0,a+/3’=—2a—b ,af ==

a
From a1x2+2b1x+cl=0,]/+5=—2aﬁ ) ]/6::—1
1 1
(a=1B-8+(@-8)(B-y)=0
Saf—ab—yB+yd+af—ay—566+y5=0
=>2af+2y6—-6(a+B)—y(6+y)=0

SZ 4B @+ pE+y) =0

1
20,20 2% 2 _
a a; a a;

=>E+ﬂ—%=0 ..................................... (xﬂ)
a ag aaq 2

= a,c+ac; —2bb; =0
~ac; +a,c = 2bb;

2495
If x is a real number, prove that the expression % doe not lie strictly
between 2 and 6.
Solution

x24+2x—11
Lety = e

S2yx—6y=x*+2x—11 orx*+ (2 -2y)x+6y—11=0
=5 = —(2=2y)+y[-(2-2y)]*~4(6y—11)

2
_ —(2-2y)+/4—8y+4y?—24+44
- 2

_ —(2-2y)+/4y?—32y+48

2

x will be real if 4y?> —32y+48>0 or y>—8y+12=0
>-2)(y-620

Between 2 and 6 .i.e.2 <y < 6, one of the factors on L.H.S will be +ve and
x2+2x-11
2(x-3)

the other -ve, so the product will be negative. Hence will not lie

between 2 and 6
If x is a real number, prove that the expression

1.
Solution

X

. 1
——— lies between ——and
x2—-5x+9 11

Lety=#x+9 or yx> +(=5y—1Dx+9y=0
_ Gy+D/Gy+1)2-36y%

2y
For real values of x, (5y + 1) —36y? > 0
= 25y2+ 10y +1—36y% =0
= —-11y2+10y+1=0 or 11y?—10y—1<0
=11y2—-11ly+y—-1<0
=2>11lyy-1D)+ -1 <0
=>(1ly+ D)y —-1<0)

=X
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Between —11—1 < y < 1, the inequality is true for any value of y. Hence X—Z—§x+9

lies between —ll—land 1.

2_
. Forrealx,f(x) = % can take any real value. Find the range of values of k

can take.
Solution
x2—k
Let —
ax?—yx+2y—k=0
yEJyi-4Q2y—k)
2

=y or yx—2y=x%—k

=>x=
For real value of x, y> —4(2y —k) =0

=92 —-8y+4k=>0

= y? — 8y > —4k , completing squares,

=y2—-8y+ 16> —4k + 16

“(y—4)? =16 -4k

Since L.H.S is always +ve, taking its smallest value say 0.i.e.y = 4, then
0>16—4k =2 k=>4

~k>4

x%+3x
x+k

. Find the range of values of k can take given that for real x, f (x) = can

take any real value.
Solution

2

x“+3x

Let ——
x+k

ax?+(3-y)x—ky =0
_ —B=y)+J(B—y)?+4ky

2
_ =3)+J(B—y)?+4ky
2

=y or yx +ky =x%+3x
=x

For real values of x,(3— y)? +4ky = 0

>9—-6y+y?+4ky =0

=y2+ (4k—6)y+9=0

= y? + (4k — 6)y = —9 , completing squares

= y2 + (4k— 6)y + (2k — 3)? = -9 + (2k — 3)?

» (v + 2k =3))* = =9 + (2k — 3)?

Since y can take on any real value, let its smallest value be —(2k — 3)?
= 0= -9+ (2k — 3)?

= 4k? - 12k+9-9<0

~4k? =12k <0 or k2 -3k <0 +ve —ve tve
For 0 <k < 3, the inequality is true. (') é

. Given thaty = i’;j, where x is real and k is a consturw, show that y can wake
all real values if |k| < 3.
Solution
y=i’;j or yx2—y=3x+k

ayx?—3x—y—k=0
For real values of x, (—3)? = 4y(—y — k)
=9+4y*+4ky >0
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= 4y? +4ky > -9 or y2+ky2—%,completing squares,
Sy tky+ S 24K
y YT =74,
K\2 _ k?—9
" (y+5) =7

Since y can take on any real value, let its smallest value be —g

:02# 0rk2_9S0 +ve‘ —ve ‘+ve
a(k+3)(k=3)<0 * 3 k

For interval —3 < k < 3, the inequality holds. Thus |k| < 3 is the required
interval.

Task
If a and B are the roots of the equation ax? + bx + ¢ = 0, find the value of;
2_
a) 2+L ANSWER: 22
B a ac
b) a*+p* ANSWER; l—teb’ciza’c?
: o
4_ 2 2.2 2p2_ 3 2
C) (az _ ,8)2 + (ﬁz _ a)z ANSWER: b*—4ab“c+2a’c :Z b“—2a°c+2a“bc
4 _h2
d) a*p’+a’p ANSWER; 2-Ce=t)

The roots of the equation are a and f8
i) Show that if @ — 8 = 1, then a? = 4(b? — ac)
ii) Find the quadratic equation whose roots are a + aff and f8

a? ﬂZ

Ifa and B are the roots of the equation x* —px + q = 0, show thatﬂ2 +t =

4 2

L2

q q

Ifp,q are the roots of the equation 3x? + 6x + 2 = 0, form an equation whose
2 2

roots are —% and —%. ANSWER: 3x2 - 18x+2 =0

Ifa and B are the roots of the equation ax® + bx + ¢ = 0, form an equation

whose roots are;

. 1— 1-8
i) 1+_Z ' o ANSWER: (a — b + ¢)x% — 2x(a —¢) +
a+b+c=0

ii) a?+pB, a?+p7?
ANSWER: a?c?x? — (b? — 2ac)(a? + c¢®)x + (b? — 2ac)?> =0
If the roots of the equation ax* + 8(b — a)x + 4(4a—8b + c) = 0 are (4 — 2a)
and (4 — 2f), find the equation whose roots are a and f3.
ANSWER: x? - Zx +£= 0

If(a+b+c)x?+x(b+2c)+c=0 has roots a and f3, find the equation whose

roots are aL-i—l ,%expressing the coefficients in terms of a,b and c.

ANSWER: x? + Zx + < =

Given that the roots of the equation x + % =4 are a and f, evaluate
) (a-p)?
i) L+
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iii) a®+ g3
iv) 2a?+28% + 5ap
9. Given that the roots of the equation ax? + bx + c = 0 are § and nf3, show that
(n+ 1)%ac = nb?
10. Given that a and B are the roots of the equation x> — px + q = 0, obtain the
quadratic equation whose roots are a=2, f72,
ANSWER: ¢%x? — (p? —2p)x+1=0
11.If the roots of a quadratic equation x? + 2bx + ¢ = 0 differ by 4, show that
8a = —c¢ +./(c? + 16b2) . Hence find two values of a for which the
equationax? + 2x + 3 = 0 has roots differing by 4. ANSWER: a = -1 ,i

12. The roots of the equation 9x? + 6x + 1 = 4kx where k is a real constant, are
denoted as a andf.
a) Show that the equation whose roots are a~* andf~! isx?> +6x +9 =
4kx
b) Find the set of values of k for which a and 8 are real.
ANSWER: £k <0,k >3
c) Find also the set of values of k for which a and 8 are real and
positive. ANSWER: k >3
13.Ifa and B are the roots of the equation x> + bx + c = 0, express (a — f2)(a? —
B) in terms of b and c. hence or otherwise show that if one root of the
equation is the square of the other, then b3 + ¢3 + ¢ = 3bc
14. Given that the roots of the equation x* + px + q = 0 has roots a and 8, express
p and q in terms of a and . Find the equation, the coefficients expressed in
terms of p and q, whose roots are 3a— 8 and 3 — a.
ANSWER: p=-a—f, g=af ,x*+2px+16q—3q* =0
15. Given that the roots of the equation x* + px + q = 0 are a and 8, express
(a —2B)(B — 2a) in terms of p and q. hence/otherwise show that the condition
for one root of the equation to be double the other is 2p* = 9q.
ANSWER: 9q — 2p?
16. Given that a and B are the roots of the equation 2x* — 7x — 17 = 0, show that
the equation with roots (a — 4), (B — 4) is 2x* + 9x — 13 = 0.
17. Given that a and f are the roots of the equation x* — px + q = 0, prove that
a+p =p, af = q.Prove also that;
a) a® +p%" = (a™ +p")?—2q" [Hint:Leta™ =A ,f" = B]
b) a*+p* =p* —4p’q + 24¢?
Hence/ otherwise form a quadratic equation whose roots are the fourth
powers of those of the equation x> —3x+1=0
18. The roots of the equation x* + 6x + ¢ = 0 differ by 2n, where n is real and non
zero, show thatn? =9 — c. Given that the roots also have opposite signs, find
set of possible values of n.
ANSWER: n>3, n< -3
19. If the roots of the equation x?> — px + q = 0 are a and §, find the value of;

2_ 2__
i) az(az,[?_l -B)+ Igz (Igza—l —a) ANSWER: p» 42)(17 q)

4 _ 2 2
i) (@a—p)*+@B-p* ANSWER: %
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—bx

x2
ax—c

=221 have roots equal in
m+1
magnitude but opposite in sign? ANSWER: m = %
2 -
x2+34—x71 cannot lie strictly between 5 and 9
xe+2x=7

1
<

b) If x is real, prove that

1
c) Show that for real x, e PP
d) The roots of a quadratic equation x*> + px + q = 0 are a and . Show that
the equation whose roots are a? — qa and % — qf is given by x> — (p?> + pq —

29)x+q*(p+q+1)=0Ubeb2011

CONDITION FOR TWO QUADRATIC EQUATIONS TO HAVE A COMMON
ROOT
Let ax? +bx +c =0 and
IxX2+mx+n=0

, be the two equations with a common rootx = a # 0
Substituting x = a in to the equations
SAAPHDAFC=0 coeieieieeeieeeeeee e (1)
SLA2HMAFN=0 coiiiiiiiiiiiiiiiieieee e 2)
Eliminating a? from eqn. (1) and eqn. (2)
I X eqn. (1) —m X eqn. (2), gives
a(lb—am)+lc—an=0

A= e (3)

Now eliminating constants ¢ and n from eqn. (1) and eqn. (2)
n X eqn. (1) — ¢ X eqn. (2), gives
a’(an—lc) + a(bn —mc) =0
= ala(an—Ilc) + (bn —mc)] =0
Eithera=0,buta#0
, or a(an — Ic) + (bn — mc)
_ mc—bn

S o o e 4)

an—lc

Equating equations (3) and (4)
an—lc — mc—bn

bl—am an—lc
« (an — lc)? = (mc — bn) (bl — am)

Illustrative examples
Given that x* + px + ¢ = 0 and x* + rx + s = 0 share a common root a # 0,

prove that%=g

Solution

X2 Hpx+q=0,x=a,a?+PA+ G =0 ceoeeriiiiiiiieeeeeeiieee e (1)
X Hrx+Ss=0,x=a, 0% F7AFS =0 ooeiieieiee e, (2)

Eliminating a? from eqn. (1) and eqn. (2)
eqn. (1) — eqn.(2), gives
=>pP-1r)a+q—s=0

= = D s (3)
p—r Tp
Now eliminating constants q and s from eqn. (1) and eqn. (2)

q X eqn.(2) —s X eqn. (1), gives
s> a’(s—q)+alps—qr) =0
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Sala(s—q)+(s—q)]=0
Eithera =0, buta #0
,ora(s—q) + (ps—qr)
o a = O e @)
s—q q—s
Equating equations (3) and (4)
ps—qr _ q-s
S>S—— =1
q-s  T-p
Given that ax?® + bx + ¢ = 0 and bx? + cx + a = 0 have a common root, then

a® + b% + 3 = 3abc

, as required

Solution

Let x = @ # 0 be the common root.

S AT FDAFC =0 oreiiieiiieeeee e (1)
SBAZHCAF A =0 oo )

Eliminating a? from eqn. (1) and eqn. (2)
b x eqn.(1) —a X eqn. (2), gives
= (b?>—ac)a+bc—a’>=0

a’—bc
e e (3)

Now eliminating constants a and c from eqn. (1) and eqn. (2)
axeqn.(1) —c X eqn.(2), gives
= a?(a’—bc) +alab—c?) =0
= ala(a® — bc) + (ab—c?)] =0
Eithera=0,buta#0
,or a(a’?—bc) +(ab—c?) =0

c?—ab
B L 4)

Equating equations (3) and (4)
a?-bc _ c?—ab
b%2—ac  a?-bc
= (a® — bc)? = (b* — ac)(c? — ab)
= a* — 2a’bc + b?c? = b*c? — ac® — ab® + a*hc
S a*—2a’bc=—ac® —ab® +a®bC ....coveeiiiiiieee (= a)
= a® - 2abc = —c® — b3 + abc
~ad+b3+c® =3abc
Ifx* —px +q =0 and x> — gx + p = 0 have a common root, prove that

p+q+1=0

Solution

Let x = a # 0 be the common root.

S A2 —PAF G =0 oo (1)
S A2 —qaAFP =0 it (2)

Eliminating a? from eqn. (1) and eqn. (2)
eqn. (1) — eqn.(2), gives
(p+@Qa+q-p=0
sag=-1T"P=_1
a-p
ST L e (3)
eqn.(3)into eqn. (1) or (2)
=>(1D?-p(-D+q=0
~14+p+q=0. As required
Find p such thatx? — 5x + 6 = 0 and x? + px — 10 = 0 have a common root.
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Solution

Let x = @ # 0 be the common root.

A2 = 5@ A 6 =0 tereiiiiiiiiiiiiie e (1)
SA2HPA =10 =0 cooiiiiiiiiie e 2)

Eliminating a? from eqn. (1) and eqn. (2)

eqn.(1) — eqn. (2), gives

(-5-p)a+16=0

16 _ 16

—5-p p+5

eqn.(3) into (1)
2

:(;%) —5(;%)+6=0

=256—80(p+5)+6(mp+5)?2=0

= 256 — 80p — 400 + 6p* + 60p + 150 = 0

D6 =20PF6P% =0 oiiirieee e (+2)

~3p?—10p+3=0

=>3p?-9p-p+3=0

=>3p(-3)-(@-3)=0

=>Bp-D{E-3)=0

“p= 3 ,%

Sa=

Alternatively
Eliminating constants 6 and —10 from eqn. (1) and eqn. (2)
10 X eqn. (1) + 6 X eqn. (2), gives

16a% + (6p —50)a = 0
_50—6p _ 25-3p
B T T T 4)
Equating equations (3) and (4)
16 _ 25-3p
p+5 8

3p? —10p + 3 = 0, solving the equation

, simplifying the equation gives

p=3 1
..p_3,3

Prove that if the equations x*> + ax + b = 0 and cx? + 2ax — 3b = 0 have a
5a2(c—2)
(c+3)?

common root and nether a nor b is zero, then b =

Solution
Let x = @ # 0 be the common root.
SAZHAAFD =0 oo (1)
DA%+ 200 = 3D =0 oo (2)
Eliminating a? from eqn. (1) and eqn. (2)
¢ X eqn. (1) — eqn. (2), gives
alac—2a)+bc+3b=0
_ (bc+3b) _ —b(c+3)
(ac—2a) a(c—2)
Eliminating constants b,—3b from eqn. (1) and eqn. (2)
3 X eqn. (1) + eqn. (2), gives
a’(3+c)+5aa =0
s afla(3+c¢)+5a]l=0
S5a

(Z:—m ............................................................................. (4)

Equating equations (3) and (4)
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=b(c+3) _ S5a
a(c-2) - _m
= b(c+3)?=5a%(c-2)
_ 5a2(c—2)

3y @S required.

Task

Show that if the equations x* + px + q = 0 and x* + 2Px + Q = 0 have a
common root then (q — Q)?> + 4(P —p)(Pp—pQ) =0

If the equations a; x> + byx + ¢, = 0 and ayx? + b,x + ¢; = 0 have a common
root, then (aib, — azby)(bic;, — bycy) = (ar¢; — az¢p)?

Show that if the equations x? + bx + ¢ = 0,x? + px + ¢ = 0 have a common
root, then (¢ — q)* = (b — p)(cp — bq)

Show that if the equations x* + ax + 1 =0 and x> + x + b = 0 have a common
root, then (b —1)?> = (a — 1)(1 — ab)

COMMON FACTORS
If two functions f(x) and g(x) have a common factor (x — a), then
F) = (=) F(X) et (1)

)= (=) G(X) e, 2)
For any constantk,

f)+kg(x)=(x—a).F(x)+k(x—a).G(x)
fO) +kg(x) = (x — a)[F(x) + kG(x)]

Thus for any constant k, (x — a) is a common factor of f(x) + kg(x)
NOTE:
Equations (1) and (2) are identities. Thus ,

, which gives a pair of simultaneous
f@=0, gla)=0

equations which provides another approach to problems involving a
common factor.

Examples
Find constants p and q such that (x — 2) is a common factor of x3 — x* — 2px +
3q and qx3 —px* + x + 2
Solution
Let f(x) = x® —x? — 2px + 3q

gx) =qx® —px* +x+2
Since (x — 2) is a factor to both f(x) and g(x), then f(2)=0 g(2)=0
=28—4—-4p+3q=0 or —4p+3q=—4 ccoiiiiiii (1)
=280 —4p+2+2=0 or —4p+8g=—4 .ottt @)
Solving eqn. (1) and eqn. (2) simultaneously,
eqn. (1) —eqn.(2)
=-5¢=0..qg=0
From eqn. (1), for ¢g=0, p=1
“p=1,q=0
Find constants p and q such that (x — 1) is a common factor of x* + x* — q and
x* —2px® +2
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Solution
Let f(x) =x*+x?—q,f(1)=14+1-q=0 ~qg=2
g =qx®—px?+x+2,9(1)=1-2p+2=0 .-.ng

“p =% ,q=2
Show that if (x + 1) is a common factor of x* — ax? + b and x* — ax® + bx? + c,
then2a=2b—2=-2—c.
Solution
Let f(x) =x®—ax?+b

gl)=x*—ax® +bx®>+c
For any constantk, (x + 1) is a factor of f(x) + kg(x)
= f(-1)+kg(—1) = 0, for any value of k.
~—l—a—-b+k(l+a+b+c)=0
Fork =0, a—b=—1 .ttt (1)
Fork =1, 2b4Cc=0 .ot )
From eqn. (1), multiplying through by 2
=2a—-2b=-2

Fromeqn. (2),2b+¢=0 0r b=~ .coooninninn. 3)
Eqn. (3) in to eqn. (1)
a+§=—1 or2at+c=-2 or2a=-2-c

n2a=2b-2=-2-c

Find constant a for which the function f(x) = ax? + 2x — 1 and g(x) = x> +
4x + a have a common factor.
Solution

Let x — @ be a common factor

= f(x) + kg(x) has a factor of x —a
= f(a) +kg(a) =0
saa’+2a—1+k(a’>+4a+a)=0
For k = —a, to eliminate a?
saa’+2a—1-aa’?—4aa—a?>=0
sa(2-4a)—1-a?>=0

_ a?+1

Fork = %, to eliminate constants
:~aa2+2a—1+%2+%a+1=0
:az(a+%)+a(2+%)=0
:;a[a(a+%)+(2+%)]=0
sa(a+)+(2+3)=0

) __(2+§)_—(2a+4)
RN

Equating equations (1) and (2)

a’+1 _ —(2a+4)

2—4a  a?+1
sa*+2a®°+1=—-Qa+4)(2 —4a)
=>a*+2a>+1=—(4a—8a’ +8—16a) = 12a + 8a%> — 8
wa*—6a>—-12a+9=0
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Let h(a) = a* — 6a®> —12a+9
Fora=3, h(3)=0 - a—3is a factor of h(a)

a®+3a*+3a-3

a-3 a* +0a3 —6a*>—12a+9

a* —3a®

3a® —6a? —12a+9

3a® —9a?
3a>—12a+9
3a%? —9a
s 5 3a+9
~ h(a)=(a—3)(@ +3a*+3a—3)=0 3049
=>a=3, 0.26 -
a=3

Determine the value of m such that the equations x3 + mx — 1 =0 and
x3 —3x + m = 0 have a common root.

Solution

Let common root be x = a # 0 = (x — @) is a common factor.

Let f(x)=x3+mx—1,9(x)=x>-3x+m

= f(x) + kg(x) , has a common factor (x — a)

= f(a) +kg(a) =0

sal+ma—1+k(a®—3a+m)=0

For k = —1 to eliminate a®

sal+ma—-1-a®+3a-m=0

=a(m+3)=m+1 na=04
m+3
Now from the equation x3 + mx — 1 = 0 with x = a as a root, then a3 + ma —
1 = 0 must have the root a = Z—:
+1)3 +1
:;(%) +m(%)—1= ............................................... x (m+ 3)3

>m+1)°2+m?+m)m+3)72-(m+3)°=0

=>m3+3m?+3m+1+ mM?+m)(m? +6m+9) — (m3+9m? +27m+27) =0
>m3+3m?2+3m+1+mt+emd +9mi+miP+6m2+9m—m3 —9m?2 —-27m—
27=0

=>m*+7m®+9m? —15m—26 =0

Solving by factor theorem,

Let f(m) = m* + 7m® + 9m? — 15m — 26

Form=-2,f(=2)= (=2)*+ 7(=2® + 9(—-2)2 —=15(-2) - 26 = 0

=>m+ 2, is a factor of f(m) m3 +5m? —m—13
m+ 2 m* 4+ 7m3 +9m? — 15m — 26
m* +2m3
5m3 + 9m? — 15m — 26
5m3 + 10m?

-m? —15m —26

-m?—2m
—13m — 26
—13m — 26
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am+2)(mP+5m? —-m—-13)=0

~m=-2,149,-4.60,—-1.89

Show that I f the cubic functions x3 + ax? + b and ax3 + bx? + x — a have a
common factor, it is also a common factor of the quadratic function
(b—a*>)x>+x—a(1+b)=0

Solution

Let the common factor be (x — a)

Let f(x)=x3+ax?+b,gx)=ax®+bx’+x—a

= f(x) + kg(x) , has a common factor (x — a)

= f(a) +kg(a) =0

sal+aa’?+b+k(aa® +ba’?+a—a)=0

For k = —% to eliminate a3

=>a3+aa2+b—%(aa3+ba2+a—a) =0

s aa® +a’a’+ab—aa® —ba’—a+a=0

sa’(@®*-b)—a+a(l+b)=0

~(b—a®)a?+a—a(l+b)=0. this equation is as a result of x = a being a
true root of the quadratic equation (b — a?)x? + x — a(1 + b) = 0 . Hence the
common factor of the above two equations is also a common factor of the
quadratic equation.

Task

Show that if (x + @) is a common factor of x* + px? + q and ax® + bx + ¢, then
it is also a factor of apx* — bx + aq — c.

REPEATED FACTORS

Let (x — a) be a repeated factor of f(x)

= f(x) = (x —a)?.g(x) .i.e. repeated twice

Differentiating with respect to x

f)=g).2(x-a)+ (x-a)’g x) ,
Thus if (x — a) is a repeated factor of f(x), then it is also a factor of f (x)
NOTE:

(x — a) is a repeated factor of f(x) if f' (a) = 0

Examples
Determine whether f(x) = 3x* — 8x® — 6x? + 24x — 13 has any repeated
factors, and if so find them.
Solution
() = 12x3 — 24x% — 12x + 24
=12(x% —2x* —x+2)
=12[x*(x—2) — (x — 2)]
=12(x-2)(x* -1 =12(x - D(x+ 1)(x - 2)
Now f (x)=0ifx =+1,2
Checking the value of f(x) for these values of x
>fM)=0,fD#0,f(2)#0
So (x 4+ 1) and (x — 2) are not factors of f(x)
Hence (x — 1) is the only repeated factor of f(x)
If the equation 3x* + 2x3 — 6x% — 6x + p = 0 has equal roots, find the possible
values of p.
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Solution
Let f(x) =3x*+2x3 —6x> —6x+p
The equation f(x) = 0 has equal roots if f(x) has repeated factors.
Any linear factor of f' (x) is a possible repeated factor of f(x)
Sf () =123 +6x2—12x—6

=6(Q2x3 +x2—2x—1)

=6[x?2x+1)— (2x+1)]

=6(Q2x +1)(x%>—1)

=6(x—Dx+1D2x+1)
If (x — 1) is a repeated factor of f(x), then f(1) =0
23+2-6—-6+p=0.:-p=7
Similarly (x + 1) is a repeated factor of f(x), then f(-1) =0
>3-2-6+6+p=0~p=-1
Also (2x + 1) is a repeated factor of f(x), then f (— %) =0

4 3 2
=33+ 2 oY - o(-Yp=0 p= -2
If the equation 2x® — 9x? + 12x + p = 0 has two equal roots, find the possible
values of p.
Solution
Let f(x) =2x3—9x2 + 12x +p =0
Any linear factor of f'(x) is a possible repeated factor of f(x)
= f(x) = 6x% —18x + 12
=6(x%—3x+2)
=6(x—2)(x—-1)
If (x — 2) is a repeated factor of f(x), then f(2) =0
=16-36+24+p=0 ~p=—4
Similarly (x — 1) is a repeated factor of f(x), then f(1) =0
=22-94+124+p=0 ~p=-5

o p = —4- ) —5

Task

Find the possible values of a for which the equation 2x3 — 3x*> —12x + a =0
has repeated roots. ANSWER: — 7,20

Find the value of a for which the function 2x3 — ax* — 12x — 7 has a repeated
factor. ANSWER: 3
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MISCELLANIOUS EQUATIONS
Special quadratic equations
Some equations do not appear quadratic but they can be transformed in to
quadratic equations using a suitable substitution.
TYPE I: Equation of the form% + 3 = b where a and b are constants and u is
a suitable substitution.
Example
Solve the equations:
X242 =10
X
x*3 +16x743 =17
X2 4 2x = 34+ >
xe+2x
12
y(y+1) toom = 8
9x2/3 + 16x7%/3 = 37
X242 =7
x4+2x
Solution
x? +%= 10, let x> = u

Su +3 =10 (Multiplying both sides by u and re-arranging)
>u>-10u+9=0 or(u—9Nu—-1)=0

~u=9,1
Butx?=u=x*=9,x*=1
~x=41,43

Note:

The values of x are four because the equation is of degree 4.i.e.4°
x*3 +16x743 =17 or x*/3 +xl4% =17 ,letx*? =u

Su+2=17 or u?—17u+16 =0

=>w-16)(u—1)=0 ~u=16,1

Butx*3 =u=x*3=16,x*3=1

Multiplying the powers by%

x=163*=8;x=(1)¥*=1

SX = 1 ’8

x2+2x=34-+23—5,letx2+2x=u
x%42x

Su=34+2 or u?—34u-35=0
=>w-35)w+1)=0 ~u=35,-1
But x? + 2x = u,

=>x>+2x=35 orx?+2x—-35=0
=2>x+7)(x—-5=0 ~x=5,-7
Alsox?+2x=-1 orx>+2x+1=0
>x+1)2=0~x=-1,-1
ax=5,-1,-1,-7

12 _
yiy+1)+ oD 8, lety(y+1)=u

:>u+1u—2=8 oru? —8u+12=0
2w-6)u—-2)=0 ~u=6,2
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Syy+1)=2o0ry?+y—-2=0
>@+D@-D=0y=1,-2
Alsoy(y+1) =6 ory>?+y—6=0
>0+3)¢y-2)=0 ~y=2,-3
ny=1,42,-3
9x2/3 4 16x72/3 = 37 0r9x2/3+xlz%=37 ,letx23 =y
= 9u+5=37 or9u—37u+4=0
=>9u?—36u—u+4=0
2%Uu—-4)-(u—-4)=0
=>0Ou-1u-4)=0 -'-u=%,4
Now x%/3 =u

2/3 -1 _ ()L
=X =g 0rx—(9) Y
=>x?3=4 orx=(4)%%=8
x=8 L
TX=0%.9
Left as an exercise. ANSWER: +1 —3,+/5

Task
Solve the equations:

\/3_"+\/%=4 Answer: 0,2

(x%? —2x)% + 24 = 11(x? — 2x) ANSWER: —2,-1,3,4
Note: the equation can be expressed in the form x? — 2x + x22_42x =11
2
T M -1 ANSWER: —7,-6,2,3

3 x“+4x
(3x% +2x)? + 8 = 9(3x?% + 2x) ANSWER:—2,-1,7,3

TYPE II: Indicial equations reducible to quadratic equation .i.e. ax* + bx +
c=0

Example

Solve the equations:

32¥ +9 =10.3*

4* — 3,273 = 128

5(5*+57%) =26

5%+ 527 =26

2—-5e+2e7* =0

326+ —10x3* +1=0

Solution

32* + 9 =10.3%
=>(3%)2+9=10x3",let3* =u
>u’+9=10u oru?—10u+9 =10
2wWw-9Ywuw—-1)=0 ~u=9,1
But3*=u

=3*=9=3% nx=2
=53*=1=3% ~x=0

~x=2,0
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4* —3.2%t3 = 128

> (25)2—3x2* x 23 = —128 or (2)2 — 24 x 2¥ = —128 , let 2* = u
> u?—24u =-128 oru® —24u+128=0

_ 243V247-4x128 _ 2448

Su > >
~u=16,8
But 2* =u

=22Y=16=2% ~x=4
$2x=8=23 ~x =3
.'.x=3,4-

5(5* +57) =26 or5(5% +5i) =26,let 5 = u
=>5(u+%)=26 or 5u% — 26u+5 =0

=>5u?—-25u—u+5=0

=>Gu-1w-5=0 -'-u=5,%
Now 5 =u

=>5*=5.x=1

55 =c=57 .x=-1
wx=%1

2-5e*+2e*=00r2-5e*+2(¥)?=0,lete*=u
=>2-5u+2u’=0

>@Qu-D-2)=0 ~u=2,;
Nowe™ =u
= e ¥ =2, introducing logarithm to base e

>lhe™=In2 ~x=—-In2

Also e"‘=%

:flne"‘:ln(%) ~x=+In2

~x=%In2

320+D) _10x3* +1=0 0r3%%.32 -10x3*+1=0,let3* =u
=9u?—10u+1=0

5 0OQu-1)u-1)=0 ~u= 1,3

But3*=u

=3'=1=3" ~x=0

:;3":%:3_2 ax=-2

~x=0,-2

Task

Solve:i) 4* —5.2* +4=0 ANSWER: 0,2
i) 32w+l _3x+l_3x 11— ANSWER: —1,0
i) 5% —5"*144=0 0 ANSWER: 0,0.861
iv) 228 _32(29)+1=0 ANSWER: — 4

v) 223 _57=65(2*-1)=0 ANSWER: +3
Solve the equation
a) t—1324/t—2.896=0
b) x+Vx=o
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Solution
t—1.324/t—-2896=0,letVt=u=>u?=t
~u?—1.324u—2.896 = 0

u= 1.324+,/(—1.324)2+4x2.896 _ 1.324+3.652
2 2
~u=2488,-1.164
=>t=(2488)2=6.19; (-1.164 )> =135
~t=6.19,1.35

x+\/9_c=%,let\/§=uzx=u2

6
=>u2+u=£ or 25u*+25u—6=10
_ —254V252+4x6x25 _ —2545

=UuU

2x25 50
y=_2% _3
TU=TEeTS
SX = E ’E
Task
Solve the equations:
1
a) 6Vx=5r:-13;  ANSWER: ;=
1
b) \/27+m_ 2 ; ANSWER: 0

TYPE III: Equation of the form Ax* + Bx*> + C = 0. This equation contains

only 3 — terms
Solve the equation:

i)y x*-13x2+36=0

ii) 2x*—x2=6
Solution
x*—13x?+36=0,letx* =u
>u?—-13u+36=0 or u—9Nu—-4)=0
~u=9,4

But x? =u
=>x2=9 . x=43
=>x2=4 2x=42
wx=%2,43

2x*—x* =6, letx’ =u
>2uP—u—-6=0 or Qu+3)(u—2)=0
cu=-212

LU= S

But x*2=u

=>x2=2 x=x/§

3 3
Sxt=—c ax= (_E) , no real values of x
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TYPE IV: Equation of the form (x + a)(x + b)(x + ¢)(x + d) = n, where

a+b=c+danda,b,c,d andn are constants
Example:
Solve the equations:
) (+DE+3x+4)(x+6)=72
i) (x—=7)(x—-3)(x+5)(x+1)=1680
iii) (x—=5)(x —7)(x+ 6)(x+4) =504
Solution
x+DEx+3)x+49)(x+6)=72
Since 1+ 6 = 3+ 4 = 7, then re-grouping
>+ Dx+6).(x+3)(x+4)=72
> X2+ 7x+6).(x2+7x+12) =72
Now let x2 +7x = u
>Ww+6)(ut+12)=72
>u?+18u+72=72 oru(u+18) =0
~u=0,-18
Butx? +7x =u
>x2+7x=0 ~x=0,-7
=>x24+7x=-18 or x>+ 7x+18=0
X = —7+V72—4x18 _ T7V=23 _ —7+iv23
2 2 2

—7+iN23
SX = 0 ) —7 ) 2

(x=7)(x—=3)(x+5)(x+1) =1680
Since =7+ 5 = -3+ 1 = -2, then re-grouping
= (x—-7)(x+5).(x—3)(x+1) =1680
= (x? —2x —35).(x?> — 2x — 3) = 1680
Now let x? —2x =u
= (u—35)(u—3) =1680
= u®?—38u+105=1680 oru?—38u—1575=0
_ 38+V387+4x1575 _ 38488
2 2
~u=63,-25
Butx? —2x =u
=>x2—-2x=63 or x? —2x—63=0
>2x—-9Nx+7)=0
wx=9,-7
=>x?—2x=-250r x>?=2x+25=0

X = 24y/(=2)?—4x25 _ 24vV=96 _ 2+iV96 _ 2+i4V6
- 2 -2 T 2 T2

=>Uu

~x=9,-7,1+i2V6
Left as an exercise.

Task
Solve the equations:

i) x(2x+1)(x—-2)(2x—3) =63
i) 16x(x+ D)(x+2)(x+3)=9

ANSWER: 3,-2,8,-7

ANSWER: 3, —g ,3iv4“”

ANSWER: — 3 3 3&/10
2 2 2
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TYPE IV: equation of the form ax*+ bx® + cx?> + bx + a = 0, where
coefficients of terms equidistant from the beginning and end are equal, can be
made to depend on the solution of the quadratic.

Equations of this form are known as Reciprocal Equations, and so are

named because they are not altered when x is changed in to its %

Example:
Solve the equations:

a) 12x*—56x3 +89x? —56x+12=0
b) x*+2x3—x?+2x+1=0

c) 4x*+17x3+8x*+17x+4=0

d x*+x3—4x2+x+1=0

e) x*+1-3(x3+x)=2x2
Solution
12x* — 56x3 + 89x% —56x + 12 =0
Dividing through by x?
> 122 —56x +89 -2+ 2 =

x x2
241 1 —
=12(x2+5) - 56(x+1)+89=0
Now let (x +%) =u
Su=x2+=+42 or x2S =ul-2
X X

The substitutions that solve reciprocal equations are;

1 1
x+-=u , x*+5=ut-2
X X

=12w?-2)-56u+89=0
= 12u®> —56u+65=0

_ 564/(56)2—4x12x65 __ 56:+4
- 2x12 T 48

LU =§ ,16—3 (Note: left as fractions)
1 —
But (x + ;) =u
1_1

=>Uu

=>x+ or 6x2—13x+6=0

=
= (3x—-2)(2x—3)=0 ~x =32
Alsox+%=;0r 2x2 —5x42=0
:(2x—1)(x—2)=0:-x=2,%
"‘x=21_1_1_
2’273

xt+2x3 —x?+2x+1=0
Dividing through by x?
Sxl 42— 1+-+5=0

2 1 1 _
> (2 +5)+2(x+1)-1=0
Now letx+%=u,x2+$=u2—2 (as derived as before)
su?—-2+4+2u—-1=0
s>u?+2u—-3=0
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>w+3))u-1)=0 ~u=-1,-3
Butx+%=u
=>x+%=—1 or x>’ +x+1=0

-1+V1-4 _ -1+iV3
2 T2

Alsox+%=—3 or x*?4+3x+1=0
_ -3£/9-4 _ —145
- 2 -2
—1+iV3 —1+V5
X = —

>x=

=X

2 )
Left as an exercise. ANSWER: % % ,2,3
Left as an exercise. ANSWER: — T —4
Left as an exercise. ANSWER: 1, 35

2
x*+1-30x3+x) = 2x?
Re arranging the equation,
>xt-3x3-2x*-3x+1=0
Dividing through by x?
Sx?-3x—-2-242=0
X X

2,1 1 —
> (22 +5)-3(x+1)-2=0
Now letx+i=u,x2+xl—2=u2—2 (as derived as before)
su?-2-3u—-2=0
su?-3u—-4=0
>wu+Du-4)=0 ~u=-1,4
Butx+i=u

:~x+§=—1 or x*+x+1=0
ix:—lizx/l—llz—liz-i\/?

Alsox+%=4or x*—4x+1=0

o= 4i\/—216—4 _ 4J_r;/ﬁ _ 4i§«/§ =243

X=%§,2i\/§

Solving equations which are not reciprocal but solved in a similar
manner as reciprocal
Example
Solve the equation:
a) 6x*—25x3+12x2+25x+6=0
b) x*+5-4(x=3)-2=0
Solution
6x* —25x3 +12x2 + 25x + 6 =0
Dividing through by x?
> 6x2 —25x+12+ 2+ 5 =0

:>6(x2+%)—25(x—§)+12=0
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Nowletx—%=u
uz=x2+$—2=>uz+2=x2+xl—2 sut-2-3u-2=0

=6(u?+2)—25u+12=0 or 6u®?—25u+24=0

25+VZ57—4x6x24  25+7 32 8 18 3
S>U=—=—- .'.u=—=—’—=—
2%6 12 123’12 2
1 8
Nowx——=2 or 3x2—-8x—-3=0

=3x2-9%x+x—-3=0o0r3x(x—3)+1(x—3)=0
=>@x+1D(E-3)=0 ~x=-3,3
Alsox—%=% or 2x2—3x-2=0
=>2x2 —4x+x-2=0 or2x(x—2)+1(x—2)=0

=>2x+Dx-2)=0 -'-x=—%,2
1 1

sx=-2,3,2,—3

2,9 _3\_Ho_

Xt 4(x x) 2=
Letx—>=u,ul=x?+—2—-6 >x’ +2=u’+6
X X P
sul+6—4u—-2=0oru’—4u+4=0

>u—-22=0-~u=2
=>x—%=2 or x> =2x—-3=0

=>x+1D)x-3)=0 ~x=-1,3

Task
T —N_e=
Solve the equation: x° + = — 4 (x x) 6=0

EQUATIONS INVOLVING SQUARE ROOTS

Steps followed:

Isolate one square root on either L.H.S or R.H.S of the equation and square
both sides

If there is another remaining square root that persists, isolate it again and
square both sides

Continue to square both sides until there is no more square root, then solve
the resulting equation.

NOTE:

These equations yield extraneous roots which do not satisfy the equation
being solved. Thus for correct roots, test the roots in the original equation,
that which satisfy is the correct root.

TYPE A: PVbx + ¢+ Qvmx + n+ R,/Jax + B = k, where P,Q,R are constants.

CaseI: ForR=0.i.e. Pbx+c+QVmx+n=k
Example:
Solve the equations:

a) Vvx+1++vVx—-2=3

b) V3x—3-+vx=1
c) Vx—-5++x=5

d Vx—1+2vx—-4=4
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Solution
Vx+1+vVx—2=3;letA=x+1,B=x—-2
=>VA+VB=3

Isolating VA and squaring both sides
= (VA)' = (3-VB)’
>A=9-6VB+B

Isolating VB and squaring both sides
>6VB=9+B—-4A
>6Vx—2=9+x—-2-x—-1
26x—2=6 orvx—2=1
s(Vx=2) ' =1>x-2=1

Lx =3

Testing x = 3 in to the original equation,
V3+1++V3-2=3=R.H.S

~x =3 1is aroot.
V3x—3—+vVx=1;letA=3x+3
>VA+Vx=1

Isolating VA and squaring both sides
= (VA) = (143’

SA=1+2Vx+x
=>3x—-3=1+2Vx+x

Now 2v/x =2x —4 orvx=x—2
Squaring both sides again,
Sx=x-22=x*-4x+4
=>x>—5x+4=0 or (x—1)(x—-4)=0
>x=1,4

Testing the values,
Forx=1,/3-3-+V1=0=%1

Hence x = 1 is not a correct root.i.e. it is an extraneous root.
For x =4,Y12-3-V4=1=R.MH.S.
Only x = 4 is the correct root.
Vx—5+vVx=5,letB=x-5
=>VB+Vx=5

Isolating VB and squaring both sides
> (VB)' = (5 - %)’

=B =25-10Vx+x
=>x—5=25-10Vx+x or 10vx =30
= +x = 3, squaring both sides,
>x=9

Testing x =9,/9 — 4 +v/9=5=R.H.S
~ x =9 is the correct root.
Vx—1+2Vx—4=4,letx—1=4,x—4=B
=>VA+2VB=4

Isolating 2vB and squaring both sides,
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= (2vB) = (4 —A)’

=>4B=16—-8JVA+ A

Isolating 8vVA and squaring both sides,

> (8VA)" = (A — 4B + 16)?

=644 =(x—1—4(x—4) +16)?
=64(x—1)=(x—1—4x+16 + 16)? = (=3x + 31)?

= 64x — 64 = 9x? — 186x + 961 or 9x? — 250x + 1025 = 0

250 +,/(—250)2—4x9x1025 __ 2504160
>x= =
_ 205

18 18
=55

Testing the values,

Forx=5,Y5—-1+4+2V5—4=4=R.H.S
Hence x =5 is root.

— 205 205 _ 205 _ ,\_40
Forx =%°, (% 1)+2J(9 4) =% #RH.S.
Only x =5 is the correct root.

Task

Solve the equations:
a) 2V2x—12—-+2x—3=3 ANSWER: 14 not 6
b) 2Vx+d—Vx—1=4 ANSWER: 5not 13
c) Vx—5+2=+x+7 ANSWER: 9
d V3x+4-Vx-3=4 ANSWER: 4 ,7

Case II: ForR # 0.i.e. P\/bx+c+QVmx+n+R,Jax+B =k
Example:
Solve the equations:

a) 2Vx+1-3V2x—-5=+x-2

b) V3—-x—+V7+x=+16+2x

c) Vx+6—+Vx+3=+v2x+5
Solution
2Vx+1-3V2x—5=+x—-2
Letx+1=A4,2x-5=B,x—2=C
= 2+/A - 3VB = VJC , squaring both sides,
= (2VA-3VB) =¢
=4A+9B —12VAB=C
Isolating 12vVAB and squaring both sides,
= (12VAB)” = (44 + 9B — C)?
= 144AB = (4A + 9B — C)? , substituting for A, B and C
> 144(x + 1)(2x — 5) = (4(x + 1) +9(2x — 5) — (x — 2))"
= 144(2x> —3x —5) = (4x + 4 + 18x — 45— x + 2)"
= 288x% — 432x — 720 = (21x — 39)? = 441x% — 1638x + 1521
= 153x% —1206x + 2241 =0 or 17x*> —134x +249 =0
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34 34

x = 134 +./(134)%2—4x17 X249 _ 134432

83
=>x=3,—
17

Testing the values,
Forx=3, 24/3+1-3V6—-5=+3-2=1, hence x = 3 is a root

166 83

83 83 .
Forx =—, 2 F+1_3 ?—5:&\/5—2—1,hencex—ﬁlsnotaroot

17
~ x = 3 is the only correct root.

V3—x—-V7+x=+16+2x

Let3—x=A4,7+x=B,16+2x=C

= VA —+/B =+/C, squaring both sides,

> (Va-vB)' =¢

=>A+B-2VAB=C

Isolating 2vAB and squaring both sides,

= (A+ B — C)? = 4AB , substituting for A, B and C

S4B -x0)(7+x) = (B-x+7+x— (16 +2x))’

= 421 — 4x — x?) = (—6 — 2x)?

= 84 — 16x — 4x? = 36 + 24x + 4x?

=8x2+40x—48=0 orx’+5x—6=10
>x+6)(x—1)=0=>x=1,-6

Testing the values,
Forx=1,vV3-1—-+7+1#+16+ 2, hence x = 1 is not a root.
For x = —6, V3+ 6 —+V7 -6 =+16— 12, hence x = 2 is a root.
~ x = 2 is the correct root.

Left as an exercise. ANSWER: x = -2

TYPE B: Any equation which can be thrown in to the form

ax* +bx+c+pvax? +bx+c=q

This is solved by putting y = vVax? + bx + ¢

sy’=ax’+bx+c

- the equation being solved is y?> + py —q =0

Let a and B be roots of this equation.

S>a=vVax?+bx+c, B=vVax?+bx+c

From these equations we obtain four values of x.

NOTE:

If no sign is prefixed to a radical it is usually understood that it is to be
taken as a positive. Hence if both a and f are both positive, all the four
values of x satisfy the original equation.

If however, a or f§ is negative, the roots found from the resulting quadratic
equation will satisfy the equation ax? + bx + ¢ — pvax2 + bx + ¢ = q but not
the original equation.
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Example
Solve the equations:

a) x2—5x+2VxZ—-5x+3=12

b) x? +2vVx2 + 6x = 24 — 6x
c) x>—6x+9=4Vx2—6x+6
d) x?+x+10vVxZ+ 3x + 16 = 20(20 — x)

e) 3x?—18+V3xZ—4x+6=
Solution
x? —5x +2Vx2 —5x +3 =12
Adding 3 on both sides
=>x?-5x+3+2Vx2-5x+3=15
Nowlety =vx2 —5x+3=>y?2=x2—-5x+3
=>y2+2y=15 ory?+2y—15=0
= (y+5)w-3)=0~y=-5,3
Buty =+vx?—-5x+3
SVXZ =5x+3= =5 ottt (1)
SVXZ =5 +3=3 i (2)
From eqn. (1), squaring both sides,
=>x?—-5x+3=25 orx?—-5x—22=0

_ 5+V25+88 _ 5+yTI3

2 2

From eqn. (2), squaring both sides,
>x2—5x+3=9 orx?—5x—6=0
=>x-6)(x+1)=0 ~x=-1,6
From the discussion above,
x = —1, 6 satisfy the equation x? — 5x + 2Vx2 — 5x + 3 = 12, because the
radical 2Vx2 — 5x + 3 is positive and y = +3

gk ‘/T satisfy the equation x? — 5x — 2Vx2 —5x + 3 = 12, because

the radical —2m is negative and y — 5
x% + 2v/x% + 6x = 24 — 6x, re arranging

= x? + 6x + 2Vx% + 6x = 24
Lety=vVx2+6x = y2 =x2 4+ 6x

>y2+2y=24 ory?’+2y—24=0
=>@+6)y—4)=0-~y=-6,4

Buty =vx2—-5x+3

But for x =

SVXZ =5+ 3 =4 i (1)
DVXZ =5+ 3= =6 et (2)

From eqn. (1), squaring both sides,
>x2+6x=16 orx*+6x—16=0
=2>x+8)(x—-2)=0 ~x=-8,2
From eqn. (2), squaring both sides,
=>x?+6x=36 orx?+6x—36=0
—em/W —343V5

~ Roots to x2 + 2Vx2 + 6x = 24 — 6x are ~ x = —8,2 for y = +4 and roots of
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x? — 24/x2 + 6x = 24 — 6x are —3 + 3+/5 for y = —4. The roots of the latter
equation are extraneous.
x2—6x+9=4/x2—6x+6
Subtracting 3 from both sides,
Sx2—6x+6=4/x2—6x+6-3
Nowlety=vVxZ —6x+6=>y2=x2—6x+6
>y2=4y—3 ory’?—4y+3=0
>I)y-3)=0-y=1,3
Buty = VxZ—6x+6
SVXZ—6X+6=T1 . cetiiiiiiiiiiiiiiieiieiee e, (1)
SVXZ—6X+6=3 ittt (2)
From eqn. (1), squaring both sides,
>x?—6x+6=1 orx?—6x+5=0
=>x-5x-1)=0~x=1,5
From eqn. (2), squaring both sides,
>x?—6x+6=9 orx>—6x—3=0

x =S 34 9y3

~x=1,5,3 + 2v/3 satisfy the original equation.

x% +x + 10Vx2 + 3x + 16 = 20(20 — x), re arranging the equation,
x?+3x—40+10VxZ+3x+ 16 = 0

Adding 56 on both sides,

= x? +3x+ 16 + 10VxZ + 3x + 16 = 56

Lety=vVx2+3x+16>y?> =x?+3x + 16

=y2+ 10y =56 ory?+10y—56=10
>W+14)y-4)=0~y=4,-14

Buty =+vx?+3x+ 16

SVXZ 304+ 16 =4 coiiiiiiiiiiii (1)
SVXZ+3x4+16=—14 oot (2)

From eqn. (1), squaring both sides,
=>x243x+16=16 orx’+3x=0
=2>x(x+3)=0 ~x=0,-3

From eqn. (2), squaring both sides,
=>x24+3x+16=196 orx?+3x—180=0

—3+\9F4x180 _ 3427
=f=T=>x=—15,12

Since y = +4 and 10Vx2 + 3x + 16 is also +ve, then x = 0,—3 satisfy the
equation x? + x + 10vx2 + 3x + 16 = 20(20 — x).

Since y = —14 and 10vx? + 3x + 16 is +ve, then x = —15,12 satisfy the
equation x2 + x — 10vx2 + 3x + 16 = 20(20 — x). These are extraneous roots.
Left as an exercise.

ANSWER: x = 3,2 and Zig—m
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NOTE:
e In general some equations of degree 4° can be converted in to a
quadratic
e Before clearing an equation of a radical, it is advisable whether any
common factor can be removed by division.

Example:

Solve: 2vx% —x —2—3V2x2 —9x + 10 = x — 2

=2+ Dx-2)-3/2x -5 (x—-2)=x-2

Dividing through by vx — 2

= 2Vx+1-3vV2x—5=+/x—2 , which is as case Il for R # 0

Solving the equation, x = 3.

NOTE:

When one root of a quadratic equation is obvious by inspection, the other
root may often be readily obtained by making use of the properties of the
roots of a quadratic equation as illustrated below.

Example:
Solve the equation:
i) (1-a)ix+a)—2a(1-x*)=0
1-x)? _ (1-a)?
2—x2  2-a?
Solution
(1-a®)(x+a)—2a(1—x*>)=0
By inspection, clearly x = a is a root to the equation.
Re writing the equation,
sx+a—a’x—a’—2a+2ax’>=0
s2ax?+(1—a)x—a(l+a?>)=0
Let @ and B be roots of this equation, then
_ a(14a?) _ (14a?)
2a 2
Since one root of the equation is a.i.e. say a = a, then the other root f is;
_ (1+a?) - _ (1+a?)

ii)

Saf =

P==- 2
Left as an exercise.
Task
Solve the equation:
a) V4xZ—-7x—15—-vVx2—-3x=+Vx2 -9 ANSWER: 1,3
b) V2x2—9x +4+3V2x —1=+2x2 +21x — 11 ANSWER: 5,%
¢) Vx?—7ax+10a% —Vx% +ax —6a% =x —2a ANSWER: 2a,—=*
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SERRIES
Arithmetic and Geometric Progressions
(A.ps and G. ps)

Basic concepts:

A Sequence is a set of quantities/numbers a4 ,a,,az ........... , stated in a
definite order and each term formed according to a fixed pattern.
i.e.a, =f(r).
Example
e 1,3,5,7..........., is a sequence (the next term would be 9)
e 2,6,18,54........ , is a sequence (the next term would be 162)
o 12,-2%232, 42 . .. , is a sequence (the next term would be +5?)

A finite sequence contains only a finite number of terms.
An infinite sequence is unending.

NOTE:
The numbers in a sequence are called terms.
A series is formed by the sum of the terms of a sequence.

Example
For 1,3,5,7.............. is a sequence
1+3+5+7 ... is a series.

The Arithmetic Progression (A.P)
A series in which each term is obtained from the proceeding one by adding
or subtracting a constant quantity is called the Arithmetic Progression.

Example
¢ 1434547 i iSan AP
o 3—-2—-T7— i e ISAQN AP
e a+(a+d)+(a+2d)+...........isan A.P

The constant quantity is called a common difference, d.
Consider the A.P below;

a; + a; + as o+ a,_1 + a,

This is an A.P if the common difference .
d=a,— a,_q,foralln>1

From the above examples of series,
1+3454+7.iiiie,d=3-1=5-3=7-5=2
3-2—-7— i, d=-2-3=-7—--2=-5
a+(a+d)+(@a+2d)+ ..,

common dif ference=(a+d)—a=(a+2d)—(a+d)=d

To find General term( n* — term) of an A.P.
Leta; + a; +az+ - ............, be an A.P.
Letd = common dif ference , then
d=a,— a,_1,foralln>1
=a,=d+ a,_4
Now for n=2,a, =d + a4
n=3, az=d+a,=d+([d+a;)=a;+2d
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n=4,a,=d+a3;=d+Q2d+a;) =a; +3d
Observation of the terms;
a=a +d= a+ (2—-1)d
az=a, +d= a;+ 3-1)d
as=a3 +d= a;,+ (4—1)d

a,=a, 1+d=a;+(n—-1d
Thus the general term of an A.P is

a,=a+(n-1)d

From the formula,

a =15 term

n = no.of terms

a, = last term

d = common dif ference

NOTE:

The general term of an A.P is a, = a; + (n — 1)d, has four terms. If the three
are given then the 4" can be evaluated.

From the general term of an A.P, the standard form of an A.P is stated as;

a+(a+d)+(a+2d)+-......... + [a+ (n—1)d]

The most convenient terms in an A.P with given sum and product:
a) If three terms are in an A.P, then use

(a—d),a,(a+d)

b) If four terms are in an A.P, then use

(a—3d), (a—d),(a+d), (a—3d)

NOTICE:

If you sum up the terms, the common difference, d, vanishes, and the sum
is in terms of only the first term, a.

In case of odd number of terms, the common difference is taken as d and
the middle term as a.

In case of even number of terms, the common difference is taken as 2d and
the two middle terms are(a —d) and (a+ d) .

Properties of an A.P

If the constant is added to or subtracted from every term in an A.P, the
resulting series is an A.P.

If every term is multiplied or divided by a constant, the resulting series is
also in an A.P.
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Examples
Find the 17" — term of the series
a) 4+6+8+
b) —-8-7—-6—5—-....
Solution
44+6+8+ ...
Sinced = 6 —4 =8 —6 = 2, the series is an A.P
Using a, =a+ (n—1)d
Given:a=4,n=17,d =2
Required: a,
>a,=4+17-1)x2=36
. the 17" — term is 36
—8—-7—-6—-5—--...
d=-7—-8=—-6—-7=1
Given:a=-8,n=17,d=1
Required: a7
=2a;=—-8+(17-1)x1=8
~ the 17" —termis 8

State the 20" — term and the number of terms of the following series;

a) 2+4+6+ ... +100

b) —8—6—4—-...+200
Solution
24+4+6+-.........+100

Given:a=2,n=?7,d=4-2=2,a, =100
Required: a;g =7,n =7

Using a, =a+ (n—1)d
100=2+Mn—-1)x20r50=14+n—-1
~n=50

Nowa,y =a+(20—-1)d =a+19d

Ay =2+19Xx2 =40

~ No.of termsis 50,20 — term is 40

—-8—-6—4—--...4+200
Given:a=-8,n=?,d=-6—-8=2,a, =200
Required: ayy =?,n="?

Using a, =a+ (n—1)d

200=-84+(n—1)x2 or100=—-4+n-1
~n=105

Now ayp = a + (20 —1)d = a + 19d

azy = —-8+19x2=30

= No.of termsis 105,20 — term is 30

The 3™ — term of an A.P is 18 and the 7" — term is 30. Find the 17" — term.

Solution

Usinga, =a+ (n—1)d
Given:az =18, a; = 30
Required:a;7; =?
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Sa3=a+(B-1Dd=a+2d=18.......cccccceeeriin... (1)
Sa;=a+(7-1Dd=a+6d=30......cc..cceeeiin... )
Solving the equations simultaneously

Eqn.(1) —eqn.(2)

= —-4d=-12,d =3

Subst. d = 3 in to eqn. (1) or (2)
Fora+2d=18=2a=18-2x%x3=12

Nowa;; =a+ (17—1)d =a+16d = 12 + 16 X 3 = 60
o the 17" — term is 60

The 3™ and 13" term of an A.P are respectively equal to —40 and 0. Find the
A.P and its 20" — term.

Solution

Usinga, =a+ (n—1)d

Given:a; = —40, a;3 =0

Required: a;qg =7
Sa3=a+@B-1d=a+2d=—40...cccccecceiriiiiren.. (1)
2a3=a+13-1)d=a+12d=0 .ccceceeerrrriirirnenn. ()

Solving the equations simultaneously

Eqn.(1) — eqn.(2)

= —-10d =40, d =4

Subst. d = 4 in to eqn. (1) or (2)

Fora+2d =—-40=>a=—-40—-2x4 = —48
Nowayy=a+(20—-1)d=a+19d =—48+19 x4 =-12
o the 20" — term is — 12

The A.Pisa,(a+d),(a+2d),........

~the A.Pis —48,—-44,-40,...........,28

Inan A.Puy +uy + i + u, =15 anduy; = =3. Find the greatest integer N
such that uy =0

Solution

Usinga, =a+ (n—1)d
wy=a,uyy=a+d,u3=a+2d,u,=a+3d
sat+a+d+a+2d+a+3d=15

S4a+6d =15 i (1)
Given:ujg =—-3 2a+15d=-3 ...l @)
Solving (1) and (2) simultaneously,

From (1)a=—=3—=15d ..cccieiiiiiiiiiiiiiiieae, 3)

Eqn. (3) in to (1)
= 4[-3 —15d] + 6d =15
= -7 __1

= —-12-60d +6d =15 ord = Pyl
Subst.d = —% into (3)

o a 1\ _ —6+15 _ 9
=»a=-3 15( 2)_ 2 2
Now uy =a+(N—1)d=0
S 2H N =1 x (=3) 2 0, (x 2)

=294+ (1-N)=00r10=N
-~ the greatest integer is 10
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Then'" term of a series is U, = a 3" + bn + c. Given thatU; = 4,U, =
13 and U3 = 46. Find the values of a, b and c.

Solution

Given: U, =a3"+bn+c
ForUi=4,n=124=3a4+b+C .ceceerirveriereninren.. (1)
ForU,=13,n=2=213=9a+2b+C .coccevvrren...... )
ForlUs; =46, n=3=46=27a+3b+C cc.cccvrnn.... 3)

Solving (1), (2) and (3) simultaneously
eqn. (1) —eqn.(2) , to eliminate c

=2 -9=—=6a—Db0or6a+D=9 ittt 4)
eqn. (1) —eqn.(3) , to eliminate c
= —42=-24a—2b or12a+b =21 cccceoieiiiiiiiiiiiiean. (5)

Now eliminating b from (4) and (5)
eqn.(4) —eqn.(5) , to eliminate b
=>—-6a=-12 ~a=2

Subst.a = 2 into eqn. (5) or (4)
6a+b=9,a=2=b=2-6%x2=-3
Subst.a =2,b =-3into (1)or (2)or (3)
From=>c=4—-(Ba+b)=4—-(6-3)=1
~a=2,b=-3,c=1

Examples on sum and product of a certain number of terms in an A.P
Find three terms in an A.P such that;
a) Their sum is 21 and the product is 315
b) Their sum is 33 and the sum of their squares is 563

Solution
Let the numbers bea—d,aa+d
Given:sum = 21, a—d+a+a+d=21

=3a=21 ~a=7
Product = 315,a (a—d)(a+d) = 315
= a(a? —d?) =315
= 7(7%> —d?) =315 or 49 —d? = 45
vd=vVd=+2
The numbers are: [7 — (£2)],2,[7 + (£2)]
~5,7,9, ford =42
~9,7,5, ford =-2
sum= 33, a—d+a+a+d=33

=3a=33 ~a=11
sumof squares = 563, (a— d)* + a® + (a + d)? = 563
= (11-d)? +11%2 + (11 + d)? = 563
=121 —22d + d? + 121+ 121 + 22d + d? = 563
= 2d? + 363 = 563,d% =100 .. d = +10
Now numbers are:
Ford =10,a=11= (11-10),11,(114+10)or 1,11, 21
Ford =-10,a =11= (11--10),11,(11-10) or 21,11,1
Find four numbers in an A.P such that their sum is 20 and sum of the
squares is 120.
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Solution
Let the numbers be: (a—3d),(a—d),(a+d),(a+ 3d)
sum=20=>a—-3d+a—-d+a+d+a+3d=20
=4a=20 ~a=5
sumof squares = 120, (a — 3d)? + (a — d)? + (a + d)? + (a + 3d)? = 120
=>G5-3d)?+G-d)?+G+d)?+(5+3d)>=120
= 25—30d +9d? + 25+ 30d + 9d? + 25 — 10d + d? + 25+ 10d + d* = 120
=100 +20d? =120 ~d =41
The numbers are:
Ford=1,a=5,(5-3),56-1),G5+1),(5+3)
~2,4,6,8
Ford=-1,a=5,5+3),6+1),(5-1),(5-3)
~8,6,4,2
Find five numbers in an A.P such that;
a) Their sum is 20 and product of the first and last term is 15
b) Their sum is 25 and sum of their squares is 135
Solution
Let the numbers be: a—2d,a—d,a,a+d,a+2d
Now sum=20=a—-2d+ a—d+ a+a+d+a+2d
=20=5a ~a=4
Product of the first and last= (a —2d) X (a +2d) =15
= (4-2d)x (4+2d) =15 or 16 — 4d? = 15
1
=>d= ig
~ numbersare: 3, 3% 4, 4% and 5
Sum=5a=25 ~a=5
Sum of squares = 135 = (a — 2d)*> + (a—d)? + a® + (a + d)? + (a + 2d)?
135 = a® — 4ad + 4d* + a® — 2ad + d* + a? + a® + 2ad + d* + a® + 4ad + 4d?
=135 =5a*+10d%* ,buta=>5
= 135 =5x 5% + 10d? or 135 = 125 + 10d?
~d=4=1
~ numbersare:3,4,5,6 and 7
Task
Find three numbers in an A.P such that
a) Sum is 27 and product is 648
b) Sum is 27 and sum of their squares is 275
¢) Sum is 12 and sum of their cubes is 408
d) Sum is 15 and sum of squares of its first and third term is 58
e) Sum is 9 and the sum of their squares is 77
f)  Sum is 6 and their product is —90
ANSWER: (a)6,9,12,d=+3,a=9(b)5,9,13,d=+4,a=9(c)1.4,7,d =
+3,a=4
(d)3,5,7(e)—2,3,8 (f)—5,2,9

The sum of four integers of an A.P is 24 and their product is 945. Find the

integers.
ANSWER: 3,5,7,9 Hint: Use (a —3d),(a—d),(a+d),(a+ 3d)
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PROOFS IN A.PS

Ifa,b and c are respectively thept" ,qt" andrt" terms of an A.P, prove that
a(@=r)+br—-p +clp-—q) =0

Solution

Using Uy = A+ (N — 1)D for an A.P

Gwen:U, =a,U; =b,U, =c

Sa=A+@—DD cceeiiiiiiiiiiin, (1)
Sb=A+(@—1)D cceoveieiiiiiiiiiinn, 2)
Sc=A+T—DD cecvriiiiiiiiii (3)
Note:

A and D are the unknowns, hence solving for them,
eqn. (1) —eqn.(2)
=2a-b=[p-1-(q-DID=@p-qD

—ah
=>D= g T 4)
eqn.(4)into (1)to find A
From (1),A=a—-(p—-1)D

_ _ a—b _w —aq—(ap —pb—a+b)
=2A=a-(p—-1) (p_q) —
VA= —aq+pb+a—b (5)
-~ g e
Subst. (4)and (5)into (3)
Fromc=A+ (r—1)D

=c= —aq +pb+a—>b + (T‘ _ 1) (ﬂ)
p—q p—q

>cp—-q@ =—aq+pb+a—-b+ar—br—a+b
=—aq +pb +ar —br
cecp—q@=alr—q) +b(p-r)oralq—r)+br—-p)+clp—q) =0
Prove that then'® term isp + q — n when thep" term of an A.P is q and the ¢**
term is p.
Solution
Using Uy = A+ (N —1)D for an A.P
Given:U, = q,U, =p

SP=AF@=DD oo (1)
DG=A+(@ DD oo ()
Required: U, = p+q—1 .ccoovieviiiininnianann.. (3)

Now solving for A and D

eqn. (1) —eqn.(2) , to eliminate A
p—q=(q@-pD=-Dp-q)

~D=-1

From (1) and D = -1

A=p—-(@-1DD=p+q-1

Required: U, = A+ (n—1)D
U,=p+q—-1+(n—-1)x-1=p+gq—1—-n+l1l=p+q—n
~nth term=p+q—n

If p times thep'" term of an A.P is equal to q times the q'", prove that the
(p + Q)" term is zero.
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Solution
Using Uy = A+ (N — 1)D for an A.P
Given:p x U, = q X U,
Required: to prove Uy, =0
U,=A+@®-1D,U,=A+(q—1)D
= pxU, = qXxU,; becomes
pX[A+(@—-DD]l=gqx[A+(@—=1D] ceeereerreiriirannn. (1)
Now Uprqg =A+ (@+q—1)Duceeeieiiiiiiiini ()
Expressing eqn. (2) in terms of only D
From (1), pA + (p* = p)D = Aq + (¢° — @)D
=A-q) =(q* - D~ (*-p)D
Ap-9) =(¢* —p* —q+p)D

=-[p* ¢ - (- 9ID

=—[p—- P+ —@P—=QID cceeveeien. [+ (-]
A=—-[p+q—1]D
SA=S[1=@+DID oo (3)

Subst. (3)in to (2) , must give zero for the proof to have been proved as
required.
Uppg=A+@+q—-1D

=[0-+ID+(®+q-1D

=D[1-p—q+p+q—1] =0, as required.
Task
The m'" term of an A.P is% and the n'" term is % , prove that the (mn)t" term
is unity.i.e.Uy,, =1
Ifp,q,r,s are any four consecutive terms of an A.P, show thatp® — 3q% +
3r2—s?=0.
[Hint: Letp=a—-3B,q=a—-Br=a+p,s=a+3p]
The 8" term of an A.P is double the 13" term. Prove that the 2™ term is
double the 10" term.

Other forms of proofs in A.Ps
If a,band c are in an A.P, prove that;
a) a®+c+ 6abc = 8b°
b) a?+4ac+c? = 2(ab + bc + ca)
Solution
For a, b and c to be in A.P, thenb —a = c — b = d (common dif ference)
>b=a+d,c=b+d=a+d+d=a+2d,2b=a+c
LH.S=a®+c®+6abc =a®+ (a+2d)°?+6a(a+d)(a+2d)
=a® +a® + 6a’d + 12ad? + 8d% + 6a(a’® + 2ad + ad + 2d?)
= 8a® + 6a’d + 12ad? + 8d® + 18a%d + 12ad?
= 8a® + 24a%d + 24ad? + 8d> = 8(a® + 3a%d + 3ad? + d®) = 8(a + d)® = 8b°
L.H.S = a? + 4ac + c® = a® + c® + 4ac
= (a+¢)? —2ac+ 4ac = (a+ c)? + 2ac
=(a+c)(a+c)+2ac
= (2b)(a+c) + 2ac = 2(ab+ bc + ac)

Ifa,band c are in an A.P, show that
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. 101 1 .
i) E,E,EaremanA.P
.. 1 1 1 .
ii) ﬁ+ﬁ,ﬁ+ﬁ,ﬁ+ﬁare1nanA.P
Solution
ifa,b,c are in an A.P, then
b—a=c—=Db .ccooeeeiriiiiiiiiiiiininin. (1)
Nowi,—,iareinanA.Pifi—i=i—L
ab “ac “ab ac bc ab ac
1/1 1 1/1 1
=>;(;—;)—;(r;)
bma _ c-b
abc ~ abc
~b—a=c—bea,b,careinan A.P .hence the result follows.
! ! ! _areinan APif—r—— ——= 1t ___!
Vb+ve ' Ve+va 'Na+b T Newa  Vbve  Vawvb  Veta

_ Vbre—Ve—ya _ Ver/a—a—h
(Vb+Ve)(Vetva) ~ (Va+vb)(Ve+va)
VB—a _ ve—vb ., _ .
NN b—a=c—bsa,b,careinanA.P. Hence the result.
1 1

. 1
Ifa? ,b? and c¢? are in an A.P, show that — , — ,—
b+c ° c+a “a+b

Solution
1 1 1 . 1 1 1 1
If —,—,— ,areinan A.P,then—— —= ———
b+c "c+a "a+b c+a b+c a+b c+a
b+c—c—a _ c+a—a-b
(c+a)(b+c) - (a+b)(c+a)
b—a c—b .
> =2 ="" . p%2—q%?=c%?—-b?, hence a?,b?, c? are in an A.P
b+c a+b
Task:
a b c . 2 2 2 .
If — ,— ,— are in an A.P, show that a®,b“, c* are also in an A.P
b+c "c+a "a+b
b+c—a c+a—b a+b—c . 1 1 1 .
If —,—, »—, areinan A.P, show thatz », oo are in an AP

TO FIND THE SUM OF A FINITE NUMBER OF QUANTITIES IN AN A.P
Let a; ,a;,a;3, ... e s eev e o, @y be n — quantities in an A.P, and let the last
term a, be denoted as [. If their common difference, then
a,=a+(n—-1d=1

Now summing up the n- terms of an A.P

Sp=a;+(ag +d)+ (ag +2d) + ... ... ... +a;,+(n—-1)d
=g+ +d)+ (@ +2d)+ ... FA=A)+l i (1)

Re-writing this sum in a reverse order

>S5, =l+(0-dD+U-2d)+-...... F@+AD)Fa; i (2)

Adding the equations (1) and (2)

=225, =@ +D+(@+D+ (@ +D+- ... + (a1 + 1), (n — times)

=25, =n(a; +1)
~ S, =§(a1 +10) =§[a1 +a; + (n—1)d]
= g [2a; + (n — 1)d]

Consequently,

Sy = g [2a; + (n— 1)d]

In general, S, = g [15t term + last term]
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NOTE:
The above formula contains four quantities.i.e.S, ,a,n,d. If three of them
are known the fourth can be evaluated

Examples
Find the sum of the series
a) 3+8+13+ ... + 12" term
3,2 ,7
b) T+t +19t" term
Solution
348+ 13+ + 12t term

Given:a; =3,d=8—-3=13-8=5,n=12,ay, =?
Usinga, =a; + (n—1)d
a12=3+(12—1))(5=58
Using S, = %[Zal + (n—1)d]
=S, == [2x3+ (12— 1) x 5] = 366
Alternatively
Using S, = g[lst term + last term]
= S, == [3+ 58] = 366
342,74 ... th
sttt e H19% term
7

. 3 2 3
Given: a, =Z‘d=§_Z= 5~

a=tr -0 x(2)
Now Sip = 2[2x2+19- 1 x (- L) =2 [E-2] =0

1
= —E ,n= 19,(119 =?

Ju
BDlw wN

12 22 12
Alternatively

Using S, = %[1“ term + last term]
V3, 3=
$519_2[4+ 4]_0

How many terms of the following series may be taken to;

i) Their sumis 66 if —9,—6,3 ... cc e cee vt e e et e e e e ?

ii) Theirsumis—80 if 154+ 134+ 114 -+ oo vi v viv v o ?

iii) Their sumisn(2n+4) if6+104+ 144 - oo vi v v ?
Solution
=9,-6,3 i

LetS, =66,a, =—9,d=-6—9=3
Using S, = g[Za1 + (n—1)d]
:~66=§[2><—9+(n—1)x3]

132 = —18n+ 3(n® —n)
23n?—-21n—-132=00rn>-7n—44=0
>nm-11)(n+4)=0 ~n=11,—-4
Since n is a positive integer, n = —4 is rejected.
~ number of termsis 11
154+134+ 114 ..

LetS, =—-80,a;, =15,d =13 -15=-2
Using S, = g[Zal + (n—1)d]
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:—80=§[z><15+(n—1)x—2]
—160 = 30n — 2(n® —n)
22n?—-32n—-160=00rn®>—-16n—80=10
>nM-200n+4)=0 ~n=20,—-4
Since n is a positive integer, n = —4 is rejected.
~ number of termsis 20
6+10+ 14+ ......... ...
Let Sy =n(2n+4),a,=6,d=10—-6=4
Using Sy = g[Zal + (N — 1)d]
=n2n+4) =§[2x6+ (N-1)x 4]
=>4n?+8n=12N+4N2—4Nor n?+2n=3N+N? - N
~N? +2N —(n?+2n) =0, solving for N
—2+/22+4(n2+2n)

2

_ —242V14n?+2n
- 2

=-1+/n+1)2=-1+n+1
~N=-14+n+1=nor N=-1-n—-1=-2—-n(Reject)
~ number of termsisn
The sum of the series is 525. Its last term is 39 and the first term is 3. If the
series is an A.P, find its common difference.
Solution
Given: S, = 525,a, =39,a; =3
Using S, = g[lst term + last term] = %[al +a,]
=525 =7[3+39] =21n ~n=25
From a, =a; + (n—1)d or fromS, = g [2a; + (n—1)d]
From$S, = %[Zal + (n—1)d]
=525 =22[2 3 + (25— 1)d]

= 1050 = 150 + 600d - d =§

=>N=

~ Commondifference is%

The first and last terms of an A.P are -4 and 146 respectively. The sum of the
A.Pis 7171. Find the number of terms and sum of the first 20 terms.
Solution

Given: S, = 7171 ,a, = 146 ,a, = —4

Required:n =?,d =?

Using S, = g[lst term + last term] = %[al +a,]

= 7171 = 2[4 + 146] = 71n

=7171=71n ~n =101

~ No.of termsis 101

Now finding d using eithera, =a; + (n—1)d or §, = % [2a; + (n — 1)d]
This time let us use a, = a; + (n—1)d

= 146 = —4 + (101 — 1)d

=150 = 100d - d =§
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Syo =22—°[2><—4+(20— 1)x§] =205

Sy = 205

The sum of a certain number of terms in an A.P is 5500. The firs and the last
terms are 100 and 1000 respectively. Find the number of terms and the sum
of the last 5 terms of the progression.

Solution

Given: S,, = 5500, a; = 100,a, = 1000

Required:n =7?,d =7, 5145t 5_terms = ?

Using S, = %[1“ term + last term] = %[al +a,]

= 5500 = 2[100 + 1000] = 11904,

T2
=>5500=$n an=10

~ No.of termsis 10
Now finding d using a, = a; + (n— 1)d
= 1000 = 100 + (10 — 1)d
~d =100
The A.P can be stated as; 100,200,300,400,..................900, 1000
Sum of last 5 — terms = Sum of all the terms — Sum of the 15¢ 4 — terms
= Slast 5—terms = S10 — Syt five
= Siust 5—terms = 5500 — E(z X 100 + (5 — 1) x 100)]
= 5500 — [500 + 1000] = 4000

Note:
The last five terms are; 600,700,800,900,1000
The sum of the last three terms of an A.P having n — terms is 150 times the
sum of the first three terms of the progressions. If the third term and the
second term are 15 and 5. Find the last term and the number of terms of the
progression.
Solution
Given: S3ast) = 150 X S3(firsty» a3 =15,a, =5
Required:n =?,d =?
For an A.P, the last term is a, = a; + (n — 1)d
For the 2" lasttem = a, — d

=g +(n—-1Dd—-d=a; +(n—2)d
For the 3" last tem = a,, — 2d

=g +(n—1Dd—-2d =0a;+(n—-3)d
Now S3(145¢) = [a; + (n — 1)d] + [a; + (n — 2)d] + [a; + (n — 3)d]
S3(last) = 3a'l + (371 - 6)d
Al Sy(firse) = 5 [2a; + (3 — 1)d] = 3a; + 3d
From S3(last) =150 x SS(first)
= 3a; + (3n—6)d = 150(3a; + 3d)
=2a;+(n—2)d =150(a; +d)

2149a; + (152 —n)d =0 ceoveniriiiiiiiieeeenn, (1)
Given:az; =a; +(3—-1)d =a; + 2d
215 =14 2d i (2)
A =a1+d =5 i (3)

Eqn.(2) —eqn.(3)
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=>10=d

Froma; +d=5=2a;,=5-10=-5
Now subst.d = 10,a; = =5 into eqn. (1)
= 149qa; + (152 — n)d = 0 yields
149(=5) + (152 —n) x 10 = 0

=152 -n="""=745

~ No.of termsis 78

a3 =—5+ (78— 1) x 10 = 760

The sum of the first 13-terms of an A.P is 21 and the sum of the first 21 terms
is 13. Find the sum of the first 34 — terms.

Solution

Given: S;3 =21,5,; =13

Required: S34 =?,d =7,a =7

Using S, = %[Zal + (n—1)d]

=S5 =220+ (13- 1Dd] =21 oo (1)
=S =22a+ Q1= 1Dd] =13 oo, 2)
From (1,2 +12d =12 oo (3)
From (2),2 +20d = 22 ..o )
Eqn.(3) — eqn. (4)gives

544 4 _ _ 68
—8d = rd=—5
Substitute d = —% in to eqn. (3) to find a

2 _ _68) . _ 566
=>2a—13 ZX( 237) YT 9

34 566 68

o Sgy = 7[2 x 224 (34-1) (_E)] =34

The fifth term of an A.P is 12 and the sum of the first five terms is 80.
Determine the first term and the common difference. (Uneb 2007)
Solution

Given: as = 12,55 = 80

Required:a; =?,d =7

Usinga, =a; + (n—1)d

Da5=12=0a; +4d it (1)

Using S, = g[Za1 + (n—1)d]

= 80 = >[2a; + 4d]

=80=5a;+10dor16 =a; +2d ......ceevevvnnen... @)

Eqn.(1) —eqn. (2)gives

—4=2d ~d=-2

Substitute d = 2 in to eqn. (2) to find a;

a=16—-2d=16+4=20

15t — term is 20, common dif ference = —2

The 10" — term of an A.P is 29 and the 15" — term is 44. Find the value of the
common difference and the first term. Hence find the sum of the first 60
terms.(Uneb 2002)

96



Mathematics for an A-level student

Solution

Given: a;g = 29 ,a;5 = 44

Required:a; =?7,d =7,5¢0 =7

Usinga, =a; + (n—1)d

2a0=29=0a1 F+9d oo (1)
Sas =4 =a;+14d oo 2)
Eqn. (1) — eqn. (2)gives

—15=-5d ~d=3

Substitute d = 3 in to eqn. (1) to find a,

4, =29-9d=29-27=2

Now Sg, =62—0[2x2+(60—1)><3] =5430

& 15 — termis 2, common dif ference = 3, 5S¢, = 5 430

Other examples on summation of the terms in an A.P
a) Find the sum of all natural numbers between 500 and 1000 which are
divisible by 13
b) Obtain the sum of all natural numbers up to 1000 which are:
i) Divisible by 5 but not divisible by 2
ii) Not divisible by 2 and not divisible by 5

Solution

By inspection; % ~ 38 ;% =~ 76.9

Now multiples of 13 after 38 are;

507,520,533, ......... ... ..., 988

Note: 13 x 76 =988,13 x 77 = 1001

This is an A.P with a; = 507 ,a, =988,d = 13

Now finding n;

Using a, =a; + (n—1)d

=988=507+(n—1)x13 ~n =38

Now Ssg = 32—8[2 X 507 + (38 — 1) x 13] = 28 405

(i) Natural numbers divisible by 5 and not by 2
=5,15,25, . e v v eee ., 955

These form an A.P. finding how many terms they are,
a;=5,a,=955,d=10,n=?

Using a, =a; + (n—1)d

=955=5+(n—1)x10 ~n=100

& Sipo ="3-[2% 5 + (100 — 1) X 10] = 50 000

ii) Natural numbers not divisible by 2 are;
=21,3,5,9, e, 999

Using a, =a; + (n—1)d
999 =1+ (n—1)X2 ~n =500
Using S, = g[al +a,]

& Sso =22 [1+ 999] = 250 000

Sum of natural numbers divisible by 5 is 50 000 as in above.
Natural numbers not divisible by 2 and not divisible by 5 is;
S500 — S100 = 250000 — 50 000 = 200 000
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a) Find the sum of odd numbers between 100 and 200

b) Find the sum of the even and odd numbers divisible by 3 lying between
400 and 500.

Solution

101,103,105, ...... .. cee ev wee -, 199 @are odd numbers. Finding how many they
are’

a,=199,a, =101,d =2, n="?

Using a, = a; + (n— 1)d

=2199=1014+(n—-1)x2 ~n=>50

Now S5 = 5 [101 + 199] = 7 500

Multiples of 3 after 400 and before 500 are:

402,405,408, ......... cee .. ..., 498

[HuvT:“%z 133,134 x 3 = 402;53&z 167,166 X 3 = 498]

Finding how many they are:

a, =498,a; =402,d=3, n=7?
Using a, =a; + (n— 1)d
=498=4024+(n—-1)x3 ~n=233
Now S33 = > [402 + 498] = 14 850

Also even multiples of 3 are:
402,408,414,..................., 498
Finding how many they are:

a, =498,a;, =402,d =6, n="?
Using a, =a; + (n—1)d

=498 =402+ (n—1)x6 ~n=17
Now S;; == [402 + 498] = 7 650

Now sum of odd numbers divisible by 3 is;
S33 — S;; = 14850 — 7 650 = 7 200
Alternatively, odd numbers are;

405,411, ...... e ce o ..., 495

Finding how many they are:

a, =495,a; =405,d =6, n=7?

Using a, =a; + (n—1)d
=495=405+(n—1)x6 ~n=16

Now Sy = [405 + 495] = 7 200

Task

Find the sum of all integers lying between 200 and 800 which are divisible
by 9. ANSWER: 32967

Find the sum of all numbers between 200 and 400 which are divisible by

7. ANSWER: 8729

In an A.P consisting of 15 — terms, the middle term is 20. Find the sum of all
the terms. ANSWER: 300

An A.P consists of 12 terms. The sum of the two middle terms is 24 and the
sum of the first 3-terms is 9. Find the A.P. ANSWER: 1,3,5,.............,23
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PROOFS INVOLVING SUMMATION OF A.P FORMULAE,
S, = %[Zal +(mn—1d]orS, = g [a; + a,]

a) The sum of the first m — terms of an A.P is n and the sum of the first

n — terms is m. find the sum of the first (m + n) — terms.

b) The sum of the first m — terms of an A.P is the same as the sum of the first
n — terms wherem # n, show that the sum of the first (m + n) — terms is zero.
Solution

Given: S, =n,S,=m

Required: Sgy.iny =7

Sp=n =%[2a+ (m —1)d]

52 =204+ (M= 1)d oo (1)
Sn=m=%[2a+(n—1)d]
52220+ (=D o, )

In the above equations a and d are unknowns. Calculating for d,
Eqn.(1) — eqn. (2)gives

2n 2m

=>———=(m-n)d
2(n%-m?)
———=(m-—n)d
mn
2_,2 —
= -2 ) n—n)d or — 2@ _ 0 _n)d
mn mn
wd= _2(m+n)
mn
Subst.d = — 27 iy ¢ (D) or (2)

mn

From eqn. (1), fn—" =2a+(m—-1)d

2
:~2a—m (m—1)d

o 9g = 2 _ (moDl-26mn)]
m mn
=2q = Z_n + 2(m—-1)(m+n)
mn
_ 2n242(m%+mn—-m—n)
- mn

Now S 4n) = mT+n [2a+ (m+n—1)d]

__m+n 2n%4+2(m?+mn-m-n) _ _ 2(m+n)
S(m+n) T2 [ mn + (m+ n 1) X mn ]
=";n—:n[n2+m2+mn—m—n— [(m+n)2—m—n]]
_ m+n

—W[n2+m2+mn—m—n—m2—2mn—n2+m+n]
=m+n
Given: S, = S,;m#*n
Required: Spiny = 0
m

Sn =212+ (n—1)d] ==[2a+ (m—1)d] = S,

= m[2a + (m — 1)d] = n[2a + (n — 1)d]

= 2am + (m?> —m)d = 2an + (n®> —n)d

= 2a(m —n) = (n®> —n)d — (m?> —m)d
=[-(m* = n®) + (n - n)ld
=[-(m+n)(m—n)+ (m—n)ld
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>2a=[-(m+n)+1]d
~2a=—-(m+n—-1)d
ButSgy 4n) = mTM [2a + (m +n —1)d]

= Sontn) = mTM[Za — 2a] =0, as required.

a) If the first, second and the last term of an A.P are respectively a, b and x,

x27a2

2(b—-a)’

b) If the first ant last terms of an A.P are a and L respectively and if S is the
L27a2

25~(L+a)’

show that the sum of the n — terms is % +

sum of all the n — terms, show that the common difference is
Solution

Given:a; =a,a, =b,a, =x

Required: S, =7

S, = %[15‘t + last term]

S, = %[a F X e (1)
Buta, =a+d=b ..cccceeeeiiiiiiiiiiiiinn. (2)
Alsoa, =a+—1d=x.cc.cceevveiinnnen... (3)

In equations (2) and (3) d is the unknown.
From (2),d =D —a ccoiviiiiiiiiiiiiiiiiiiieene, 4)

Equation (4) in to (3)
=>a+ (n—1)d = x , becomes

n= % L e (5)
Equation (4) in to (5)
n =$+ 1=n =—x—:tZ—a

n= TR 6)

Now substitute equation (4) in to (1)
=S, = %(a +x) , becomes

=]
~ S, =%x(a+x)
_ (x—a)(x+a) atx
T o20-a0) 2
2_,2
~ S, = L required.

2 2(b—a)’
Given:a; =a,a, =L,S, =S
Required: d =7?

Froma, =a+ M —1)d=L..ccccccoovieiiiinininn.. (1)

S, =§[2a+(n—1)d]=s ............................. 2)
From equation (1) and (2), d is the unknown.

From equation (1) ,d = fl%j ................................. (3)

Now solving for n in equation (3)
=>§[2a + (n—1)d] =S , becomes
Ln _ L-a)] _
..2[2a+(n 1) x n_l]_s
=>n[2a+L—a]=2S

25

Tl:m .............................................................. (4)

Equation (4) in to (3)
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L—a L—a
wd = 2 T B-@rh)
a+L (a+L)
_ (L=a)(L+a) _ L*—a?

2S—(a+L)  2S—(a+L)

Ifp,q andr are sums n, 2n and 3n terms of an A.P, prove thatr = 3(q — p)
Solution

Given:S, =p, S, =q, S3, =T

From R.H.S = 3(q —p)

:p:%[2a+(n—1)d] ...................................... 2)
>q =27"[2a+ (2= 1)A] oo 3)
=S7r=22a4Gn—1d] oo 4)

Now 3(q —p) =3 [%n [2a + 2n— 1)d] —%[Za +(n- 1)d]]
=3(q—p) = 37" [2[2a + (2n — 1)d] - [2a + (n — 1)d]]
=23(q—p) = 3771[2(1 + (3n—1)d] =1, as required.
Deducing last term of an A.P from summation of n — terms of an A.P

In general if S, is the sum of n-terms of an A.P and §,,_, is the summation of
(n—1) — terms of an A.P, then;

Lastterm =a, =S, —S,_1

Example
The sum of n-terms of a series isn? + 2n , prove that this series is an A.P, and
find its first term and common difference.
Solution
Given: S, =n?+2n
Also S, =(n—1)2?+2(n-1)
=n?-2n+1+4+2n-2
28,y =n*-1
Now a, =S, — S,_1
Sa,=n*+2n-m*-1)=2n+1
~ Lastterm,a, =2n+1
Now forn=1,4; =2+1=3
n=2,a,=4+1=5
n=3,a,=3+1=7
The terms are: 3,5,7, ... cc.ce ces vee eue e o ; Which form an A.P of first term 3 and
common difference 2.
If the sum up to n-terms of an A.P is given by %(Bn +5), show that the last

term is 3n+ 1, and that the series is an A.P.
Solution
Given: S, = g(3n +5)

Also $,_y = L [3(n - 1) + 5] = ©D

Nowa, =S, — S,,_1
> a, =2 (3n+5) - LD

_ 3n%+5n 3n2+2n—3n-2
T2 2
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=2(6n+2)=3n+1

~ Lastterm,a, = 3n+ 1, as required.

By puttingn=1,2,3,4,.......... , we get a series of;
4,7,10, ... cc e eee e .. , Which is an A.P.
Task

The sum of the first n-terms of a certain series isn? + 5n for all integral values
of n. find the first three terms and prove that the series is an A.P.

ANSWER: 6,8,10

The sum of the first n-terms of an A.P is3n? + 2n. Find

therth — term. ANSWER: 61— 1

The second term of an A.P is —4 and the sixth term is —24. Find the fifteenth
term and sum of the first 15 — terms. ANSWER: — 69,540

The eighth term of an A.P is twice the third term, and the sum of the first 8-
terms is 39. Find the first three terms of the progression, and show that the

sum of n-terms isgn(n +5). ANSWER: % ,3 ,175
The sum of n-terms of a series2,5,8, ... ... .. ce. ... 1S 950. Find n. ANSWER: 25
The number of terms in an A.P is even; the sum of the odd terms is 24, of the

even terms 30 and the last term exceeds the first by 10%. Find the number of
terms. ANSWER: 8

Ifpth —term of an A.P isl% and the qt" — term is 5 , show that the sum of

pq —terms is % (pg+1)

Find the sum of all natural numbers from 100 up to 300 which are divisible
by 4. ANSWER: 10200

In an A.P the sum of the first five terms is 30, and the third term is equal to
the sum of the first two. Write down the first five terms of the

progression. ANSWER: 2,4,6,8,10

The sum of the first three terms of an A.P is 3 and the sum of the first five
terms is 20. Find the first five terms of the progression. ANSWER: —
2,1,4,4,7,10

The sum of the first six terms of an A.P is 21 and the seventh term is three
times the sum of the third term and fourth term. Find the first term and the
common difference. ANSWER: —9,5

Sum of n-terms of three A.P’s areS,;, S, and Sz . The first term of each of them
is 1 and the common differences are 1, 2 and 3 respectively. Show that$ ,
S,,S8; areinan A.P.

HINT: S; = 2[2 +n—1]= n(n+1)

2 ’

@;now show that S, —S; =5;— 5, ]

52=§[2+(n—1)x2=n2]
s3=§[2+(3n—1)><2=
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WORD PROBLEMS IN A.P’S

A firm produced 1000 sets of T.V during its first year. The total sum of the
firm’s production at the end of 10 years operation is 14 500 sets.

Estimate how many units production increased by each year if the increase
each year is uniform.

Fore cast based on the estimate of annual increments in production the level
of output for the 15" year.

Solution

Given:a = 1000,5 = 14 500,n = 10

Required:d =7

Using = S, = %[Za + (n—1)d]

= 14500 = 12—0[2 x 1000 + (10 — 1)d]

= 14 500 = 5[2000 + 9d] ~ d =100

Hence 100 units is the increase per annum.

Required: a;5 =7

as=a+(15-1)d =a+ 14d

=1000+ 14 x 100 = 2 400

Two posts were offered to a man. In one the starting salary was£ 120 per
month and the annual increment was £ 8.

In the other post the salary commenced at £85 per month but the annual
increment was £12. The man decided to accept the post which will give him
more earnings in the first twenty years of the service. Which post was
acceptable to him? Justify your answer.

Solution

The total earnings of the man in the first twenty years for the first job
areSy, =7:

Given:a = £120,d =8,n= 20

= S50 =22—°[2 X 120 + (20 — 1) x 8] X 12 = £47 040

His total earnings in the first twenty years for the second job are S,; =7?:
Given:a = £85,d =12,n= 20

= S50 =22—°[2 X 85+ (20— 1) x 12] X 12 = £47 760

Total earnings for the second job are greater than the first job hence the
second job was accepted by the man.

The annual salary of an employee is in an A.P over the first 7 — years, during
which the annual increment is £ 200. Over the next8 — years, the salary is in
another A.P during which the annual increment is £300. After that the salary
is constant.

If the starting salary is £14 000, calculate the employee’s total earnings in
the first 25 years of service.

Solution

Case I

Given:a =14000,d =200,n=7

Required: S; =?

=5, =§[2 X 14 000 + (7 — 1) X 200] = £102 200

Case II
At the end of the 7t" — year, the annual salary is given froma,, = a + (n — 1)d
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=a; =14000+ (7—1) x 200 = £15 200
Now the next 8 — years , the sum of all his earnings is given by:

S, = §[2a + (n—1)d]
= Sy =§[2 X 15200 + (8 — 1) x 300] = £130 000
Now at the end of thel5 — years.i.e. 15 7 — years + next 8 — years , the total
earnings are given by;
£130000+ £102 200 = £232 200
Remaining years = 25 — 17 = 10 years
The amount in thel5" — year is given bya, =a+ (n—1)d;a = 15200,n =
8,d =300
= a5 = 15200+ (8—1) x 300 =£17 300
Now for the remaining 10 years, total amount = 17 300 x 10 = £173 000
~ Total earnings for 25 years is= 173 000 + 232 200 = £405 200
Eighty coins are placed in a line on the ground. The distance between any
two consecutive coins is 10 meters. How far must a person travel to bring
them one by one to a basket placed 10 meters behind the first coin?
Solution

Basket

15t coin 2™ coin 80" coin

S\ 10m 10m

\ Starting point to 80" coin and then back to the basketJ

Given:a = 10,d = 10 (distance between 2 successive coins) ,n = 80 (No.of coins)
Required: Sgy = 82—0[2 x 10+ (80— 1) x 10] = 32400m

Total distance= 32 400 (to 80" coin) + 32 400 (back to basket) = 64 800 m

A man saved £16 500 in 10 years. In each year after the first he saved £100
more than he did in the preceding year. How much did he save in the first
year?

Solution

Given:S;y = £16 500,d = £100,n =10

Let a = Amount saved in 1% year

From S, = g[Za + (n—1)d]

= 16500 = -*[2a + (10 — 1) X 100]

= 3300 = 2a +900

~d=4£1200

Miss Sikyomu Jane takes a loan of £2 000 from Anita and agrees to repay in
a number of installment, each installment (beginning with the second)
exceeding the previous by £10. If the first installment is £5, find how many
installments will be necessary to wipe out the loan completely?

Solution

Given: Sy =£2000,d =£10,n=?,a=£5

Using S, = %[Za + (n—1)d]

:>2000=§[2><5+(n—1)><10]
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=2000=5n+5n%>-5
>n2+n—-401=0
_ —1+V1+4x401

2
~n= 20, for a negative n, it is rejected
~ Number of installments will be 20.
The monthly salary of a person was £ 320 for each of the first three years. He
next got annual increments of £40 per month for each of the following
successive 12 years. His salary remained stationary till retirement when he
found that his average monthly salary during the service period was £ 698.
Find the period of his service.
Solution

Let n = total no.of years of the person’s service
Amount for n—years
No.of years

=>n

Given: Average monthly salary= £698 =

Amount for n—years

=698 x 12 =

~ Amount for n — years = 698 X 12n

Total salary in the first 3 — years = £320x 3 X 12 = £960 x 12
In the 4" year, his monthly salary= £ (320 + 40) = £360

In the 5" year, his monthly salary= £ (360 + 40) = £400

For the next 12 — years, his total salary is;

=£12 X [360 + 400 + -+ eee vvv e ver evr v up to 1280 — term]

=12 x 12—2[2><360+(12—1)x40]]

=£6960 x 12

At the end of following 12 years, his monthly salary was;

=£[360+ (12— 1) x 40] = £800

Now total salary for all the 15 years so far is

=£6960x 12+ £960x 12 =£7920x 12

Amount received after 15 years.i.e.(n — 15) years was constant for each
year.i.e. amount in the 15" year = £800

= Total amount = £ (n — 15) X 800 x 12

Total amount throughout his service

=(n—15)x800x12+7920x 12 =698 x 12n

= 800n — 12 000 + 7 920 = 698n

~n=40

Mr. Peter arranges to pay off a debt of £9 600 in 48 annual installments
which form an arithmetical series. When 40 of these installments are paid,
Mr. Peter becomes insolvent and his creditor finds that £2 400 still remains
unpaid. Find the value of each of the first three installments of Mr. Peter.
Ignore the interest.

Solution

Leta,a+d,a+2d,a+3d,....... , be the annual installments

Given: S,3 = £9 600

=9600 = 42—8 [2a + (48 — 1)d] or 9 600 = 24[2a + 47d]

D20+ 47d =400 oo (1)

After 40 installments are paid, the balance is £2 400 .i.e. the amount paid in

40 installments is;

n
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=9600—2400=£7200

= Sum of 40 terms of an A.P is £7 200

= 7200 = 42—" [2a + (20 — 1)d] or 7200 = 20[2a + 39d]

2204390 =360 ..o 2)
Subtracting the equations

=8d=40 ~d=5

From (2) 2a + 39d = 360, a = 82.5

Hence the first installment of Mr. Peter is £82.5 , the second installment is
£(82.5+5).i.e.£87.5 and the third installmentsis€£ (87.5+5) .i.e.£92.5

Task
Phionah secures an interest free loan of £14 500 from a friend and agrees to
repay it in 10 installments. She pays £ 1 000 as first installment and then
increases each installment by equal amount over the preceding installment.
What will be her last installment?
HINT: s = 14 500 = 5(2a + 9d) ,a = 1000 ~ d = 100
Required: a1 = a+ (10 — 1)d = 1000+ 9 x 100 = £1 900

An enterprise produced 600 units in the third year of its existence and 700
units in the seventh year. What was the initial production in the first year?
HINT:a; = 600 + 2d ,a; = a + 6d, solving the equations

ANSWER: £ 550 [ a=550,d =45 -~ 1% productionis £ 550

A piece of equipment costs£ 600 000. It depreciates in value, 15% the first
year, 13 V2 % the next year, 12% the third year and so on. What will be the
value at the end of 10 years all percentages applying to the original

cost? ANSWER £105 000

A money lender lends £ 1000 and charges an overall interest of £ 140. He
recovers the loan and interest by 12 monthly installments each less by £ 10
than the preceding one. Find the amount of the first

installment. ANSWER: £ 150

A man saves £ 20 in the first month, £ 30 in the second month, £ 40 in the
third month, and so on. How much has he saved at the end of 5 years?
ANSWER: £18900

A man saves £ 8 250in 10 years. In each year after the first he saved £ 50
more than he did in previous year. How much did he save the first year?
ANSWER: £ 600

A man borrows £ 5 000 and agrees to repay with a total interest as £ 1 000
in 12 installments, each installment being less than the preceding by £ 50.
What should be the first installment? ANSWER : £775

A man borrows £ 4 500 and promises to repay back in 30 installments, each
of value £ 10 more than the previous one. Find the first and last installment.
ANSWER:£5 , £295

A man of 60 years old has 9 children born at equal intervals. The sum of the
ages of father and the nine children is known to be 222 years. Calculate the
age of the youngest san if the eldest one is 30 years. ANSWER: 6 years
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THE GEOMETRIC PROGRESSION (G.P)

A series in which non-zero quantities a; ,a,,a3, ... ... ..., 0y , ... ... €ach term of
which is equal to the product of the preceding term and a constant number
is a Geometric Progression. i.e. Each term in a G.P is obtained from the
preceding one by multiplying or dividing by a constant number. e. g.

. 1,2,4, 8 16 e 18 2 GLP
1 .
e 3,-1, 5 5 P RN L 2} G.P
e 1,4/2,2,242,.. e isaG.P
11 1 .
e 1,- 15 0gE ogE o e e e e 1S @ G.P
. a,ar,arz,ar3,ar4,... i, isa G.P

The constant term is called a common ratio, r of a G.P
Consider the G.P below;

a, + a, + as T o +an_1 + a,

This will be a G.P if:

e " forallintegersn > 1
ai az an—1

From the above examples of G.P series,

. 2 4
1,2,4,8,16,......... e e wo... , has common ratior = 153 2
1 >
3,-1,= , has common ratior = —--=%==-
' T9 27 1 3
. NZ 2
\/_ 292, o es e e o, has common ratior = T=%
1 1
1, 1 L L has common ratior = £ =2 =1
15 g gy e 1 _é_ 5
2
. ar ar
a,ar,ar®,ar?,ar*,.........., has common ratior = —=—=r

To find the n'* — term of a G.P
(Generaltermof a G.P)
Leta; +a; +az + -
Let r = common ratio
By definition,
a
r==2=a, =aqr
a
__ a3 _ _ — 2
T=—2a3 = GQrE=arr =ar
2
r=—saq =a 2 3
—a3 4 = aAz3r =aqre.r =aqr
Observation of terms

a, = a;r =aur’?
a; = a;r® =a;r3!
a, = a;r® =a;r??

! 1

! 1

! 1

! 1

! |

! |

|
a, =qr*!

Thus the nt" — term of a G.P is
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n—1

a, = ar" 1, where a = 15 — term,n = no.of terms, r = common ratio

NOTE:

The nt* — term/ general term of a G.P is a,, = ar®!

It contains 4 — terms, is 3 — terms are given, the 4 — term can be evaluated.
From the general term of a G.P, the standard form of a G.P series can be

stated as;

n-1

a+ar+ar?+ard+ ar®,........+ar

The most convenient terms of a G.P given their product are:
a) If three terms are in a G.P, then use

a
-,a,ar
r

b) If four terms are in a G.P, then use

a a 3
r_3 ,; ,ar ,ar

NOTICE:

In both cases, when terms are multiplied, the common ratio vanishes.

In the case of odd number terms, the middle terms a and the common ratio
isr.

In the case of even number terms, the middle terms are :_1 ,ar and the

common ratio is r2.

Properties of a G.P

If every term of a G.P is multiplied or divided by a constant, the resulting
series is a G.P.

If the terms of a G.P are raised to same power, the resulting series is a G.P.
If the reciprocals of terms in a G.P are got, the resulting series is a G.P.

Examples
Write down the terms indicated in each of the following series.
a) 2+44+8+ i 117 —term
23,27, .. th _
b) sttt 12 term
1 58 th _
c) 7 Z,ﬁ,. ..8 term
Solution
2+4+84 e 11 —term

This is not an A.P because 4 -2 #8—4

This is a G.P because% = % =2

Using a,, = ar™*!

Given:a, =?,n=11,r=2,a=2

mag =11x ()11 =11x 210 = 11264
Sl 12 — term
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SSNINTES[Y

Given:a, =?,n=12,r =

Required: a;; =?

o= (% () =2x ()" = 1

1 8
=2 e e B — e
c) N 8 term
8
. L = )
Gwen:an=?,n=8,r=T_L22__‘/_?’a_\/_7
z -

Required: ag =7

oy = (5)x (-85)" " = () = () x oy = a0z
2. Find the number of terms in the G.P’s below.

a) 0.0340.06+0.12+ -+ eos e rs e +1.92
B) BL+27+9 4 e s
C) at+ar+ar?+ i e Har™ !
Solution
a) 0.03+0.06+0.12+ .o ee . +1.92
Given:a = 0.03,r = % =2,a, =192

Required:n =?

Using a, = ar™®™!

=1.92=0.03x (2)*!
2=l or 26 = 2n1

sn—1=6o0orn=7

~ No.of termsis7

D) 81427 +9 4 e et oo e e F

. 27
Given:a=81,r = o=

W | =
B
S
Il
|

Required:n =?
Using a,, = ar™™!
1 1\n-1
= 7 81 X (5)
1 _ 1 3y 24 — qn-1
> el =g 037 x37=3
=>7=n-1:2n=8
C) a+ar+ar?+ i oo e Far™
Using Ay = A.RV™!
Given:A=a,R = % =r,Ay =ar"!

>ar"l=qr¥1

>n—-1=N—-1-n=N
~ No.of termsisn
3. The third term of a G.P is 10, and the sixth term is 80. Find the common ratio,
the first term and the twelfth term.
Solution
Given:az = 10,a, = 80

Using a, = ar™™!
S10=ar3 = ar? (1)
280 =a.r® = A e 2)
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eqn.(2) + eqn. (1)
80 a.r® 3

> —=——==r
10 ar?

= 8 = T3 ST =

From eqn. (1)

_10_10_5

2

2 4 2
Now 12t — term = a, = a.r?™ 1 = a.r1!

212 — term =2 x 211 =5 x 210

5158 — term = ; , 12t — term = 5(2)10

The 3™ — term of a G.P is 2, and the 5" — term is 18. Find two possible
values of common ratio, and the 2" — term in each case.

Solution

Given:a; =2,a; =18

Required:r =?,a, =7

Using a, = ar™!

22=ar3 T =ar? (1)
S18=a.r®  =art 2)
eqn.(2) +eqn.(1)

18 _ art _ .2

2 ez T

=29=7r% nr=143
Now from eqn. (1)

a=2-_2 _2
Tz T #3209
_ 2 2
Now a, = ar? 1=ar=5xi3=i§

~ For 1%t G.P withr = 3,a = 2,the 2" — term is% and in the 2™ G.P withr =
—-3,a=2,2™ —termis—g

The ratio of the 4" to the 12" — term of a G.P with a positive common ratio

is ﬁ. If the sum of the two terms is 61.68. find the 10" — term.
Solution

et = Loyart 1 1 _ 1
Gwen.alz =256~ arit 256 T8 T 256

=>r8=256.letr*=x

> x? =256 ~x=+16

Now r* = +16 or r* = 16 (Taking the + ve value)

s =42

Since r is required as +ve, thenr = 2 is taken, neglecting the negative sign.
Also given: a, + a;, = 61.68

sard+art! =61.68
= a(r’+r1) =61.68
sa= (rii:?l) = (26312?1) =003

Now a;q = ar® = 0.03 x 2° = 15.36
~ The 10" — term is 15.36
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The Sum and Product of convenient terms of a G.P
Examples:
Find three numbers in a G.P such that

a) Their sumis 19 and their productis 216

b) Their sum is 21 and the sum of their squares is 651

c) The sum of their squares is 819 and their product is 729.
Solution
Let the numbers be % ,a,ar

Given:%+a+ar=19 oraG+r+1)=19 ............................... (1)
Also g cacar=216 or a®> =216 ~a=3Y216 =6 ................ ©2)

Substituting eqn. (2) in to eqn. (1)
> (G+r+1)-6=19
r24r+1 _
= (F ) x6=19
=>6ri+6r+6=19r or 6r°—13r+6=10
S6r2—9r—4r+6=03Br—-2)(2r-3)=0
r=22
3’2
~ The numbersare:%,6,6x§ forr=§ or 9,6,4
3

For = % , the numbers are in the reverse order of 9,6,4
Given:%+a+ar=21 ora(}+r+1)=21 ............................... (1)
2
Also (g) + (a)? + (ar)? = 651 or a® (Tiz+ r?+ 1) =651 ........ 2)
Squaring equation (1)
2

sa?(t+r+1) =44

2 |(L 2 1 —
sa [(;+r) +2(;+r)+1]—441

2[1 2 1 _
sa[Lrt+z+2(4r)+1] =441
sa?[(F+r2+1)+2(34r+1)] =441 3)

Dividing eqn. (2) by eqn. (3)

az(riz+7'z+l) 651 1 2 1 2
s ey ey Bl 441 (54712 +1) =651 (5+7r7+1) +

1302 (2 +7+1)
:,~(651—441)(Ti2+r2+1)+1302(}+r+1) =0
210(Ti2+r2+1)+1302(}+r+1)

Lety=%+r=>y2—2=riz+7'2
210032 -2 +1) +1302(y + 1) = 0

= 210y? + 1302y + 1092 =0
Solving the equation,

26
y=-1,-%
Nowforyz—l,y=%+r

:>%+r+1=00r rP+r+1=0
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Solving the equation, no real values of r

Fory=—25—6

=>%+r+25—6=00r or5r2+26r+5=0

Solving the equation,r = =5, —é

For r = =5 in eqn. (1).i.e.a(%+r+1)=21
:a(—%—5+1)=21s.a=—5

~ The numbers are: :—i ,—5,-5x% —é or25,-5,1
5
Forr = —% , the numbers are in the reverse order
Left as an exercise.
ANSWER:T = +3,r = +-: No.sare:3,9,270r27,9,3
Find five numbers in a G.P such that:
a) Their product is 32 and the product of the last two terms is 108
b) Their sumis 7 %, their product is unity.
Solution
Let the numbers be:ra—2 % ,a,ar,ar?
Given:ra—z.%.a. ar.ar? =32=a°=32 ~na=2
Also ar.ar? =108 = r3 =%8=1:%8= 27
~r=3
= The numbers are:é % ,2,6,18

. a a 31
leen:r—2+;+a+ar+ar2 ==

4

I 2) -3
=>a(r2+r+1+r+r)—4 ................................... (1)
Alsora—z.%.a.ar.ar2 =1=2a°=1ca=1....... 2)
Eqn. (2) in to eqn. (2)
1 1 2 _ 31 1 1 2 _
S+t-+l+r+ri=—or-+r+5+r°==—
T r 4 T T

=1 2_o_1 .2
Lety=-+r=y —-2=—+r
:,~y+y2—2=24—7 0ry+yz=34—5
=4y +4y—-35=0or 2y—5)Q2y+7)=0
y=3 y=_7
TYEY T
Forr:%,=>r+%=gor2r2—5r+2=0

=22r2—4r—r+42=0

SQr-DFr—-2)=0 ~r= 2,%

Forr = 2 , the numbers are: % ,% ,1,2,4

Also forr = —% =>r+%= —% r2ri+7r+2=0

= —7HV7T-4x2x2 _ —74V33

The valués of r can ;e neglected since they are irrational, the numbers are:
171,24
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Task

The sum of three numbers in a G.P is 35 and their productis 1000. Find the
numbers. ANSWER: Forr = 2 ,nos.are5,10,20; forr = % ,nos.are20,10,5

The sum of three numbers in a G.P is

124

5

numbers. ANSWER: Forr =5 ori ,Nos. areg ,4,20

Find three numbers in a G.P such that;

and their product is 64. Find the

2

i)  Their sum isé and their product is—8. ANSWER: - ,-2,10

ii) Their sum is 28 and their product
is512. ANSWER: 4,8,160r16,8,4

TO FIND THE SUM OF n — terms OF A G.P
...ar" ! be the n — terms in a G.P.

Leta,ar,ar?, ........

LetS, =a+ar+ ar?+ .o .

S, is the sum of n — terms
Multiplying eqn. (1) by r

= rSn =ar + arz + ar3 E SRR

()
eqn. (1) —eqn.(2)
=S, —-rS,=a—ar®

+ar"™ % 4 qrn1

e vt a(n—times) =na

=S5, A-r)=a(l—-1") orS, =%
_a(1-r")
Sp =", »Wherer #1
NOTE:
Incaser=1,S,=a+a+a+-......
In case |r| < 1,then S, = a(i::n)
In case |r| > 1,then S, = a(:r:l)
Examples
Find the sum of 11 terms of a G.P
1 -1 1 _1
a) ST g T g e e e e s
b) 34334333+ e
Solution
11 1
1 ) _E 'Z ,—g ) are res res ees nee ees see s
1 1 1
Common ratio: r = —% =4 = -3
2
Given:r = —% ,a=1,n=11
Using S, = a(i::n) since |r| < 1
11
_10-) ) _ v
>SS =———Fn =T
1-(=3) 1+

_2%41 2142 2050 _ 1025

- 211x% T 3x210 T 3072~ 1536
343343334 it e
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Common ratio: r = 33—3 = % =11

Given:r=11,a=3,n=11

Using S, = a(:*:l) since |r| > 1
_3ait-1) _ 3 1 _

=S5, = T 1o (11 1)

Find how many terms of the G P1+3+ 9+ ............. are required to make a

total of more than 1 million.

Solution

143494 ,hasr =

Using §, =22 jr| > 1

=5, =D L 3n o)

3-1 2
=106 =2x (3" - 1)
=2x10°+1=3"

= 3" =2000001

= log3" =1log2 000001

log 2 000 001
n=-2"""2=13206
log 3

Thus the number of terms required to make a total of more than 1 million
will be 14.

What is the smallest number of terms of the G.P 5,10,20, ... .......... can give a
sum greater than 500 000
Solution
5,10,20, e veeven e , hasr =
Using S, = a(:ill) Jrl>1
=5, =D =552 -1

=500000=5x%x(2"—-1)
= 100000+1 =2"

= 2" =100 001

= log2" =1og100 001

_ log 100 001 __
=Tz - 16.6097

Thus the number of terms required to make a total exceeding
500 000 is 17
The sum of the first eight terms of a G.P (of real terms) is five times the sum of
the first four terms. Find the common ratio.
Solution
Let the G.Pbea,ar,ar?,ar’, ...
a(1-r8)
1-r
a(1-r%
1-r

Sg = Sum of first 8 — terms =

S = Sum of first 4 — terms =
Given: Sg = 55,
a(1-r®) _ 5a(1-r%)

1-r 1-r
=>1-r8=51-rY
=>1-718=5-54
ar®—5rt44=0
Letr* =x
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>x2—5x+4=00r (x—1)(x—-4)=0

~x=1,4

5r*—1=00r(*-DE%*+1)=0

2r?2=1=0o0r r==1;r?>+1=0,has noreal roots

Now for r =1, the seriesisa+a+a+a+-........

But then, S = 8a and S, = 4a

So Sg #4S, , hence r #1

Incase r=-1,we getSg =0and S, =0

Thus Sg =58, forr =-1

Againr*—4=0 or (r? —2)(#2+2) =0

21?2 =2=0o0r r=+V2

cr=-1; +/2

The sum of the last three terms of a G.P havingn — terms is 1024 times the
sum of the first 3 — terms of the progression. If the third term is 5, find the last
term.

Solution
Let the G.Pbe a,ar,ar?,ar®, ......uc.ar™ 3 ,ar*=2, ar*!
Given: ar" 3 + ar" 2+ ar"l = 1024 X 53
a;=ar’=5
3
Also Sy =26
Sar" 3+ ar" 2 tartl = 1024xa(1—:)
= 3 g =2 4 pn=l = 024 x LA
1-r
S 31 +r+r2]=1024(1 + 71 +1?)
ST = 1024 1o (1)
AlSO GT2 =5 oo (2)
Now last term, @, = ar™ 1 ....oooiiiiiiiiiieeiiieee e, (3)
Eqn.(2) <+ eqn. (3)to eliminate a
ar? _ 5
arn—1 " an
By = X T T 4)

Eqn.(1) into eqn.(4)

=a, =5x1"3 =5x1024 = 5120

~ Last term is 5120

The second term and the third term of a G.P are 24 and 12(b + 1) respectively.
Find b if the sum of the first 3 — terms of progression is 76.

Solution
Given: a, = 24,a; =12(b+1),5; =76
Ay = AT =24 oo (1)
A3 =ar? = 12D+ 1) ceeiiiiiiiiiiee e (2)
_a(l-r )
S3 = T 76 (3)
Eqn. (1) + eqn. (2) to eliminate a
ar _ 24 1_2
ar?  12(b+1) o L=
T @)

From eqn. (3)
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3 2 —
a(l1-r2) =76 or a(l+r+r=)(1-r) =76
1-r 1-r

S AL HTHTE) =76 e (5)
Eqn.(5) + eqn. (1) to eliminate a
a(l+r+r?) 76 19
> — == —
ar 24 6
=6+ 6r+6r2=19r

=>6r2—13r+6=0o0r 2r—3)3r—2)=0 .-.r=§,§

From eqn. (4)r=%
b+t _2

Forr = ST =3

b+1 _ 2 _ a1

=>T—30r4—3b+3--b—3
b+t _3

Forr = ST =

%:% orl=b+1-b=2
1

--b—§,2

The n** —term of a G.Pisa,. Given thata; =1,a, =1+x, a3 =5+x%,a, =
a + x*. Find a and x, hence determine the sum of the first 10 — terms of a G.P.
Solution
Given:a; =1,a,=1+x,a3=5+x%,a, = a+x*
_ 1+4x 5+x2 _ a+x*

Sr="t= =
1 1+x 5+x2

1ﬂ_5+x2 2 _ 2
== or(1+x)*=5+x
=1+2x+x?=5+x>
>14+2x=5~x=2

wr=14+x=14+2=3

a+x* _
From —— =
a+x*t _ . a+2* =3
s5+x2  © 5422
>a+16=27 ~a=11
ca=11,x=2
10 _
Spo =X D -1y (310 _ 1) = 29524
3-1 2
Task

The ratio of the 9" — term of a G.P to the 6'* — term is —8, and the 5 —term
is 16. Ding the G.P.

ANSWER: 1,-2,4,-8,16

The 10" — term of a G.P is double the 12" — term. If the 3™ — term is 6. Find
the

5t — term.

ANSWER: 3

The sum of the first three terms of a G.P is 7 and the fourth term exceeds the
first by 7. Find the seventh term.

ANSWER: 64
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PROOFS INVOLVING SUMMATION OF AG.P .i.e. S, = % FORMULAE
AND n'* —TERM a,, = ar™!

Examples
The4th , 7" and 10" terms of a G.P arel,m andn respectively. Prove
thatm? = In.

Solution
Given:a, =1l,a;, =m,a;p =n
SL=ar3 (1)
SM=ar® e )
SN = AT e 3)
Eqgn.(1) = eqn. (2) to eliminate a
3

i:%:%.‘.r3=% .............................. (4)
Eqn.(2) =+ eqn. (3) to eliminate a

m ar® 1 n
=>;=a?=r—3.'. 3=; .............................. (5)
Eqn.(4) = eqn.(5)

m n
>E=2m?i=n
l m

If pth,qt", 1" term of a G.P are respectively equal toa,b ,c , then prove
that a?7.b"P.cP 1 =1

Solution

Let the 15 — term = A and common ratio = R

Using 4, = AR™!

Given:A, =a=ARP™ ... (1)
Ay =b=ARTl 2)
A =Cc=ART 3)

Now a?7".b"P.cP~% = [ARP 1|97 [AR971]" P . [AR"1]P—4

= A4 R-D(q-1) gG-p) RG-DG-p) g-0) Rr-D{P-q)
= Ala-r+r=p+p—q) pl-D@-r)(@-D-p)+-1){P-q)
= A, RPa—Pr—q+7+qr—pq—r+p+pr—qr—p+q
=A°R°=1

Ifx,yand z aren'® ,(2n)** and (3n)** terms of a G.P, show thaty? = xz.

Solution

Given:a, =x,a,, =yandaz, =z

sx=ar" ', y=ar? !,z = ar¥n!
x ar"~1 11— —
}_]= g = rn 1-2n+1 =
T T e (1)
ar? ' n—1-3n+1 _ ,.-n
3 r r
z ar3n-l
. Z n
S T e (2)
y
eqn. (1) = eqn. (2)
Z
=>2=2 . y2 =xz
y X
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The pt* term of a G.Pis p and the q** term is q. show that the n" term is
1

iven as [ﬂ]E
g p- pren

Solution
Given: a, =p =arP™ ... (1)
ag=q=ar® 2)
In these two equations, a and r are unknowns. Eliminating a from the
equations,
p_ar’l _ pg
g arit
1
.0 — |P P4
ar= [q] ............................................................. 3)
eqn.(3)into eqn.(1) to find a,
— p p p
Fromp=ar’™ s a=_5="—05a=—m
(E]p*q) H]p a
q q
B T e 4)
B]p*q
q

E]p*q
q
n-l nl_p-t np nep——
p Plp—a Plp-a p-a Plr—a P Plp—a
=S [ o o T = p o = x [
g]ﬁ q P Plq P X g
q

Task:

Prove that the (n + 1)*" term of a G.P of which the first term is a and the third
termis b, is equal to (2n+ 1)t* term of a G.P of which the first term is a and
the fifth term is b.

If S be the sum, P the product and R be sum of reciprocal of n — terms in a
G.P. prove thatP? R™ = S™.

Solution
Leta,ar,ar?, ... wewe.ar™ 1 be n—terms in a G.P with |r] < 1
SS=a4ar+ar?+ - ar™?

a(l-r")

S T (1)
SP=a.ar.ar’ ... ..o o, ar™ !
P = gl A 142434t =1
n(n-1) “14+24+3+......4n—1lisanA.Pwitha=1
=a.r 2 -1 (n-1)
d=1,n=n-1 =85, ="T(2+(n—1+1))=%
nn-1)

AP =TT T 2)

1,1 1 1
SR=t—t— ot —

11,1, 1 1

=7 [I + - + ) o ,.n——l]

_a[HO ) . o a1

== %T [ Since |r| > 1,thenusing S,, = T]

_ l (1-r™)r
R= 2 [GE55] (3)
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eqn.(1)into eqn. (3)

1[S r Sr S
sr=1[L]=3=
a'la’rn arn a2yn-1
s 1" sn
n — p—
NOW R" = [azlrn—l] - a?n yn(n-1)
= a? M OTDRY = 8™ 4)
But from eqn. (1)
nn-1) P n(n-1)
=>P=ad"r 2z ~—=1 2
aTL
Squaring
pP? — n(n—1)
= a? E5 (5)

eqn.(5)into eqn. (4)
- P2
= 8" = a?m DR = %" X~ X R
PZ R" = Sn
IfS;,S,, S3 be respectively the sum ofn,2n,3n terms of a G.P, prove that
$51(S3=5)=(S5 - 51)2

Solution
Given: Sy = S, = 570 e (1)
a-r2n)
S = San T et )
a-r3n)
83 = Sgn = et 3)
For all |r| <1
_ a(1-r3m) _ a(1-r?m)
Now 53 - Sz = —1_r —1—7'
__a 2n _ ..3n _aTZn _.n
—1_r.(r r )—1_r.(1 ™) s 4)
N 2n
Again §,(5; = ) = 2 x {5 (L= 1™)
271(1_ n)Z
ﬁ51(53 —Sz) 2% ............................................... (5)
_ _ 2 _ a(l—r2") _ a(l-r™") 2
RH.S = (S5, — 52 = [0 - 20=)]
n n12 n ny12 2n ny2
_ zr—r2 _ o frra-rm _ar"(1-r")
=a [ 1-r ] =a [ 1-r ] - a-n?

~RHS=LHS
If S, represent sum ofn — terms of a G.P whose first term and common ratio

are a and r respectively. Prove thatS; + S, + Sz 4 o vee oo+ S, = %_
ar(1-r")
(1-r)?
Solution
Given: S, = 24—
1-r
_a(-rh _ _a@1-r?) _a(1-r¥)
R e R
Sl + SZ + 53 + R TR T I + Sn
_ e a0-rd) a(i=rm)
=a+—— ol SR
= A= +A =)+ A=)+ (1= 1)
a

=:[(1+1+1+1+~--..n—times)—(r+r2+r3 F o ™)

_a _r(l—r") _ﬂ_ar(l—r")
T 1-r [n 1-r ] T 1-r (1-7)2
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_an _ ar (1-r™)

1-r (1-r)?2
The sum of 2n — terms of a G.P whose first term is a and the common ratio
r is equal to the sum ofn — terms of a G.P whose first term is b and common
ratior?. Prove that b is equal to the sum of the first two terms of the series.
Solution
Given:S,, = S,

B Sl + Sz + 53 F o Sn

15t serries:a,ar,ar?,ar® ... ,ar?n1
2" serries:b,br? ,br* ,br®, ..o ,br*1
_a(l—r™) _ b[1-(H"]
Now S,, = P Sy = —
From §;, =S,
N a(1-r2m) — b(1—r2m) . a(1-r2n) — b(1-r2m)
1-r 1-r2 1-r (1+r)(1-7r)

b
>a=— ~b=a+ar
1+r

Thus b is the sum of the first two terms of the series.

Task
Ifina G.P,(p+ @) termis mand (p — q@)*" is n. show that p" term ismn
and the g*" term ism.222 n. 2

2q 2q

There aren — terms in a G.P, show that the n" root of their product is equal to
the square root of the product of its first and last terms.

Other forms of proofs in G.Ps

ifa,b,c arein a G.Panda* = b¥ = c*, prove that %+§=§

Solution

a,b,c are in a G.P if

§=% OF B2 = AC cooiiiiiiiiee e (1)
Expressing ac in terms of b

A5 = DY D A= DYF e 2)
BY =c?=c=b"7 (3)

eqn.(2),(3) into (1)

= p2 = py/x py/z = bgﬂ
.'.2=X+X or l+l=E

z x x z y
ifa,b,c,d are in a G.P, show that:

i (a+b),(b+c),(c+d)areina G.P
i) (a—b)?,(b—c)?,(c—d)? areina G.P
iii) a%® — b2, b%2 —c%,c? —d?

Solution

a,b,c,d are in a G.P if:
b c d
—=-=Cor b=ar,c=br=ar?,d=cr=ar

Now (a+b),(b+c¢),(c +d) are in a G.P if:

b+c ar +ar? _r(d+4r) _

3

a+b a+ar 1+r
c+d ar?+ar3 _ r2(1+r) _
b+c  ar+ar?  r(14r)
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Since % =% =r,then (a+b),(b+c),(c+d) are in a G.P
(a—b)?,(b—c)?,(c—d)? are in a G.P if:

(b=c)* _ (c=d)?

(a=b)> ~ (b—c)?

(b—c)? (ar —ar?)? a®r?(1-r)?
Now (a—b)? = (a—ar)? = a?(1-r)? =7’
(c—d)? (ar?—ar3)? a’r*(1-r)?
Also (b—c)? = (ar —ar?)? = azrz(lfr)2 =r?
. (bfc)z (C*d)z 2 2 2 2 .
Since = =r*, then (a—b)*,(b—c)*,(c —d)* are in a G.P

(a=b)2 ~ (b—c)?
a’>—b%, b> —c?,c? —d? arein a G.Pif:
b2_c2  2_g2
aZ_bZ = bz_cz

Now b2—c? _ (ar)?—(ar?)? _ a?r?(1-r?) _ 2
a?—b? a?—(ar)? a?(1-r?)

Also c2-d? _ (ar?)?—(ar3)? _ a’rt(1-r?) _ 2
b2—c?2  (ar)?—(ar?)?  a?r?(1-r?)

b?—c? _ ¢2-d?
a2—p2 b2—c2

Thus a? — b?, b* —c?,c? —d? are in a G.P since
Ifa,b,c,d are in a G.P, show that:
i)y (b-0c)?+(—a)+(d-b)?=(a—d)?
.. ab—cd __ atc
) T
Solution

a,b,c,d are in a G.P if:

b c d
—=o== orb=ar,c=br=ar?,d=cr=ar

Now (b —c)? + (c —a)? + (d — b)? = (ar — ar?)? + (ar? — a)? + (ar® — ar)?
=a’r?(1-r)? +a’@? - 1>+ a?r?(@? - 1)
=a’[r’(1—-2r+r)+r*=2r2 +14+7r20* - 2r2 +1)]
=a?[r?=2r3+rt+ 0t = 2r2 + 1+ 7% = 2r* +r?]

=a?[r® - 2r® +1] = a?(r® - 1)?
Now RH.S=(a—d)? = (a—ar’)? =a*(1-r31)% = a?(r® - 1)?
Thus R.H.S=L.H.S

ab—cd _ a+c

3

b2—c2 "~ b
ab—cd __ a.ar—ar?.ar? _ 1—r# _ 1—r#
b2—c2 ~ a?r2—(ar2)?2  r2—r% " r(1—r2)
_ (1—r2)(1+r2) _ 1+r2
= Ao
a+c a+ar? 1472
NOWT T o T r

Thus RH.S=L.H.S

Task
Ifa,b,c,d are in a G.P, show that
2p2,2(1 1, 1) _ 3 3 3
a“b“c (a2+b2+£2) a’+b°+c

(a+b+c)? __atb+c

a?+b%+c?  a—b+c
(ab + bc + cd)? = (a? + b% + c?)(b? + ¢ + d?)
a’+ b?,ab + bc,b* + c?, are in a G.P

Ifa,b,c forman A.P,b,c,a form a G.P, show that %é ,%form an A.P.
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Solution
Ifa,b,c forman A.P, then
b—a=c—=bora+c=2b ..ccccceceviiiiiiiiiiiiiiiiiiiinin. (1)
b,c,a, forma G.Pif;
c_a — 2
ST 0T ab = CT 2)
Now for %,%,% to be in an A.P, then
1 1_1 1_2 1,1
e Ty aTaThTe
Generating §=%+%from eqn. (1) and eqn. (2)
Eqn. (1) + eqn. (2)
atc _2b
ab 2
But ab = c?,

1 c _2b 1

£ 2 1
b c¢2 ab Ta b ¢

Ifa,b,c areinA.P,a,x,b andb,y,c are in a G.P, show that x*> ,b?, y? arein
an A.P.

Solution

a,b,c are in an A.P if;

b—a=c—bor2b=a+cC.ccccceeeiiiiniiiiiiiiiinii. (1)

a,x,b are in a G.P if;

SR o QR

,¥,c are in a G.P if;
=JC—1 OF Y2 S BC oo (3)

Now x? ,b?, y? are in an A.P if;

b2 —x?=y2— b2 or 2b2 =x?+ y? ...l 4)

Generating eqn. (4) from the other three equations

Now eqn. (2) + eqn. (3)

=>x*+ y?=ab+bc=h(a+c)

Fromeqn. (1), 2b=a+c

~x?+ y? =2b% , which is eqn. (4). Hence x? ,b?, y? are in an A.P.

Task

Ifa,b,c arein G.P, prove that — L areinan A.P.

1
a+b '2b "b+c

Ifb,a,careinan A.Pandc,b,a arein a G.P, show that 22 = 2

b2

Combination of A.P and G.P questions

Three numbers are in an A.P and their sum is 21, if 1,5,15 be added to them
respectively, they form a G.P. find the numbers.

Solution

Let the 3 numbers in an A Pbea—d,a,a+d
Given:a—d+a+a+d=21~a=7

Also:(a—d+1),(a+5),(a+d+15) arein a G.P

a+5 a+d+15
= ,buta=7
a—d+1 a+5
7+5 _ 7+d+15
7—d+1 745
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= 2 =22 o 144 = (8- d)(22+d) = 176 + 8d — 22d — d’
=>d*>+14d—-32=0

=>d?+16d—2d—-32=0 or (d—2)(d+16)=0

~d=2,-16

Thus for a =7,d = 2,the numbers are: 6,12,24

Fora =7,d = —16,the numbers are: 6,12,24

The sequence of three numbers a,b,c is an A.P whose sumis 18. Ifa and b
are each increased by 4 and c increased by 36, the new numbers form a G.P.
finda,b,c.

Solution

a,b,c are in an A.P if;

b—a=c—Dbor 2D =0+C cecvevieiiiiiiiiiiiiiiiiiiiiiei, (1)

A D FC =18 e 2)
Given:a+4,b+4,c+36 areina G.Pif;

b+4 _ c+36 2 _
T 2+ =@+ +36) (3)

Solving the equations simultaneously
Eqn. (1) in to eqn. (2)
=>b+2b=18,b=6

Put b = 6 in to eqn. (1) and (3)

DA C =12 e 4)
2100 =(a+4)(CH36) et (5)
Fromeqn. (4) @ =12 — Cueereieriiiiiiiie i 6)

Eqn. (6) in to (5)

=100=(12—c+4)(c+36) = (16 —c)(c + 36)

=100 = —c? — 20c + 576

2t +20c+476=10 ~c=14,-34

From eqn. (6), a=12—-c

Forc=14,a=12-14= -2

Forc=-34,a=12+34=46

Hence numbers are:—2,6,14 or 46,6,—34

The 1%, 10" and 28" terms of an A.P are three successive terms of a G.P. find
the common ratio of a G.P. given that the sum of the first 28 terms of an A.P is
210, find its first term.

Solution

Given:a; =a,a;g =a+9d,a,3 =a+ 27d

Now a,a+9d,a + 27d are in a G.P
o I T et (1)

a a+9d
Let the three consecutive terms of a G.P be: a,ar, ar?

Note: the first term of an A.P is equal to the first term of a G.P

Sar=a+9d orar—a=9d .....cc.coeeviiiiiiiiiinnin.n. (2)
sSarl=a+27d orar? —a=27d ..cccceeeeeriininnn. 3)

Given: Syg = 22—8 (2a+ 27d) = 210

D20+ 27d =15 it “4)
eqn. (2) + eqn. (3)

ar—a _ r—=1 _ 1

ar’—a r?2-1 3
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r—1 1
m—g or3=r+1 ~r=2

Substitute r = 2 in to eqn. (2)
220—a=9d-a=9d ccciiiiiii e (5)
eqn. (5) in to eqn. (4)

15
=>2(9d)+27d—15 ..d—E—E

o 18t term=9d=9x§= 3

The sum of the first three terms of two series: one an A.P and the other a G.P
is the same. If the first term of each of these is§ and the common difference
of an A.P is equal to the common ratio of the G.P, find the sum of each series
to 20 terms.

Solution

In an AP, S3 =2 (2a + 2d) = 3a + 3d

—3 _ 2
InaG.P,S; = a(i_: ) = 2d r)l(:r”r )= q(1+71+12)

Given:a=§,r=d
=3a+3d=a(l+r+71?)
=>3><§+3r=§(1+r+r2) or 6+9r =2+ 2r+2r?

52r2=T7r—4=00r 2r+1)(r—-4)=0
1

.'.‘r=4-,—5

Now when r = d = 4, for an A.P,

S =2 (2x2+19x4) =7732

For a G.P, Sy, =§(‘f# =24 - 1)

Alsowhen r=d = —%, for an A.P
245

Sw=2(2x3+19x—3)=-%

2y (1)
For a G.P, Sy = 3( 1_(_21) ) = é(zzzolgl)
2

Find three numbers a,b,c between 2 and 18 such that their sum is 25, the
numbers?2,a,b are consecutive terms of an A.P and the numbers b,c,18 are
the consecutive terms of a G.P.

Solution

Given: a+b+c =18 ..ot (1)
2,a,b form an A.P

Sa—2=b—aor2a=Db+2 ..cccoiiiiiiiiiiiiiiii (2)

Also b,c,18 form a G.P

=>£=1C—8 OF €2 = 18D e (3)

Solving the equations simultaneously

Eqgn. (3) in to eqn. (2)

520 =542 07 360 2436 coorrerreveeeeeeseeeeeei e @)
Eliminating b from eqn. (1) and eqn. (2)

From eqn. (2), b = 2a — 2

Substituting In equation (1)

=2a+2a—2+c=25
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D 3AFCT 27 i (5)
From eqn. (5), ¢ =27 —3a

Substituting In equation (4)

= 36a = (27 — 3a)%? + 36

=236a=9(9=a)2 +36 ceeeriieeiiiieeeeieeeen (=9
=>4a=81—18a+a’+4 ora?—22a+85=0
=2>(@-5(@-17)=0 ~a=5,17

From ¢ =27 —3a

Fora=5,c=27-15=12

Fora =17,c =27 — 51 = —24 (Rejected)

Thus a = 5,c = 12 are used to fond b.

2
From eqn. (3), b = i—g,for c=12

$b=ﬁ=8

~a=5,b=8.c=12

Hence the numbers are: 5,8,12

Three integers form an increasing G.P. if the third is decreased by 16 an A.P
is formed. If the second number is decreased by 2, a G.P is formed. Find the
numbers.

Solution

Let the integers be: a,ar , ar?

Decreasing the 3" number by 16 gives a,ar,ar? — 16 are in an A.P
sSar—a=ar’—16—ar

S2ar — A =A% =16 ereeeiiii e (1)

Decreasing the 2™ number by 2 from the new set of numbers give a, ar —

2,ar’>—16 are in a G.P
ar—2 _ ar?-16
a  ar-2
= (ar — 2)? = a(ar? — 16) or a’r? — 4ar + 4 = a’r? — 16a
= —4ar +4 = —16a or 4 = a(4r — 16)
Cg =
L (2)
eqn.(2)into eqn. (1)
S VORI S v
=2 (r—4) r—4  r—4 xr 16
_ 2_
o Bl Tl r—1 =12 — 161 + 64
r—4 r—4
=7r2—18r+64=0 or r—5)(r—13)=0
~r=5,13
From eqn. (2), a = ﬁ
Forr=5,a=1
Forr=13,a=7

Thus the numbers are formed bya=1,r=5.i.e.1,5,25
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Task

The 2™ ,4th aqnd 8" terms of an A.P series are in a G.P series. The sum of the
3™ and 5" terms is 20. Find the sum of the first 20 terms of the progression.
ANSWER: 525

An arithmetic series and geometric series have r as the common difference
and the common ratio respectively. The first term of the arithmetic series is 1
and the first term of the geometric series is 2. If the 4" term of the arithmetic
series is equal to the sum of the third and fourth terms of the geometric
series, find three possible values of r when|r| < 1, find in the form p + qv/2 the

sum of the first 10 — terms of the arithmetic series. ANSWER: 7044572

A G.P and an A.P have the same first term. The sums of their first, second
and third terms are 6,10,10.5 and 18 respectively. Calculate the sum of their

fifth terms. (Uneb 1995)

r HINT: 7
ForanA.P:a=1%term,ay =a+d,a3=a+2d,a5 =a+4d
ForaG.P:a = 1% term,,a, = ar a3 = ar’? ,as = ar*

Nowa+a=6 =@ =3 ..o ene e eeeve verve e eeeee = (1)
=a+d+ar=105 ~34+d+3r=105..... e e cee e .. (2)
=a+2d+ar’=18 ~3+2d+3r’ = ceceeee...(3)
Solving eqn. (2)and eqn. (3)gives;3 + 6r —3r? =3 ~2r—r? =0
~r=0,r=2

Fromegn.(2)d =105-3-6=15 ~d=1.5
Now as = a + 4d + ar* = Sum of their fifthterms
~3+4x15+3x2"=57 :

The 2" term, 5" term and 11" term of an A.P are in a G.P. if the 11" term is
4, find the difference between the sums of the 8 — terms of each
progressions.

Solution

Given:a, =a+d,as =a+4d,a;; =a+10d =4 arein a G.P;

Leta = 1% termd = common dif ference

a+4d a+10d .
= —= =1 = commonratio
a+d a+4d

= (@+4d)?=(@+10d)(@+d) cooeeeeeeiiee e (1)
AlSO @4+ 10d =4 wooviiniiii i (2)
Solving eqn. (2) and eqn. (1)

= (4—10d + 4d)? = 4(4 — 10d) or 4(2 —3d)? = 4(4—10d)
=4-12d +9d*=4-9d ~9d*-3d =0

.'.d: 0,l
3
1 10 _ 2
From eqn. (2) and for d=§,a=4—?=§
Foran AP, Sy =>[2x2+7xi|=axl=2
2 3 3 37 3
2,4
2,4
Now the common ratio, r = atdd _ I 3=2
a+d §+§

Now the G.Pis; (a +d), (a+4d),(a+ 10d)

1“term=a+d=§+%=1
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=>58_E_255

44 721
= Sg(g.p) — Sga.p) = 255 = 353

Ifa,b,c arein a G.P, show that loga,logb,logc are in an A.P.

TO FIND THE SUM TO INFINITY OF A G.P WHOSE COMMON RATIO IS

LESS THAN ONE

Leta,ar,ar?,ar? ... e QT
a(l1-r") _ a ar®
T T1r 1-r
Since |r| < 1, then r? < r,r3 < r?

Sum of n —terms is S, =

becomes indefinitely small. 1.e.r™ — 0
Thus from S, =

Asn—oow,r* —0

a(l-r") _ a ar™

1-r - 1-r 1-r

s =2

1_r,where|r|<1or —-1<r<1

This is the sum to infinity. i. e. the limiting value to which the sum

approaches/tends to.

leca+ar4+ar?+ard 4 i e

Examples
Express the recurring decimals to fraction form in lowest term.
a) 0.17
b) 0.07
c) 1.45
Solution
0.17 = 0.17777 wee vvv v v
0.17 = 0.1+ 0.07 4+ 0.007 + 0.0007 + -+ ... ... ...
=Lty 74 7 4 7
T 10 ' 100 ' 1000 ' 10000
-1 {L 7 7
“10 " l100 ' 1000 ' 10000

The bracketed series is a G.P with first term as ﬁ and common ratio as —

7 7 7
00 T 1000 T To000
_1,7_38
- 0.17 +90 e
007—007777 -
—007+0007+00007+

7 7 7

100 * 1000 * 10000
~ 007 = 1
1.45 =1, 45454545

ot
As the power of r goes on increasing, the correspondlng term in a G.P
decrease in value. So assuming that n becomes indefinitely large, r"

7

— — _100 __

L=S, =M=
10

=1+0.45+ 0 004—5 + 0 0004—5+

90

"1 be a G.Pwith [r| <1

10
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45 45 45
=1+ {m 10000 + 1000000 T }
45
_ 100 hil
=1+ 2= + 1=3
100
-_— 16
~1.45 = I

a) Find the first term of a G.P whose sum to infinite terms is 8 and the
second term is 2

b) The sum of infinite terms of a G.P is 15 and the sum of their squares is

45. Find the series.
Solution

Given: S, =8 =ﬁ ,ar=2

Dividing the equations

a

S Lordr—4r=1 .4 —4r+1=0
2 ar r—r
1
S ==
2
1Stterm=a—§=%=4
2
Leta,ar,ar?,ar? ... . be the G.P with |r| < 1
Given:S,, =a+ar+ ar2 +ard e = T = 15 (1)
Sum to infinity of squares = 45
2
=Sp=a?+a’r?+ a?r* 4+ a®r% i = 5 =45 2)
1-r
From eqn. (1), a = 15(1 — r), substituting in eqn. (2)
[15(1-r)]* _ 225(1-1)2 _
== 45 or T = 45
207 45 w5-Sr=14r cr==
1+r 3

Buta=15(1—r)=>a=15(1_3)=5
Thus the series 1sS+ + + +

The second term of a G Pis 24 and its sum to mfmlty is 100. Find two
possible values of the common ratio and the corresponding first terms.
Solution

GIUBTL AT = 24 et (1)
Se=a+ar+ ar?+ ar® ..o = 1% =100
=100 = 1007 .ottt e 2)

Eqn. (2) in to eqn. (1) to eliminate a
(100 — 1007 )r = 24 0or 25r —25r* =6 =0
%2512 —25r+6=0

25+/(25)7—4x25%x6 _ 2545

= 1 =
2x25 50
r=22
5’5
3 24
From eqn. (1), forr—g,a—T—40
5
2 24
FOTT—E,G=T=60
5
3 2
5,40;5,60
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The sum of infinite terms of a G.P is 4 and the sum of their cubes is 192. Find
the series.

Solution

Let the series be: a,ar,ar?,ar3 ..o v v es e e

Cubing gives a®,a®r?,a%r%,a%r% i

Given: S, = @+ @’r’+ @’r®+ a1’ =5 =192
3

3

a a

1-r3 = A-r)A+r+r2) =
(1)
Also S, =a+ar+ ar’ 4 ar® o= —— =4
1aj=4ora=4(1—r) ................................................... 2)
eqn.(2)into eqn. (1)
4a-np
(A-r)(1+r+r2) 192
64(1-1)° (1-r)?
A-r)A+r+r?) =192 or (A+r+12) -
=1-2r+r2=3+43r+3r2

22r2+5r+2=00r 2r+1)(r+1) =0

10

LT = —% ,—1, rejecting r = —1 since |r| < 1
Forr=—%,a=4—4x—%=6

~ The series is 6, -3 % ,—%
Task

Show that there are two possible G.Ps, in each of which the first term is 8,
and the sum of three terms is 14. Find the sum to infinity in each.

The sum infinity of a G.P with positive common ratio is 9 and the sum of the
first two terms is 5. Find the first four terms of the G.P.

ANSWER:3,2,7 3
Show that there are two G.P’s in which the second term is —% and the sum of

the first 3 — terms is %. Show that one of these progressions converges to a

sum of 3.

IFx=14+a+a’+ i t0, y=T14+b+b%+ s +00,

prove thatiflal <1 and |b| <1 then1+ab+ a?b? + -+ oo vuevevvevra. = X:yy_l
1,01 1,01 ,1 1,1 19

Show that the sum of the series Sttt atasteptyt . too="7

a) IfS51,5,,53, i e ver e v vt e e el Sy, are sums of infinite G.P series whose

firstterms are 1,2,3 ... ... .. ces eeveev oo o, 1 and the common ratios are

11 1 1 . _ n(n+3)

203 g ey respectively. Show thatS; + S, + S3 + - ... .. +S, = -

IfS;,S, and S are sums of n — terms, 2n — terms and to infinity of a G.P
respectively, show that S;(S; —S) = S(S; — S3)

Solution
a
So =15
1 2 3 n
Sl_E_Z‘SZ_E_3’S3_:_4’S”_1_L_n+1
2 P n+1

129



Mathematics for an A-level student

LHS: S +S+ S5+ v+ Sy =243+ 44 +n+1
This is an A.P with 15¢ term = 2, common dif freerence = 1 and last term =n +
1

Using Sy = g (15t term + last term). Finding N, using
Usingay =A+(N—1)D or N ="-24+1

n+1-2
= N =

+1=n
28y =224+ 1) =2(n+3)

Given: S, = S;,S,, =S5 ,S, = S3; let 15 term = a, common ratio = r

Using Sy = % ) DT T PPN (1)
Sy = ““::") Sy e 2)
Sep =T =S s 3)
Now (5, =) = =2 [*=2 - 1]
Uy g g] = 20
51 (8 = 5) = D
Also (5, ~5,) =34 [22 -]

2
= (1:)2 [1—7r"—1+47r?"]

. — a? 2n ny —
£S(S) = $,) = s (2 =) =

5851 =8)=5(51-5)=

a?r"(rn—1)
@
a?rn(rh—1)
o

Find the sum to infinity of the G.P1+ % + % + % + i v e e e and show that
is S denotes S,, and S, denotes sum of n — terms then S —S,, < ﬁ ifn>11.
Solution

1 aa-m) _ 1)

S=—==2,5, == =
2

1 1 1
Nows—sn<m=,~2—2(1—2—n<m)

2 1
= — _ n—-1 -3
< To00 or?2 <10

Introducing logarithms
= log(2"1) < log 1073
= (1—-n)log2 < —3log10
3
log 2

=21l-n<-—
an>1+—— orn>10.96578425
log 2

~n=11
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PROOF BY INDUCTION

Proof by induction is a mathematical technique that uses reasoning that if
“proposition B,” is true for a particular value of n, say n = 1 then it must be
true for the next value of n.i.e. n = 2, and now if it is true forn = 2, then it
must be also true for n = 3 and hence true for all positive integral values of
n.

Characteristics of positive integral values (Natural numbers)

Axiom of Induction:

If Tis a set of natural numbers with properties;
i) 1€Tand
i) ke€Timpliesk+1€T

, then T is a set of Natural numbers N.

Note:

Both conditions must be satisfied for the Axiom of induction to hold.
Illustration

Consider T ={1,2,3}

Clearlyl € T, but is not true that k+1€T every time k€Te.g3 €T
but4¢T. ThusT # N

Also let T = {10,11,12, .. ccc..... }
Clearly ifk €T, thenk+ 1€ T butl ¢ T. Thus againT # N
Nowlet T={1,2,3,.........}.Both 1,k,k+1€T, hence T = N.

Statement of Principle of Proof by Induction

For everyn € N, let P, be a statement which is either true
of false. If
i) Pyistrueand
ii) Whenever this statement is true forn = k, it is
trueforn = k + 1, then B, istrueforalln € N

In general, to apply the statement of proof by induction, two things must be
done.
First verify that P; is true and
Verify that Py, is true whenever P, is true.
Examples
Prove by induction that
a) n3®+ 2nis divisible by 3
b) n3—nis divisible by 6
c) 32" —1is a multiple of 8
d) 9" —1is a multiple of 8
e) 8" —7n+ 6is divisible by 7
Solution
Let P, =n3+ 2n
Verify that P, is true
= P, =13 +2(1) = 3, which is divisible by 3.i.e.P; = 3(1)
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Verify that whenever P, is true for a natural number, say n = k, then it is
true for the next natural number n = k + 1. To this you must assume that
P, is true for somek € N. This assumption is the induction hypothesis.
Assume P, is true.i.e.k® + 2k is divisible by 3.

Next show thatP, implies Py, .i.e..i.e.(k + 1) + 2(k + 1) is divisible by 3.
(k+1)3+2(k+1)=k>+3k?+3k+1+2k+2

= (k34 2k) +3k?> + 3k +3

=Pk)+3(k*+k+1)

Since P(k) is divisible by 3 and 3(k? + k + 1) is also divisible by 3, P(k + 1) is
divisible by 3. Thus both conditions of principle of proof by induction are
satisfied. You must conclude thatn3 + 2n is divisible by 3 forn € N.

NOTE:
The symbol P(k) in the working stand for "k3 + 2k”. Don’t confuse it with the
symbol P, which stands for the sentence “k® + 2k is divisible by 3”.
Similarly P(k + 1) stands for "(k+1)3+2(k+1)”
LetP, =n—n
Forn=1,P, =13 — 1 =0 = 6(0). Hence it is divisible by 6
Now forn = k, let P, be true .i.e.k® — k is divisible by 6.
Now forn = k + 1, P,,; must also be true .i.e.(k + 1)° — (k + 1) is divisible by
6
But(k+1)°—(k+1) =k3+3k*+3k+1-k—-1
=3 —k)+3k>+3k= P(k)+3(k*+k)
Since P(k) is divisible by 6 and 3(k? + k) is divisible by 6 for any k> 1 and
k € N then P(k + 1) is divisible by 6. Hence n® — n is divisible by 6forn € N.
LetP, =3%" -1
Forn = 1,P, = 3*(¥ — 1 = 8 = 8(1). Hence P, is true.
Now forn = k, let P, be true .i.e. 3%* — 1 be a multiple of 8.
Now forn = k + 1, P,,; must also be true .i.e.32¢*D — 1a multiple of 8.
But 321 — 1 = 32k+2 _1 =32k 32 1 =9.3% 1

1 1
9 [3 9] 9 [3 1+1 9]

=9[(32’<—1)+g] =9(3% -1)+8=9.P(k) +8

Since 9.P(k) is a multiple of 8 and 8 is a multiple of 8, thenP(k + 1) is a
multiple of 8. Thus 3%" — 1 is a multiple of 8 for n € N.
Let P, = 9" — 1 be a multiple of 8.
Forn=1,P; =9 —1 =8 =8(1),hence P; is true.
Now forn = k, let P, be true .i.e. 9 — 1 be a multiple of 8.
Now forn = k + 1, P;,; must also be true .i.e. 9! — 1a multiple of 8
But 9f*1 —1=9¥9—-1=9.[9" -1+ 1] -1
=909 -1)+9-1=9.P(k)+8
Since 9.P(k) is a multiple of 8 and 8 is a multiple of 8, thenP(k + 1) is a
multiple of 8. Thus 9" — 1 is a multiple of 8 forn € N.
LetP, =8"—-7n+6
Forn=1,P, =8'—7.146 =7 = 7(1), hence P, is true.
Now forn = k, let P, be true .i.e. 8% — 7k + 6 be divisible by 7.
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Now forn = k + 1, P, must also be true .i.e.8*1 — 7(k + 1) + 6 be divisible

by 7

But 81 —7(k+1)+6=8*8-7k—74+6=88—-7k—1
=8[8"-7k+6+7k—6]—T7k—1
=8(8—7k+6)+8(7k) —48—-1=8.P(k)+7(k—7)

Since 8.P (k) is divisible by 7 and 7(k — 7) is divisible by 7, then P(k + 1) is

divisible by 7. Thus 8" — 7n + 6 is divisible by 7 for n € N

Task

Prove by induction that for positive integer of n,
i) n®+3n% - 10n is divisible by 3
ii) 7" —4™ + 1" is divisible by 6
iii) 10™ — 1 is divisible by 9
iv) 7" — 3" is a multiple of 4
v) 10271 41 is divisible by 11
vi) 32" + 7 is a multiple of 8
vii) n(n+ 1)(n + 2) is a multiple of 6
viii) 24771 — 1 is a multiple of 15
ix) n3+ 6n?+ 8n is divisible by 3

Extension of Proof by Induction Principle

Suppose that for some proposition P, where n is a positive integer and that
P; is false/meaningless but true for P, = P4, clearly B, cannot be proved
for all positive integral values of n. however, provided that there is some
positive integer m such that P, is true, then the induction P, holds for all
integral values of n greater than or equal to m.

Examples

Prove by induction that2™ + 3**=3 forn = 2 is always divisible by 7.
Solution

Let P, = 2" + 32773

Forn=2,P, = 22 + 32273 = 7 hence proof holds for n = 2

Now for = k , letP, be true i e.2* + 3%¢=3 be divisible by 7

Now for n = k + 1, P,,; must be truei.e. 2¢*1 4+ 32(+1D=3 ig divisible by 7.
But 2k+1 + 32(k+1)—3 — 2k2 + 32k—1

2k
= 2k 2 +3% 371 = 2k 2 +3T

k k
— 2[2k 4 32k-3 _ 32k-3] +% = 2(2k 4 32k=3) _ 2,323 4 %
3Zk 32/{

k
= 2(2% +3%3) — 232373 4 T o g2k 4323y 2. T 4 T

27 3
= 2(2% +3% %) + 3% (- 2+ 3)

= 2(2K +3%73) 4 32k~ = 2 (2 + 3%k73) 4 7,323

- 2k+1 + 32k—1 — ZP(k) + 7(32k—3)

Since2P (k) is divisible by 7 and 7(3%¢~3) is also divisible by 7, then2™ + 3273
is divisible by 7 for n = 2.
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Proof by Induction of a finite series
Here a formula of n — terms of a sum of finite series and a general
term(nt" — term) of the series must be known to prove by induction.

Examples
Prove by induction that
a) 142434 A= @
1 1 1 1 n
b) E-I_m-l_ﬁ-l_“."' "”'+n(n+1) =
0) 12422432+ i An? = w
1,1 ,1 1 2n—1
d) > +§ +§ T e +2—n =0
Solution
Let By =142 43+ oo oot = 22D

2

M = 1, thus LHS = RHS. Hence P, holds.

Forn=1,P,=1=
Now forn =k

Let P, be true.i.e. 14+ 2434+ ootk =
Now forn =k + 1, P,,; must be true.i.e

LHS= +2+3+ i+ + (K + 1)
RHS = ‘Ut e 41

NOTE: On LHS of P,,1,(k + 1) has been added, hence this proof is done by
adding the general term of the series after replacing n by k + 1 on either side
of Pk .
ARHS =" 1= (k+ 1) [5+1]

_ (k+1)(k+2) _ D[ 1)+1]

2 2

Hence proof holds forn = k + 1. Since the proof holds forn=1,n=k
andn =k + 1, then it is true for all integral values of n.

k(k+1)
2

k(k+1)

1 1 1 n
mﬁ‘mﬁ'mﬁ' "”"“+n(n+1)_m
1 1 n
LetPn +m+ﬂ++n(n+1)_m
Forn = 1,P1 =L =1 -1 Hence P; is true.
1x2 141 2
Now forn =k
1 k
Lethbetrue i.e. —+m+w+ "”"”+k(k+1)_m
Now forn = k + 1, P,,1 must be true.i.e
1 1 1 1 k 1
e toaTaa et k(e+1) + k(+D(k+141)  k+1 + k(k+1)(k+1+1)
1
- k(k+1)(k+2)
(k+1) k+2]
_ [k2+2k+1] _ 1 (k1) k1l k41
- (k+1) k+2 17 41" (k+2) T k42 T [(k+1)+1]
Hence proof holds forn =k +1
Note:

for n=k+1.

LHS and RHS for P,,; has been increased by n(n1+1)
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1 1

e'k(k+1)(k+1+1) T kke+1)(k+2)
Since proof holds forn =1,k ,k + 1, the proof holds for all integral values of
n.

Let P, = 12 +2% + 32 4 oo m? = MDD
Forn=1,P,=1?=1= w 1. Hence P, is true.
Now forn =k
Let P, be true.i.e. 12422 +3%2 + oo vt vesves e +k2 = W
Now forn =k + 1, P,,; must be true.i.e
12422432+ A2+ (R + 1) = W+ (k+ 1)?
= 2k +1) + 6(k + 1)]
=D 2k? + k + 6k + 6]
_ UeAD@K*+7k46) _ (k+1)(2k?+3k+4k+6)
_ (k+1)(2k6+3)(k+2) ’
= (k+1)[(ki1)+1][2(k+1)+1], hence proof holds.

6
Since the proof holds for n = 1,n = k and n = k + 1, then it is true for all
integral values of n

Let P, =1+l+l+--- T
Forn=1,P, = 22:1 = %.Hence P, is true.
Now forn =k
1 _ 2k
Let P, be true. i. e—+ + 5+ e R T?
Now forn =k +1, Pk+1 must be true.i.e
1,1 ,1 1 2k—1 1
1 [2k-1 k
= 2k+1 [ 2-1 + 1] 2k+l [2(2 - 1) + 1]
= 2k+1 [2k+1 —1] = 2k+1 ! hence proof holds.

Since the proof holds for n = 1,n =k andn = k + 1, then it is true for all
integral values of n

Prove by induction that
a) n 1 _ 3  2n+1
r=2:2_1" 4 2n(n+1)

b) I r(r+1) = %n(n+ D(n+2)

n ro_ n+2
C) T:12_r =2- on

d) ¥, 3=

2
Solution
1 3 2n+1
n — —
_ ==— i 7=2,3,4, i i,
r=2:2_1" 4 2n(n+1)’ re R ’

Generating the series;

1 1 1 1

w1t egt e e

1.1 1 1 3 2n+1
St -+ —+ it = —

3 8 15 n2-1 4 2n(n+1)

1,1 1 1 3 2n+1
LetP,==4+-4+—4 ittt v . + =-—
no 38 15 n2-1 4 2n(n+1)
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1 3 22+1 3 05 1 .
Forn=2,P,=-=~-— =-——=-. Hence P, is true.
° 2= 3T T ey 4 1z 3 enee s true

1,11 1 3 2k+1
Forn = k,let Pibe true.ie.c+o+ -t by = 0= i D)
Now forn =k + 1, P,,; must be true.i.e
1.1 1 1 1 3 2k+1 1
§+§+E+ "”"”+k271 -1 _Z_Zk(k+1) Gt -1
3 1 2k+1 3 1 2k+1
=37t (e+D2—1  2k(k+1) 4 ' k(k+2)  2k(k+1)
3 20k+1)-Qk+1)(k+2)
i 2k (k+1)(k+2)
_3 n 2k+2—(2k%+4k+k+2) _3_ 2k2+3k
4 2k (k+1)(k+2) 4 2k(k+1)(k+2)
3 k(2k+3) 3 20k +1)+1

T T A DU42) & 2k D[+ D]
Hence P, 4 is true forn = k + 1. Thus since proof holds forn =2,k ,k+ 1,
then it holds for alln > 2

P+ 1) = A DO+ 2)57=1,2,3 4 e
Generating the series;
=>1.(1+1D)+2.2+1D)+3.B+D+ v, +n(n+1)

= %n(n +1D(n+2)

=224+64+124 . An(n+1) = %n(n +1(n+2)
LetP, =24+64+124+ ..o . +n(n+ 1) = %n(n +1)(n+2)
For=1,P; =2 =7.1.(1+1)(1+2) = 2. Hence P, is true.
Forn =k, let proof be true.i.e.2+ 6+ 12+ ..o ce. +k(k+ 1) =

Tkl +1)(k+2)

Now forn = k + 1, P, ., must be true.i.e

246412+ i tk(k+ 1)+ (k+1)(k+2)
=§k(k + Dk +2)+ (k+ Dk +2)

= (k+ Dk +2) [g n 3] _ (k+1)(k-3+—2)(k+3) _ (k+1)[(k+1);—1][(k+1)+2]
Hence P, ., is true forn = k + 1. Thus since proof holds forn =2,k ,k+1,

then it holds for all integral values of n.

M= 2= =1,2,3
Generating the series;
1 2 3 n o _n+2
ﬁ§+§+§++z—n—2 o
=1y2 .3, oy _nt?
LetP=c+5 45+ mnnt p=2-"7
Forn=1,P1=%=2—12—+12=%.HenceP1istrue.
1,2 3 k k+2
For n =k, let the proof be true.i.e. E+Z—Z+2—3+~--...............+2—k=Z—Z—k
Now forn =k + 1, P,,; must be true.i.e
1,2 3 k| k+1 k+2 | k+1
=>E+§+§+'”"""""""‘+2_k+2k+1=2_2—k+2k+1
k+1  k+2 1 [k+1
=24y -t =2k [ k2
1 k+3
=2+2k+1[_k_3]=2_2k+1
_ [(k+1)+2]
_2_ 2k+1
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Hence P, .4 is true forn = k + 1. Thus since proof holds forn =2,k ,k+ 1,
then it holds for all integral values of n.

3t = =123
Generating the series;
S3l-lyge-tygs-tpn. 43t
LetP, =1+43+3%+ oo+ 301 = 32;1
1_
Forn=1,P, =1 =32—1= 1. Hence P; is true.
k_
For n = k, let the proof be true.i.e. 1+3+ 3%+ cvveee .+ 3671 = 32—1
Now forn =k + 1, P,,; must be true.i.e
k_
S 143432 4o+ 36T 4 3R = Ty gk
_ 3k k _ 3k+23k—1
==+ 3% = —
_33k-1 _ 3kt
T2 T 2

Hence P, is true forn = k + 1. Thus since proof holds forn =2,k ,k+ 1,
then it holds for all integral values of n.

Task

Prove by induction that
a) 1P+28+33 4+ An® = %nz (n+1)?
b) ¥ 1 1 1 1

=l 4 20+1) | 2(n+2)
) Tir(r+ 1D +4) =+ D+ 40 +5)

1 1 1 1 11 1 1 1 1
d) E+E+E+ "”"+n(n+3) = E—E(mﬁ'mﬁ'm)
1 1 1 n
e) ITREY +; o +—(2n—1)(2n+1) =

) Y r(r+3)= %n(n +1)n+5)
g) i2r(2r—1) = %n(n +1)(4n—-1)
Prove that % (x™) = nx""! for all positive integral values of n.
n ny\_m+1 ) .
Show that(r) + (r _ 1) = ( r ) and prove by induction that
A+x)"=1+nx+- ...+ (Z)xr T+ X
n 1 _ n(n+3)
=lrG+)+2) T 4+ (@+2)

SUMMATION OF A FINITE SERIES

There are various standard results that can be used to find the sum of finite
series.

The two formulae of sums of A.P’s and G. P’s are:

The sum of n-terms of the A.P with first term a and common difference d is:

S, = %n(Za + (- 1)d)

The sum of n — terms of a G.P with first term a and common ratio r is:
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a(1-r")

S =
n 1-r

for|rl <1

The standard series are usually given as:

i) 1+z+3+---..........+n=zzfr=§n(n+1)
i) 124224324 4n? =02 =< n(n+ D(2n+1)
i) 13+23+334+ .. 4n3=3"r3= inz(n+ 1)? = [¥"r]?

The standard series above can be used in summation of finite number of
terms.

Examples

Find the sum of the series:
a) 14+2+43+ i +(2n+1)
b) 12422432+ i+ (n—1)2
c) 3+23+33 4 +(20)3

Solution

NOTE: in all the above series, the last term is not a general term for n € N.
The series exercise the form of a standard series, hence the result of
standard series will hold for the last term.

14243+ i +@2n+ 1)
Using 1+2+3+...+N = SN(N +1)
>N=2n+1
S1H24 34 e+ (@0 1) =22+ D@0+ 1) + 1]
=2n+1Dn+1)
124224324+ e+ (n— 1)2
Using 12 +22 432 4 oA N2 = N(N + 1)(2N + 1)
Taking N = (n—1)
5124+ 22432 4 et (n—1)2 = 20O ”61)[2(" L] _ nlon 16)(2" 1)
B+28+33 4+ (208
Using 13 + 23 +3% 4 ot N3 = D
Taking N = 2n
BA22 433+t (20)3 = (2")2((17")“)2 =n2(2n - 1)?
Find the sum of the series;
a) 1P+33+53 4 +(2n+1)8
b) 22443 +63+ i +(20)3
c) 1¥P+33+53 i +(2n—1)3
Solution
BB+33 453+ +(2n 4+ 1)8
(Summation of the cubes of odd terms of natural numbers)
Using 13423 +33+ o+ N3 = W
Now 13423 +33 4. +(2n)? + @2n+1)° :M

138



Mathematics for an A-level student

=(2n+1)*>(n+1)?

Finding the sum of the series; 23 +43 + 6% + -+ ... e .. + (20)°

22+ 463 i 23 =23 13423 433 +n3]
2 2

= 8[~] = 202 (n + 1)?

213433453 2+ 1) =2+ 12+ 1)? - 2n’(n + 1)?

=+ 1)?[(2n+ 1)? — 2n?]
=(m+1)?[4n’+4n+1-2n*1=(n+1D?*@2n* +4n +1)

224+ 463+ 2P =23 13+ 23433+ +n3]
2 2
=8 [—" ("4“) ] =2n?(n+ 1)?
1P3+33+53 4+ (20— 1)3
First summing the natural numbers to the (2n)*" term,
=13 4+25 43340 +(2n-13%+(2n)® = M =n?(2n+ 1)
Now summing the series 23 + 43 + 6% + ... oo e + (2n)3
224+ 4834+ 63+ i +(20)3 = 202 (n + 1)?(See previous number above)
Now subtracting the series,
=13+33+53+ . +2n—-1)°2 =n2Qn+1)? - 2n%(n+ 1)?
=n?[2n+1)? — (n+ 1)?]
=n?[4n’>+4n+1-n?-2n-1]
=n?(2n*-1)
NOTE:
In this last example the series 13 + 3% + 5% + - .........+(2n — 1)? has the last

term as (2n — 1)3 and is the general term of the series for alln € N
Alternative summation of the series

13 +33 +5% +. L +(2n-1)3= Z(Zr—1)3

7'L n n

Z(Sr —12r? +6r—1)—82r —122r2+62r—21
r=1

—8[ n?(n+ 1)] n(n+1)(2n+ l)r ' n(n+1)] -
=8|———|- _

6
=2n’(n+1D?-n(n+1DRn+ D +3nn+1)—n
=nn+D[2n(n+1)—-22n+1)+3]—n
=n(n+ D[2n®*+2n—4n—-2+3]-n
=n(n+1D2n*-2n+1)—-n
=n[2n® —2n®+n+2n*-2n+1-1]
=n[2n® —n] =n?@2n*-1)

a) It can be proved by induction that for positive n,

PB4+234+33+. +n3=@

From this result deduce that

M+13+m+22+M+3)3 + +(2n)d = §n2(3n+ 1)(5n + 3)

b) Show that the sum of the series

M+1D2+M+2)2+M+3)2+ +(2n)? = %n(Zn +1D)(7n+1)

Solution

13+23 433+l +n3+n+ 13+ m+22+(m+3)3+-.. .+ (2n)°
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2 2
= @) Cntl) (:nﬂ) =n?(2n*+1)
Also 13 +23 433 4 ... +pd =
e et e s "
Subtracting the series,
2 2
M+1)3+M+2)3+ @M +3)3 4o +(2n)* = n?(2n? + 1) -

= 2n?[4(4n? —4n + 1) - (n? + 2n + 1)]
= 2n?[16n? + 16n + 4 —n? — 2n — 1] = ;n?[15n + 14n + 3]
= %n2[15n2 +9n+5n+3] = %nz [3n(5n+3) + (5n+ 3)]
=n?(3n+1)(5n+3)

b) From 12+22+3%2+ .t n?= %n(n +1)(2n+1)
= 12422+32+ 0P+ (+ D2+ (n+2)2+ (M +3)% + . +(2n)
=2(2n)(2n + 1)(2(2n) + 1) = 2EDEED
Subtracting the series,
M+1D2+m+22+m+3)2 + + (2n)?
= w - %n(n +D(2n+1) = %n(Zn +1)("Tn+1)
=22 (4 +1) - (n+ 1)]
=22 (gn+2—n—1) = tn(2n+ 1)(7n +1)
4. Show that the sum of the series
346+ 114 oo (0 + 2) = £0(20% + 30 + 13)
Solution
For this series, (n? + 2) is the general term of the series for alln € N
23464114 e (P4 2) =3 (124 2) =YY 2
= %n(n +1)(2n+1)+2n
=2 [(n+DRn+ 1) +12] =2[2n% 4+ 3n+ 1+ 12]
6 6
==n(2n? +3n + 13)
Task
1. Show that the sum of the series;
2
) 2410430+ ot (340 = w
b) 2412+ 36+ - +(n3 + nz) _ n(n+1)(n+2)(3n+1)
2 _ ) = Mt D@1
c) 2464+ i+ (M=) = 3
d) 144254364 i tn(n+3) = M
€ 22452482 e 4 (30— 1)2 = MOH3RD)
6
f) 124344564 2020 — 1) = HEDEED
g) 125+23.6+347+ ..t n(n+ D(n+4) ="HODED
2. Find the sum of the series
a) 213+223+23% ...+ 358
b) 1¥3+33+53 4+ 4258
c) 13-23+33-33+ ... +@n-1)32-(2n)d
ANSWER: a) 352800 b)56953 c¢)—n(4n+3)
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INTEREST AND ANNUITIES
Simple and Compound Interest
When person A lends money to person B he makes a charge for the use of
his money. The amount of money lent is called Principal (P) and the charge
made for lending is called Interest (I). The sum of interest and principal is
the Amount or Total amount (A), which is the amount B will pay back to A
after any interval of time. i.e. (A=P +1)
The Rate per cent per annum (R %) is the interest payable on principal for
one year.
Types of Interest

e Simple interest

e Compound interest
Simple Interest (S.I)
Simple Interest is the interest that is paid on the principal only.
S.l is paid on a given principal, and is the same after equal intervals of time.
The principal is always constant.
To find the Interest and Amount of a given sum in a given time at
Simple Interest
When money is put out at S.I, the interest is payable for each year, but is
not added to the principal.
Let P be the given principal and n the number of years for which the
principal is lent, R the rate of interest per annum.

The interest of P forl — year = P.% and therefore for n — years is P.%.n

. _ —A = R L
~ Amount at the end of 1 —year = 4; =P+P.oo —P(1+100)

Since the principal is lent at S.I, the interest P.% will be added to the

amount at the end of each year.
Thus the amount at the end of n — years will be;

R PR | PR | PR PR
An—P(l+m)+m+m+m+"'......................+m
PR PR , PR PR
—P+m+m+m+"'......................+m

— 7
——
n — times

A, =P+ % =P (1 + %) , which is the amount at the end of n—years.

~ Amount for n — years,A,, = P (1 + :TI;)

, which is the formula for amount at the end of n — years, where;

P = Principal

n = Number of years principal is lent

R = Rate per cent per annum

Note:

The amount at the end of each year constitute a series in an A.P with a

. PR
common difference Too

Simple interest can be paid at different intervals .i.e. monthly, quarterly,
half yearly or yearly.
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InA=P (1 + ﬂ), formulae contain four quantities .i.e.P,A,R,n and if three

100
are given, the fourth can be evaluated.

When working out the interest due on a sum of money for a period between

two specific dates, always take a year as containing 365 days.
For purposes of interest, the day a deposit is first made does not count.
However the day on which money is withdrawn does count. Thus if

someone deposits money on an account on 15* March and withdraws it

on17" April, he is not paid interest for 15" March but he is paid interest

for 17t" April.

Examples
Find the simple interest on and the amount at simple interest of;

a) Sh.8000 for 2% years at 8%% p.a.

b) Sh.480 for 2 months at 3;% p.a.
Solution

Simple Interest = % ;P =8000,R = 8.2%,n = 2.25 years

8000 x8.2x2.25
e
100 76

Amount = P+ 1=8000+ 1476 =9 476 /=
P =480,R=3.75%,n= % years
480 x3.75x22

. H — 12
~ Simple Interest = 100 =30

Amount = 30 + 480 = 510 /=
Calculate to the nearest shilling, the simple interest on;
a) Sh.550 from March 6 to May 6 at 11% p.a.

b) Sh.990 from August 20 to December 13 at 9%% p.a.

Solution

Simple Interest ===, P = 550,R = 11%,
n = (31—-6)days + (30 + 6) days = 61 days = % years

|April = 30 days, May 6 = 6 days, March 6 = (31 — 6)days]|

550 x11 Xk

365 —
100 =10/=

~ Simple Interest =
P =990,R =95%,
n = (31— 20)days + (30 + 31 + 30 + 13)days = 115days = % years

1115
990X 5 _ 30 /=
100

a) In what time will Sh.3 200 amount to Sh.4 188 at 9%% p.a. simple

interest?

b) A sum of money invested at 9% p. a. simple interest amounts after 3
years to sh.7 620. Find the sum invested.

Solution

Given: P = 3200,4 = 4188,R = 92%, n =?

. P.Rn 1001
From Simple Interest = —=n=——-
100 P.R

~ Simple Interest =

But Interest = Amount — Principal
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~1=4188 —3200 = 988

100 %988 1
= 3200x97 =3, years
b) Given: Amount = 7 620 = Principal + Interest
Interest = FRn — PX9x3
1 271190 127pP
Now7620=P+m=W ~P=6000/=
Task
1. Find the un known quantities in the table below
Principal Interest Amount Time Rate % p.a.
sh.650 sh.156 | L 3years | ceeeiiiieiiiinn.
.................. sh.1942.25 1%years 9%
sh.8450 | 9months | ..
.................. sh.170.40 16 months 11%
sh.1818 | coeieeeeiiiiii, sh.1908.90 | ...l 8%
ANSWER:
a) sh.806;8% b) sh.16800; sh.18742.50 c¢) sh.549.25; 8%% d)
sh.1136; sh.1306.40
e) sh.90.90;219 days
2. Two men both invest the same sum, one at 9 %% p.a. if the difference in the
interest they receive is sh.100 , what sum each man invested is.
ANSWER: sh.20 000
3. Two men both invest sh.800 at 10% and 8%% p.a respectively. What is the
difference in the interest they earn after 9 months?
ANSWER: sh.9
4. A club of 320 members has to meet a bill of sh.9 500 in 5 months time. Each
member subscribes sh.30 and the money accumulates at 8%% p.a simple
interest. What balance remains when the bill has been paid?
ANSWER: sh.430
1.5
Hint: Total principal = 30 X 320 = 9°2,n == 1 =%= 330 ]
Now New amount = 330 + 9600 = Sh.9 930 .. Balance = 9930 — 9500 = 430/=
5. A sum of money amounts at simple interest to sh.819 in 2 years at 8%% p.a.
to what would it amount in 1 year 9 months at 8% p.a? ANSWER: sh.798
[H' . o L. _ _PXB%XZ_ ]
| int: Let sum = P = PrincipalA=P+1,] = o0 = 0.17pP |
Now 819 =P +0.17P,P =700 }
700x82x1>
Now at 8% p. a,amount, A = 700 + # =798/=
6. Diana investsg of her capital at 15% p.a and the remainder at 10% p.a simple

interest. After 25 cents in the shillings has been deducted for tax, she
receives sh.720 interest each year. What is the size of her capital?
ANSWER: sh.8000
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A man borrows sh.5000 at 10 ¥2% p. a payable yearly. After one year he pays
back sh.2500. How much will he need to clear his date completely at the end
of another one year? ANSWER: sh.3 343

[Hint:P = 5000,R = 10.5%, Amount after 1 year = 5000 + % x 5000 = 5525]

l Balance after paying of f 2500 = 5525 — 2500 = 3025 l

[ Now amount after another 1 year = 3025 + 3025 X % =3343 /= J
Godfrey borrows sh.20 000 from a finance corporation and pays 10% interest
p.-a on an amount still owing at the beginning of that year. After one year he
pays sh.5 000 back, sh.6 000 a year later and sh.7 000 at the end of the third
year. How much does he still need to clear the debt

completely? ANSWER: sh.6 970

[Hint: P =20000,R = 10% p.a. Amount after 1 year = 20000 + % x 20000 = 22 000; |
Amount remaining after paying 5000 = 22 000 — 5 000 = 17 000
Expected amount after another year = 17000 + % X 17000 = 18 700;
Balance after paying sh.6000 = 18 700 — 6000 = 12 700/=
Expected amount after another 3™ year = 12 700 + 12 700 x % =13970/=

Now balannce after clearing sh.7000 = 13970 — 7000 = 6 970/=
| NOTE: Principal is not constant every year but interest is the same.

COMPOUND INTEREST (C.I)

Compound interest is the interest calculated on the principal and the
accrued interest.

The interest unpaid is added to the principal and for the next period the
interest is computed. i.e. Compound interest is the interest on the growing
principal.

NOTE

Both principal and compound interest change from period to period since
the principal changes.

Interest earned on the principal is not withdrawn.

Compound interest can be computed annually, half yearly, quarterly or
monthly.

When a given amount is due after a specified period of time, its present
value (principal for the next period) is that sum together with the interest
for that period produces the given amount.

To find Interest and Amount of a given sum at Compound Interest

If the money is lent at compound interest the interest is added each year to
the principal and for the following year the interest is calculated on their
sum.

Let P be the principal and n the number or years for which the principal is
lent at r% per annum compound interest.

. _ Pr_ T\
The amount at the end of one year will be =P + 100 = P (1 + 100) = PR

The amount at the end of two years will be = PR + PR.% =PR (1 + 1(:—0) =
PR?
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The amount at the end of three years will be = PR? + PRZ.l(r)—0 = PR? (1 +
L) — PR3
100

Then arguing in this way, the amount at the end of n years will be= PR"
Thus the amount, A at the end of nyears for principal P lent at r% per
annum is

A=P(1+1;—0)n orA = PR"

, Where A = Amount
P = Principal
r = rate per cent per annum

R=(1+;R)

Deduction P
From A = PR", P= R this enables us to find the sum which will

produce amount A in n years.

Also R= n\/g , from which interest can be calculated.

. A A
Again from R" = > ,log(R™) = log (F)

= nlogR =logA—1logP | = loga —logp , from which time taken

logR

for P to amount to A can be evaluated.

Note
The amount in each year constitute terms in a G.P with first term PR and

. T
common ratio (1 + ﬁ)

Examples
Find the compound interest on;
a) Sh.10000 for 2 years at 10% p.a paid annually
b) Sh.6000 for3 years at 10% p.a paid annually
Solution
P=10000,n=2,r =10%
Interest,| = Amount — Principal

1=P(1+ﬁ)n—P=10000(1+%>2—10000=Sh.2100

P=6000,n=3,r =10%
3
A=6000(1+) =7986
~ Interest =7 986 —6 000 = sh.1 986
Prove that in order that a sum of money may double itself in 10 years by
investment at compound interest payable annually, the interest should be
approximately 7.2 per cent per annum.
Solution
Let P = Amount invested for

n = 10 years, which amounts to
A = 2P at arate of
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r = 1% per annum

. r n
Using A —P(1+m) ,
= 2P =P(1+0.01r)' or 2 =(1+0.01r)'°
Introducing logarithms

= log2 = log(1+ 0.017)° = 10log(1 + 0.017)

“E2 = Jog(1 + 0.017)

=201=140.01r ~r=

=

2011
~ 7.29
0.01 %

How many years (correct to the nearest whole year) does it take a sum of
money to double in value if compound interest is paid at a rate of 9% p.a?
Solution

Let the sum be P be invested for n — years to amount to 2P at a rate of
9% p.a

Using A=P (1 + JR)n,

- A - n
=2P=P(1+55) or 2=109
Introducing logarithms
= log2 =1og 1.09" = nlog1.09

log 2

=an = =~ 8 years
log 1.09 y
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To find Amount of a given sum for (n + #) years at Compound Interest

In business transactions when the time contains a fraction of a year, allow

Simple Interest for the fraction of a year, and Compound Interest for the
whole years.

Let P be invested for (n + i) years at a rate per cent per annum (%)
Compound Interest.

Amount, A = Amoun_after n — years + Interest for% years

after (n + %) years (principal) dueto C.1

on principal (Amount due to C.I)

Amount after n —years = P(1+r)" = PR"

Now principal for % years = PR™

Interest for% years = PR™ X r X % = PR™ x

r

Now Total Amount = PR™ + PR™ X -

Il

o

v}

3
—~3|=
—_

+

| =
~—

A=PR"(1+i)

Example
Find Compound Interest on;

a) Sh.6000 for 2% years at 10% p. a paid annually

b) Sh.8000 for 1% years at 7.5% p.a paid annually

Solution
P=6000,n=2,%=%,r=10%p.a.
: _ n r _ _ 10 _
UsingA=PR" (1+2) R=1+r=1+-0=11
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Amount after 2% years = A= 6000 x (1.1)2 x (1 + % x%

)=7623
Now Compound Interest = Amount — Principal
=7623-6000=sh.1623

P=8000,n=1, =%,r=7.5%p.a.

1

m
3 75\1 75 _3

Amount after 13 years = A=8000x (1+22) x (1+ 2= x2) = $1.9083.75

~ Compound Interest =9 083.75 -8 000 = Sh.1 083.75

A person owes a merchant Sh.5 702.27 to be paid at the end oni years from

now. How much the merchant ought to accept now in order to clear off the
accounts taking the money to be worth 6% p.a compound interest?
Solution

Let P = Sum to be invested,A = Sh.5702.27 ,r = 6% p.a,n = 2,% =i

Using A=PR" (1+2) R=1+r=1+-"-

= 570227 = P x (14-5) x (145 x1)

= 5702.27 = P(1.06)? x (1.015)

570227
T (1.06)2x(1.015) Sh.5000

~ The merchant has to accept now Sh.5 000 in order to get Sh.5702.27
after 2% years at a rate of 6% p.a C.I

Note

e The rate r% must be in per annum

e If the investment is for only n years, then %= 0. Hence the formula

A=P(1+7r)"
A sum of money is put out at compound interest amounts in 2 years
toR.s 2809 and in 3 years toR.s 2 977.54. Find the rate of interest and the
original sum.
Solution
Amount for 2 years = R.s 2 809
Amount for 3 years = R.s 2977.54
S A=PAHT)2=2809 i (1)
S A=PA+71)3 = 297754 oo (2)
Dividing the equations
P(1+4r)? _ 2809

P(1+r)3  2977.54
~14+r=1.060 or r=0.06
From eqn. (1)
P(1+4+1)?=2809 = P(1+ 0.06)% = 2809

2809
= ey = R-5 2500

A person wishes to divide Rs. 65 050 between his two sons who are 13 and
15 years old respectively in such a way that their shares if invested at 4%
compound interest should produce the same amount when they become 18
years of age. Find the share of each.

Solution

Let the share of the young son = Rs.x

~ The share of the older son= 65050 — x
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The young son has to go for 5 years and the elder son for 3 years to
become 18 years old.

Case I: younger son

P=x,n=5,r=4%,A=?

A =x(1+0.04)% = x.(1.04)°

Case II: Elder son
P=65050—x,n=3,r=4%,A4=?

A = (65050 —x)(1+0.04)% = (65050 — x). (1.04)3
Now the amounts must be the same

= x.(1.04)% = (65 050 — x). (1.04)3

= x.(1.04)2 = 65 050 — x

~ 1.0816x = 65 050 == Rs.31 250

~ The share of the younger son is Rs. 31 250 and the share of the elder son
is Rs.65050—31 250 = Rs.33 800

Find the sum if the difference between the simple interest and compound
interest on the sum is £30 at 9% p.a for 3 years.

Solution

Let P =sum,r =9%p.a,n = 3 years

Px9x3
W = 0,27P

At Compound Interest, compound interest = Amount — Principal

3
compound interest = P (1 + %) —P=P(1.09)3-P

At Simple Interest, simple interest =

= 0.295029P
Now 0.295029P — 0.27P = 30 or 0.025029P = 30
~P=£1198.6
Task

Find the compound interest on;
a) Sh.12 000for2% years at 10% p.a.

b) Sh.10000 for 1% years at5%p.a.

ANSWER: a) Sh.3 246 b) Sh.631.25
Find the compound interest on the sums, giving your answers to 3 significant
figures

a) Sh.500 for4 years at 10% p.a.

b) Sh.18765 for 4 years at 9% p.a.

c¢) Sh.15000 for3 years at20%p.a.
ANSWER: a) Sh.232 b) Sh.7 690 c) Sh.10 920
On a certain sum, the compound interest for 2 years is Sh.91.35 and the
simple interest is Sh. 90. Fond the sum and the rate of interest per annum.
ANSWER: Sh.1500,3%
A sum of money invested at compound interest, payable yearly, amounts to
Sh. 2 704 at the end of the second year and to Sh. 2 812.16 at the end of
the third year. Find the rate of interest and the sum.
ANSWER: Sh.25000,4%
A person deposited in a bank £1000 at 4% p.a interest being added annually.
After 5 years the rate of interest was raised to 5% and after four more years,

148



Mathematics for an A-level student

the rate was further increased to 6%. The money was withdrawn at the end
of 12 years. Find the amount.

ANSWER: Sh.1761.40

A person has two sons aged 12 and 15 years respectively. He wants to
divide Sh.51 783 between them and deposit the share of each separately in
the bank so that each gets the same amount when he is 18 years old. If the
bank pays compound interest at the rate of 5% p.a, what should be the share
of each?

ANSWER: Sh.24 000 for young son; Sh.27 783 for elder son

To find Amount on a sum (P) in given n-years, interest payable g-times
a year at a rate r% per annum

Suppose you deposit $1 000 in a savings and a loan that pays 8%
compounded semi annually, how much will the savings and the loan owe
you at the end of 2 years?

Solution

Compounded semi annually means “Interest is paid to your account at the
end of each 6 month period, and the interest will in turn earn interest”
Annual rater = 8%

. 8
Semi annual rate= 3= 4%

Now amount after 6 months = 1000 + 1% X 1000 = 1000(1 + 0.04)
Principal for the next 6 months = 1000(1 + 0.04)
Now amount for 1 year = 1000(1 + 0.04) + 1000(1 + 0.04) x %
=1000(1 + 0.04)?
Again amount for another 6 months
=1000(1 + 0.04)? + 1000(1 + 0.04)? x % =1000(1 + 0.04)3

This amount for 2 years = 1000(1 + 0.04)% + 1000(1 + 0.04)3 x %
=1000(1 + 0.04)*

Now the amount that would be expected at the end of 6 years will be
=1000(1 + 0.04)1?

In general,

“If the interest is payable q — times a year and r is the nominal rate, the

amount of P in n — years or gq.n intervals is;

nq
A=P(1+7)

q

NOTE

Since the principal P represents the initial amount in the account and A
represents the amount in the account n-years later, P is called present
value of the account and A is called the future value of the account.

r% p.a is the annual rate/nominal rate and 2% perq% annum is the rate for
compounding period/interval.
Example
Find how much Peter will have on the account at the end of 2 years if he
invests a sum of $ 100 in an account paying 8% p.a interest compounded;

a) Annually
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b) Semi annually

c) Quarterly

d) Weekly

e) Daily

f) Hourly
Solution

Using A= P (1 + f)n'q
i 2

Compounding frequency q A=100 (1 + $) q
Annually 1 $116.64
Semi annually 2 $116.9859
Quarterly 4 $117.1659
Weekly 52 $117.3367
Daily 365 $117.3490
Hourly 8 760 $117.3501
NOTE:

e 1year =12 months = 365 days = 52 weeks = 8760 hours
e Semi annually = % X 12 = 6 months; Now in 1 year,q =2
e Quarterly = i X 12 = 3 months; now in 1 year,q = 4
o Weekly = % X 365 ~ 52 weeks . q =52
Find compound interest on;
a) Sh.5000 for 1% years at 5% p.a compound interest is paid half yearly
b) Sh.1000 for1 year at 10% p.a compound interest is paid quarterly
c) Sh.10000 for 2% years at 15% p.a compound interest is paid weekly
Solution
UsingA=P(1+2)" ,A=P+1
q
P =5000,g=2,n= 1% years = %years,r =5% = 0.05

3><2
A =5000 (1 +°'2ﬁ)2 = 5000(1.025)% = Sh.5 384.45

~ Compound Interest = A — P = 5 384.45 — 5 000 = Sh.384.45
P=1000,g=4,n=1,r=10% = 0.1

0.1 4x1
A =1000 (1 +T) = Sh.1103.83

~ Compound Interest =1103.83 —1 000 = Sh.103.83
P=10000,9 =52,n=2,r=15% = 0.15

52x2
A = 10000 (1 +%) = Sh.13492.76

~ Compound Interest = 13492.76 — 10 000 = Sh.3 492.76

Task
Find the amount the principal Sh.10 000 will accumulate at a rate of 5% p.a
compound interest for 2 years if compound interest is paid;

i) Annually ANSWER: Sh.1 025
ii) Half yearly ANSWER:Sh.1038.13
iii) Quarterly ANSWER: Sh.1 044.86
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How many years to the nearest year will it take a sum of money to double if
it is invested at 15% compounded annually.

n.q
ANSWER:5 years.[Use A =P (1+ g) ]
How many years to the nearest year will it take money to quadruple if it is

invested at 20% compounded annually. ANSWER: 8 years. [Use A=

r\4
P(1+5)7]
If you deposit $5 000 in an account paying 9% compounded daily, how much

will you have in an account in 5 years. Compute your answer to the nearest
cent. ANSWER: $7 841.12

Other problems related to compound interest
Problems relating

e Depreciation

e Change of population growth

e Annuity calculations
, are majorly on the principle of compound interest.

DEPRECIATION

This happens when the value of a new item decreases with passage of time.
Depreciation can be expressed in terms of an annual percentage rate, so as
to calculate the decrease in value after a given period of time.

Let P = price of a new commodity, which depreciates at r% p.a for n — years.
The price after n-years will be calculated as below.

Value after 1 year = P x (12?)0_T) =P (1 - ﬁ)

Value after 2 years = P (1 - ﬁ) % (1(1(())0—7') _p (1 B #)z

Value after 3 years = P (1 _ #)2 y (1(;(())04) _p (1 3 #)3

r n
Value after nyears, A =P (1 - W)

Example
A machine costing £15 000 is depreciated at 10% p.a. how long will it take to
reduce the value to £1 4007
Solution
The cost of machine, P = £15 000
Rate of depreciation, r = 10% = 0.1
Value of the machine after n years, A = £1 400
But value of the machine after n years is A = P (1 — #)n
= 1400 = 15000(1 — 0.1)"
1400 _ (0.9)"

15000

14
= log (ﬁ) =10g(0.9)" = nlog0.9

14
log (5 0.8451-1.8751
n= (i) = = 22.5 years
log 0.9 —1.9542
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A machine costing £30 000 has an estimated life time of 15 years. If the
depreciation is at a rate of 20% p.a, find the scrap value of the machine.
Solution

The cost of the machine =P = £30 000

Life of the machine = n = 15 years

Rate of depreciation =r = 20% = 0.2

n
- The value of the machine at the end of 15" year = P (1 - ﬁ)

=30000(1 — 0.2)'> = 30000 x (0.8)1° = £1 055
A machine was bought at Rs.25 000 onjan.1,1981. It was depreciated
at10% p.a. It was sold on 31.12.1983 at Rs.20 047.50. Find out the percentage
of profit on the reduced cost.
Solution
The cost of the machine = P = Rs.25 000
Life of the machine =n = 3 years (i.e. Period fromjJan.1,1981 to 31.12.1983)
Rate of depreciation=r = 10%

N
Expected value after n = 3 years = P (1 - E)

=25000(1-0.1)3 = 25 000(0.9)3

= Rs.18 225
Selling price = Rs.20 047.50
Profit realized= 20 047.50 — 18 225 = Rs.1 822.5
% profit = 1.~ x 100 = 10%
Task
A machine depreciates in value each year at a rate of 10% of its value at the
beginning of a year. The machinery was purchased for Rs. 10 000. Obtain
to the nearest rupee its value at the end of the tenth year. Answer: Rs.3 483
A machine depreciates at the rate of 7% of its value at the beginning of the
year. If the machine was purchased for Rs. 8 500, what is the minimum
number of complete years at the end of which the worth of the machine will
be less that or equal to half of its original price?
ANSWER: 10 years
John bought a new car for Sh. 650 000. The car depreciated in value by 25%,
15%, 10% and 5% of its value at the beginning of each year for four
successive years. Find its value at the end of the fourth year.
If after the fourth year it depreciated at a uniform annual rate of 4%, find its
value at the end of 10 years (Give your answers to 3 significant figures).
ANSWER:Sh.354 000,5Sh.277 000
A woman opened a hair dressing saloon but went out of business three years
later. She sold off various pieces of equipment for Sh. 12 000. This
represented a uniform rate of depreciation of 15% p.a. estimate the cost price
of the equipment giving your answers to 3 s.f. ANSWER:Sh.19 500
A man bought a sewing machine for Sh. 10 800. After 12 years he sold it for
Sh. 4 000. At what annual rate did the machine depreciate? (Answer to the
nearest integer)
What was the value of the machine when it was 6 years old? (Answer to
the3s.f)
ANSWER:8 % ,Sh.65 500
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POPULATION GROWTH

When the population P increases at a uniform rate r% p.a forn — years, at
the end of the nt" year, the population can be calculated as below.

Initial (present) population = P

Rate on increase = r%

. T T
Population after 1 year =P +P X =P (1 + M)

Population after 2 years = P (1 + ﬁ) +P (1 + &) X &

=P (14 5) (14 5) =P (1+55)

2 2
Population after 3 years = P (1 + ﬁ) +P (1 + ﬁ) X ﬁ

=P (14 5) (14 5) =P (14 1%5)

o r n
~ Population after nyears = P (1 + —)

100

Note

If the population is decreasing at a rate r% with passage of time, then the
n

population after n years can be evaluated as P (1 - 1;—0)

Example

The population of a town increases yearly at a rate of 25 per 1000. It is now
378 530, what it be 3 years hence?
Solution
Present population, P = 378 530
Time, n = 3 years
25

Rate of growth, r = To00 = 2.5%

n
~ Population after 3 years = P (1 + ﬁ)

=378530(1 + 0.025)3

=378 530(1.025)3 = 407 635
In a certain town, population raised at 20 per 1000. Find the number of years
in which the population will be doubled assuming there is neither immigration
nor migration.

Solution s
Let present population = P
Rate of growth = % =2% = 0.02

Time of growth = n — years
Population after n-years = 2P
But population after n years = P(1 + 0.02)" = P(1.02)"
= 2P = P(1.02)" or 2 = (1.02)"
log 2 = log(1.02)" = nlog 1.02

_ log 2

log 1.02

In a Military Academy, 150 trainees were recruited in 2000. The recruiting
team planned to increase the number of trainees each subsequent year at a
rate of 20% of the number for the previous year. Determine the number
expected to be in 2010.

= 35 years
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Solution
In 2000 there were 150
In 2001 there were 150 + 0.2(150) = 150(1 + 0.2) = 150(1.2)
In 2002 there were 150(1.2) + (150)(1.2)(0.2) = 150(1.2)(1 + 0.2) = 150(1.2)?
In 2003 the number will be 150(1.2)% + 150(1.2)2(0.2)
=150(1.2)?(1 + 0.2) = 150(1.2)?
= In 2010, after 10 years, the number is 150(1.2)'° ~ 929 trainees.

Task
The population of a country increases every year by 2.4% of the population at
the beginning of that year. In what time will the population double itself?
ANSWER: 29 years
In Jinja district, 6500 pupils registered for PLE 1996. In 1997 the number of
students increased by 1250 and in each subsequent year the number of
pupils increased by 1/5 more than the previous year. Find the number of
pupils that will be registered in 2006. ANSWER: 40 000t0 3 s.f
If Kenya has a population of 23 million people and a doubling time of 19
years, and growth continues at the same rate, find the population in;

a) 10 years. ANSWER: 33 million

b) 30 years. ANSWER: 69 million
If the population in a particular third world country is growing at 4%
compounded annually how long will it take the population to double?
ANSWER: 18 years
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ANNUITY CALCULATIONS

FUTURE VALUE OF ANNUITY

Bankers call a series of equal annual payment made at equal intervals of
time an Annuity.

Terms associated with Annuities

Immediate/Ordinary Annuity

If each of the annuity payment is made at the end of each period (time
interval), is called immediate annuity.

Future value of an annuity

Is the sum of all the annuity payments plus any accumulated interest.

To find the Amount of Annuity left unpaid for a given number of years,
allowing Compound Interest.

Let R be the periodic deposit, i the rate per period and n the number of
periods in the given years.

Case I: Payment at the end of each period.

At the end of the 15 year, R is due and the amount of this sum in the
remaining (n — 1) year is R(1 +i)* !

At the end of 2™ year, another R is due and the amount of this sum in the
remaining (n— 2) years is R(1+ i)* 2

~Future value = R(1+ )" '+ R(1 + )" 2+ uvu. .. +R(A+D*+RA+D'+R
=RA+A+D+@A+D)2+ v +@A+ D2+ A+ D]
=RA+A+D+@A+D)>+ s ivese e ton — terms]

_ R[A+)"-1] _ R[(A+D)"~-1]

a+i)-1 i

In formula form,

Future value of Immediate Annuity is:

FV = PMT.%

PMT = Periodic payment

i = Rate per period

n = Number of payments (Periods)

FV = Future Value (Amount)
[Payments are made at the end of each

period]
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Generalization of the above series using time line

1yr 2yr 3yr  dyr e (n—2)yr (n—1)yr Years
1 2 3 4 e n—2 n—-1 n No.ofperiods
| ] | I | P Deposits
R R R R R R R
E \s R 3\
' R(1+1)
: R(1 +i)? i
Tommmooooooooe- > 2
> R(1+ )" >§
)
R(1+i)"3 5
[N
R(1+ )" 2
R(1+D)" ! )
Hence the sum of all these annuities plus any interest is;
=R+R(A+1D)+RA+1)?+ . FRA+ D" *+RA+D" 3+ RA+ D" 2 +
R(1+ "1
NOTE:

The future value of annuity is considered when payments are made at the
end of each period (Immediate Annuity)
Banks usually state interest rates as Annual Percentage Rates( APRS)

Case II: Payment at the beginning of every period (payment for every
period)

At the beginning of 1%¢ year, R is due and amount of this sum for n years is
R(1+D)"

At the beginning of 2™ year, another R is due and the amount of the
remaining (n — 1) year is R(1 +i)"!

~ Future value=R(1+ )" + R(A+ )" 1+ v ee . + RA+ D2+ R(1 +10)
=RA+D)+@A+D)?+ e +A+ D) T+ 1+ D]
=RA+DA+A+D)+@A+D)2+ .. +@+D" 2+ A+
=RA+DA+A+D+@A+D)>+ e ton — terms]

_ RA+DA+)"~1]
i
In formula form,

Future value of an Annuity due is:

FV =PMT. %2 [(1+ i) - 1]

PMT = Periodic payment

i = Rate per period

n = Number of payments (Periods)

FV = Future Value (Amount)

[Payments are made at the beginning of each
period/payments are made for every period]
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Case III: Annuity due
Is an annuity where the first payment falls due in the beginning of the first
period or interval, hence Case II.

Generation of Case II series above using time line.

Years
1yr 2yr 3yr 4yr oo (n—=2)yr (n—Dyr
| 1 2 3 P — n-2 n-—1 n_ No. of periods
I I I I I I r .
0 R R R R }3 R ;|3 R Deposits
| \9 R(1+D )
R(1 +0)?
! R(1+0)3
e - >
R(1+i)"3 >
> R(1 + )" 2
R(1+ "t
B p >R +D" )
Hence the sum of all the series plus interest
~ Futurevalue= R(1+ )"+ RA+ )" 1+ v . + RA+ D>+ R(1 + 1)
=RA+DA+A+D+@A+D)2+ ... +@+D" 2+ @+

General examples:
(Immediate Annuity)
A person wishes to deposit$ 1000 at the end of each year in a bank which
pays 10% p.a Compound Interest. If installments are allowed to accumulate,
what will be the total accumulation at the end of 10 years?
Solution
At the end of 1yr, 1% installment of $1000 amounts in 9 years to:
1000(1 + 0.1)° = 1000(1.1)°
The 2™ installment of $ 1000 amounts in 8 years to: 1000(1 + 0.1)% =
1000(1.1)8
The last installment of $ 1000 amounts to: 1000(1+ 0.1)° = 1000
So the total accumulated at the end of 10 years is:
Total = 1000 + 1000(1.1) + 1000(1.1)% + - ... ........+1000(1.1)® + 1000(1.1)° ,

which is a G.P of 10 terms.

_1000[(1.1)*°-1] _ 1000[(1.1)'°-1]
R 0.1 =$15937

Alternatively, using the formula,
P=$1000,i=0.1,n=10,A =?
A=Z[(1+0)" —1]

= %{(1 +0.1)1° - 1] =$15937

(Immediate Annuity)

Jessica deposits $ 100 every 6 months in an account that pays 6% Compound
Interest compounded semi annually. If she made 6 deposits one at the end of
each interest payment period over 3 years, how much money will be on the
account after the last deposit is made?
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Solution

% rate p.a = 6,% rate per 6 — months = g =3%.i.e.i = 0.03,n0.0f periods = 6
At the end of the 15 6 months, $100 is due, and this amounts to:

$100(1 + 0.03)°

The 2™ installment of $ 100 amounts to: $ 100(1 + 0.03)* = $ 100(1.03)*
The 3™ installment of $ 100 amounts to: $ 100(1 + 0.03)* = $ 100(1.03)3
The last installment of $ 100 amounts to: $ 100(1 + 0.03)° = $ 100(1.03)° =
$100

Thus the total accumulated at the end of the 6" deposit (at the end of 3
years) is:

=100 + 100(1.03) + 100(1.03)% + 100(1.03)3 + -+ ....+ 100(1.03)°

=100[1 4 1.03 + (1.03)? + -+ .... +(1.03)°]

_100[(1.03)°-1] _
T er—— $646.84

Alternatively, using the formula
P =%$100,i =g= 3% = 0.03,n = 3 yrs = 6 periods, A =?

_ (1.03)°-1] _
A= 100[ = ] = $646.84

(Immediate Annuity)

When Jim started his first job after he finished college, he opened an

Individual Retirement Account (IRA). He plans to contribute$ 2 500 per year for

38 years until he reaches age 62. He hopes to earn an average annual

percentage rate (APR) of 8% over the 38 year period.

a) If Mr. Jim contributes to his IRA at the rate he plans, how much will his
account be worth when he is 62 years old?

b) How much interest will be earned on the account?

Solution

Given:P =$2500,i = 8% = 0.08,n =38 yrs

At the end of 1% year $2 500 is due, and this amounts to:

$2500(1+ 0.08)%” = $2500(1.08)%” for the remaining years.

The 2™ installment of $ 2 500 amounts to:

$2500(1 + 0.08)%¢ = $2500(1.08)3°

The 2™ installment of $ 2 500 amounts to:

$2500(1+ 0.08)% = $2500(1.08)%

~ the last deposit amounts to:

$2500(1+ 0.08)° = $2500(1.08)° = $2 500

~ the accumulated amount after 38 years is:

= 2500 + 2500(1.08) + 2500(1.08)% + -+- ... ... + 2500(1.08)37

= 2500[1 + 1.08 + (1.08)% + - ...... + (1.08)%7]

= 20IAP-1] _ ¢ 550 789.86
1.08-1 '

Mr. Jim will pay$ 2500 x 38 = $95 000 in to his IRA, so the account will earn:
$ (550 789.86 — 95 000) = $ 455 789.86

John, procrastinating, does not make his first $ 2000 deposit in to an IRA
account until he is 32, but then he continues to deposit $ 2000 on every
birthday until he is 65. If his account also earns 9% compounded annually,
how much (to the nearest dollar) will he have on his account when he makes
the last deposit on his 65" birth day?
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Solution

The 1% deposit is at when John is 32 years.

The last deposit is at when John is 65 years.

~ number of deposits in all= 34, at the end of every year i = 9% p.a,P =
$2000

The 15 deposit (at 32 years) grows to 2000(1 + 0.09)33

The 2" deposit (at 33 years) grows to 2000(1 + 0.09)%?

- the last deposit (at 65 years) grows to 2000(1 + 0.09)°

- the total amount accumulated at the end of the 65" birthday is;

= 2000 + 2000(1 + 0.09) + 2000(1 + 0.09)? + -+ ... ...... +2000(1 + 0.09)33
=2000[1 + 1.09 + (1.09)% + -+ e cev e eee o+ (1.09)33]

_2000[(1.09)34-1] _

== o —$393965

A man puts Rs. 10 at the end of every year in the savings Bank at 2 2 %
compound interest. How much will his savings amount to in 15 years?
Solution

At the end of 1% year, Rs.10 is due, and amounts to 10(1 + 0.025)

At the end of the 2" year, Rs.10 is again due, and amounts to 10(1 +
0.025)3

The last deposit grows to 10(1 + 0.025)°

= total amount = 10 + 10(1.025) + 10(1.025)? + -+ .. ... ... + 10(1.025) 14
=10[1 + 1.025 + (1.025)% + -+ ccs ces e e +(1.025)14]
_10[(1.025)15-1] __
= =Rs17932

A man deposits $ 100 per month in to an account earning 9% compounded
monthly for 5 years. How much interest does he receive?
Solution

59
At the end of the 1% month, 15 deposit grows to $ 100 (1 + %) in the

remaining 59 months.

58
At the end of the 2" month, 2™ deposit grows to $ 100 (1 + %) in the

remaining 58 months.
0
~ at the end of the last month of deposit, deposit grows to $ 100 (1 + %) =

$100
~ total accumulation at the end of 5 years(60 months) is:

=100 +100(1+22)" + 100 (1 +%)2 ot 100 (14 %)59
= 100[1+ (1+52)+(1 +%)2 +---........+(1+%)59]

0.09 60_ 0.09 60_
e

Now total amount deposited= 60 x 100 = 6 000
Interest = Value — Deposits

interest= 7 542.41 — 6000 = $ 1 542.41

Note:

Since 9% is compounded monthly, theni = % = 0.0075
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Jane deposits $ 2000 a year in to an IRA account earning 9% compounded
annually. She makes her first deposit on her 24" birthday and her last
deposit on her 315 birthday (8 deposits in all). Making no additional deposits,
she leaves the accumulated amount from the 8 deposits in an account,
earning interest at 9% compounded annually until her 65" birthday. How
much to the nearest dollar will be in her account on her 65" birthday?
Solution
Given:P = $2000,i =9% =0.09,n=8
At the end of the 1% year, $ 2000 is due and amounts to 2000(1 + 0.09)7 in
the remaining 7 years.
At the end of the 2™ year, $ 2000 is again due and amounts to 2000(1 +
0.09)8 in the remaining 6 years.
- the last deposit of $2000 grows to 2000(1 + 0.09)° = 2000
~ the total amount for the 8 years of depositing is:

= 2000 + 2000(1.09) + 20002000(1.09)% + -+ ... ... ... ..+ 2000(1.09)”

=2000[1 + 1.09 + (1.09)% + -+ .. vuv e e 4+ (1.09)7]

_2000[(1.09)8-1] _
I ra—— $22056.94759

Now since no other deposit after the 8 —deposits, the money grows at
compound interest at a rate of 9% p.a for 34 years after the 315 birthday.
Using A =P(1 +i)"

A =22056.94759(1 + 0.09)3* = $ 413 092
(Annuity due)
A person invests £ 2000 every year with a company which pays interest 10%
p.a. he allows his deposit to accumulate at compound interest. Find the
amount to the credit of the person at the end of the 5" year.
Solution
At the beginning of the 1% year, £2000 is due and his sum amounts in 5
years to
£2000(1 + 0.1)°
At the beginning of the 2™ year, another £2000 is due and his sum
amounts in 4 years to
£2000(1 + 0.1)*
The last deposit (5" year) grows to £2000(1 + 0.1)!
~ total amount accumulated

=2000(1+ 0.1) + 2000(1 + 0.1)% + +-- ....... +2000(1 + 0.1)°
=2000(L.D)[1+ 1.1+ (1.1)% + - eve ... + (1.4

5_ 5_
_ 2000(1.11;[_(11.1) 1 _ 2000(1.13.[1(1.1) 1 _ £13431.22

Alternatively by formula method

P=£2000,n=5,i=01,4="22[1+)" 1]

A= £2000 x 77 x [(1.1)5 — 1] = £13 431.22

(Annuity due)

Mr. John deposits £ 2000 per year in the bank for 10 years at 5% p.a. find
how much will he receive at the end of 10 years if the money accumulates at
compound interest.

160



10.

11.

Mathematics for an A-level student

Solution

At the end of the 10" deposit, the last deposit grows to £2000(1 + 0.05)
At the end of the 9" deposit, the amount grows to £2000(1 + 0.05)?

= the 15 deposit grows to £2000(1 + 0.05)*°

~ total amount accumulated = 2000(1.05) + 2000(1.05)% + -+ ........... +
2000(1.05)°
=2000(1.05)[1 + 1.05 + (1.05)% + - ....... ... + (1.05)°]
2000 (1.05)[(1.05)1°—1] _ 2000 (1.05)[(1.05)1°—1]
- 1.05—1 - 0.05
=£26413.57

Jack operates an account with a certain bank which pays a compound
interest rate of 13.5% p.a. he opened the account at the beginning of the year
with Sh. 500 000 and deposits the same amount of money at the beginning of
every year. Calculate how much will he receive at the end of 9 years. After
how long will the money have accumulated to Sh. 3.32 million.
Solution
At the beginning of the 1t year, Sh. 500 000 is due, and the amount in 9
years is
500 000(1 + 0.135)? = 500000(1.135)°
At the beginning of the 2™ year, another Sh. 500 000 is due and amounts
in 8years to
500 000(1 + 0.135)% = 500000(1.135)8
- the last deposit in the 9" year, amounts to 500 000(1 + 0.135)! =
500 000(1.135)
- the total amount = 500000(1.135) + 500000(1.135)? + -+ ... .... +500000(1.135)°
=500000(1.135)[1 + 1.135 + (1.135)? + -+ ... ...+ (1.135)8]
500000 (1.135)[(1.135)°~1] _ 500000 (1.135)[(1.135)°—1]
1.135-1 0.135
= Sh.8936 281
Let the money accumulate in n — years to 3.32 million
The 1% deposit grows to 500 000(1 + 0.135)" = 500 000(1.135)" in n — years.
The 2™ deposit grows to 500 000(1 + 0.135)"~! = 500 000(1.135)" in (n — 1) —
years.
= the n'* deposit grows to 500 000(1.135)
~ the total amount after n — years
= 500 000(1.135) + 500 000(1.135)2 + - ... ... + 500 000(1.135)"

= 500 000(1.135)[1 + 1.135 + (1.135)% + --....... +(1.135)" 1]
500 000(1.135)[(1.135)"—1] 500 000(1.135)[(1.135)"—1]

1.135-1 0.135

. 6 _ 500 000(1.135)[(1.135)" 1]
% 3.32%x10° = 0135

0.789779735 = 1.135" — 1 or 1.135" = 1.789779735

In(1.135)" = In 1.789779735

In 1.789779735
n=—————=4.6years
In 1.135

Five million shillings are invested each year at a rate of 20% interest. In how
many years will it accumulate to have more than 50 million shillings?
Solution

Since deposits are made each/every year, this is a case of annuity due.
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For the 1% year, Sh.5000 000 is due, and amounts in n years

to Sh.5000 000(1 + 0.2)"

For the 2™ year, another Sh.5 000 000 is due, and amounts in n — 1 years
to Sh.5000 000(1 + 0.2)*¢

- the last deposit in the nt" year amounts to Sh.5 000 000(1 + 0.2)

~ total accumulation after n years is:

=5000000(1.2) + 5000 000(1.2)? + -+ ...........4+5 000 000(1.2)"
=5000000(1.2)[1+ 1.2 + (1.2)% + ... +(1.2)" 1]

__ 5000 000(1.2)[(1.2)"—1] _ 5000 000(1.2)[(1.2)"—1]

- 1.2—-1 - 0.2

Given the total accumulation is Sh.50 000 000

N 50 000 000 = 5000 000(1).22)[(1.2)"—1]
521" —1or12n=2
3 3

8 LB
>1n1.2" = In (5) an =% = 5379666948

~ in 6 years the money would have accumulated more than 50 million.

Task
Find the amount of annuity due of £2000 per year payable in the beginning
of every year for 10 years at 5% p.a ANSWER: £26413.60

Five million shillings are invested each year at a rate of 15% interest. In how
many years will it accumulate to more than Sh. 50 million?
ANSWER: 6 years
A man puts Rs. 10 at the end of every year in the savings Bank at 2 2 %
compound interest. How much will his savings amount to in 15 years?
ANSWER: Rs.179
A company sets aside a sum of £20 000 annually to enable it pay off a
debenture issue of £230000 at the end of 10 years. Assuming that the sum
accumulates at 4% p.a compound interest, find the surplus after paying off a
debenture.
r HINT:

£20 000 will amount to (at the end of 10 years) 20 000(1.04)'°

The 2™ sum amounts to 20 000(1.04)°

- total money at the end of the 10" year wil be:

20 000(1.04)[1 + 1.04 + (1.04)% + -+ vev vovee cev e e +(1.04)%]
10 _
_20 000(1.03)()[;1.04) 1 _ £249 080

Thus the surplus = 249 080 — 230 000 = £19 080
Phionah deposited $ 1000 every 6 months in to an account earning 8%

compounded semi annually. How much will the $1000 amount to at the end
of 10 years? How much of this value is interest?
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HINT:

0.08\1°
15t deposit grows to 1000 (1 + T) in 19 months

18
2™ deposit grows to 1000 (1 + O'Zﬂ) in 19 months

0
=~ last deposit grows to 1000 (1 + O'Zﬂ)

=~ Total value = 1000[1 + 1.04 + (1.04)? + -
=$29778.4
~ Interest = 29778.4 — 20 x 1000 =$9 778.4

Beginning in January, a person plans to deposit$ 100 at the end of each
month in to an account earning 9% compounded monthly. Each year taxes

must be paid on the interest earned during that year. Find the interest earned
during each year for the first 3 —years.
r HINT:

i= % = 0.0075 per month, P = $100,n = 1 year = 12 months.

12_
Value after 1% year = U001 — g9 250,76
Interest for 15t year = 1 250.76 — 12 x 100 = $50.76

24_
Value after 2™ year = % =$2618.85

Interest after 2 years = 2 618.85 — 24 x 100 = $ 218.85
= Interest for 2™ year = 218.85 —50.76 = $ 168.09

36_
Value after 37 year = % =$4115.27

~ Interest after 3 years = 4 115.27 — 36 x 100 = $ 512.27
Now interest for 3" year

S + (1.04)']

= Interest for 3 years minus interest for the 15 two years
= 512.27 — 218.85 = $296.42

What is the annuity at the end of 5 years if $ 100 per month is deposited in to
an account earning 9% compounded monthly? How much of this value is
interest? Answer: $1542.41

A man pays a premium of £100 at the beginning of every year to an
insurance company on the understanding that at the end of fifteen years he
can receive back the premiums which he has paid with 5% compound

interest. What should he receive? (Give your answer correct to 3 s.f)
r HINT:

At the beginning of 15 year,£100 is due and amounts to £100(1 + 0.05)°
for remaining 15 years.

At the beginning of 2™ year,another £100 is due and amounts to

£100(1 + 0.05)* for the remaining 14 years.

The last deposit grows to £100(1 + 0.05)

« Total = 100(1.05) + 100(1.05)% + -+ .. ... .... +100(1.05)'5
15_
= —100(1'053)[?505) U _ 2265749177
~ 22700

A man earned in a certain year £ 2000 from a certain source and his annual
earnings from this time continued to increase at a rate of 5%. Find to the

nearest £ the whole amount he received from this source in this year and the
next seven years. Give your answer correct to 3 s.f.
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r HINT:

Amount in the 15 year = 2000(1 + 0.05) = £2100

Now amount in 2™ year grows to 2000(1 + 0.05)”in the remaining 7 years
or grows to 2000(1 + 0.05)° in the remaining 6 years, taking £2100 as
the beginning amount.

Amount in 3" year grows to 2000(1 + 0.05)%in the remaining 6 years

or grows to 2000(1 + 0.05)° in the remaining 5 years.

. Amount in the last year grows to 2000(1 + 0.05)°

~ Total amount accumulated in the next 7 years is:

= 2000 + 2000(1.05) + 2000(1.05)% + -+ ... ... +2000(1.05)7

= 2000[1 + 1.05 + (1.05)% + -+ ..... +(1.05)7]

8_
— 2000[1.05)7-1] [(01'0055) U _ £19098.21775

~ £19100

10. A credit society gives out a compound interest of 4.5% p.a. Mugaga deposits
Sh. 300 000 at the beginning of each year. How much money will he have at
the end of 4 years if there are no withdraws during this period.(Uneb
2006)Answer:Sh.1 341213

11. A man invests £100 at the end of 1971, £200 at the end of1972, £300 at the
end of 1973, £400 at the end of 1974, £500 at the end of 1975. If all interest
accumulated at 5% p. a, what do his investments amount to at the end of
19767

HINT:

| £100 is invested for 5 years, £200 for 4 years, £300 for 3 years,£400 for 2 years
| £500 for1year
| Total value at the end of 1976 is;

| 4= 100(1.05)° + 100(1.05)* + 100(1.05)3 + 100(1.05)? + 100(1.05) = £1 684.2
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PERMUTATIONS AND COMBINATIONS

FACTORIALS:

Are used in the computations of permutations and combinations
Definition:

The continued product of the first n — natural numbers i.e. the continued
product of n-consecutive integers beginning with 1 and ending with n, is
ctorial n , denoted by the symbol n!

2l =1X2X3X .ot XM
=nn-1)(n-2)(n—3) ........x2x1

Examples
How many different 3-digit number can be constructed from numerals 5,7 and
8 taking each once?
Solution
3-choices arise for the 15 numeral and for each choice; there are a further
of 2-choices for the 2™ numeral. The third numeral is the one that is left
~» 3% 2x1 =6 choices for the 1% and 2" numerals combined exist.
i.e.3l=3xX2x%x1=6

How many 4-digit numbers can be constructed using numerals 1,2,3 and 4
once each?
Solution
4-choices arise for the 1% numeral; each choice leaves 3-ways to select2™
numeral
= 4 x 3 = 12 ways of selecting the first 2-numerals exist.
Each combination of the first two numerals leaves 2-ways to select the
third numeral.
= Therare4 X 3 x 2 X 1 =24ways of selecting first 3-numerals. The last
nmeral s the one left.
~4%x3%X2x1=4!=24 are the number of ways.

Evaluate
a) 6! dj
8! 51
b) 31 e)(S—Z)!Z!
o (7-2)!
Solution

a) 6!=6XxXx5%x4x3x%x2x1=720
8! BX7X6X5x4Xx3x2x1

b) = =6720
31 3x2x1
c) (7-2)!=5'=5%x4x%x3%x2x1=120
31 3x2x1 P
d) i =6 [+ 0'=1]
5! _ 5! 5x4x3x2x1
€) (G-2)121 31217 (3x2x1).2x1) 10
Note
1) From the definition of n!
n=nn-1)n-2)(n—3)........ xX2x1

165



Mathematics for an A-level student

=nXx((n-1)!

~ (-1
2) 2nl=2 >:n!; 2n)!'=02n)2n—-1)2n—-2)...x2x1

Example
1. Simplify
@n+1)!
@2n-1)!
n!
b) (n+1)!
(n+1)!
C) (n—1)!
@2n)!
d) (2n+2)!
Solution
@n+1)! _ @n+1)@n+1-1)2n+1-2)X e x2x1
) @n-1)! @2n-1)!

_ @n+1)@2n)(2n-1)! _
= G = 2n(2n + 1)

a)

n! n! _ n! _ L
m+1)!  +Dm+1-1)!  (+Dxn!  n+1
n+D)! _ (n+Dn+1-1)(n+1-2).....x2x1

-1 (n—1)!

b)

<)

(n+1)xnx(n-1)!
=@ = nn+1)
(2n)! _ 2n)!
(@n+2)! ~ 2n+2)2n+2-1)(2n+2-2)...x2x1
@n)! _ 1
T @n+2)@n+DEn)! | 2(+1)(@2n+1)
2. Write each of the following in factorial notation

a) 4x3x2x1

d)

b) 6x5x4
C) (7><6)><;3><2><1)
Solution
a) 4x3x2x1=4!
_ (6x5x4)x3x2x1 __ g
b) 6x5x4= 3x2x1 T3
C) (7x6)x(3x2x1) _ [(7X6)x5x4x3x2Xx1]|X(3x2Xx1) __ 713!
2 - (2x1)x(5x4x3%x2x1) ~ 2151

Note
Some other terms have been introduced but without changing the meaning
of the question so as to apply n! definition.

PERMUTATIONS
The knowledge of permutations helps in finding the number of ways a set of
objects may be grouped/ arranged under certain conditions.

Definition

Each arrangement/ordered set of objects which can be obtained from a
given set of objects by taking some or all at a time is called permutation of
the given set of objects.
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Notation

If the number of objects in the given set is n and the number of objects in
each permutation is r (i.e.n =), the total number of permutation is
denoted as mp,.

Consider the example below

Qn. Assuming in the department of math, there are four teachers A, B, C and
D; a committee consisting of ttwo members is to be formed for drafting the
math syllabus, list the possible groups.

ANSWER: AB,AC,AD,BC,BD,CD

Hence there is 6-groups altogether i.e. 6 combinations

Qn. Suppose one is to be selected as a president of the syllabus committee
and the other as a secretary, list the possible groups.

ANSWER:

Let the 1% one denote the president and the 2™ as the secretary.

The possibilities are;

Apresident Bsecretary »BA,AC,CA,AD ,DA,BC,CB,BD,DB,CD,DC

Hence there is now 12-possibilities altogether.

= This problem is not only one of grouping but also ordering them.

Thus each of the 12-arrangements made out of 4-letters A, B, C, D by
taking 2-letters at a time viz: AB,BA,AC,CA,AD,DA,BC,CB,BD,DB,CD,DC
is a permutation of the 4-letters taken 2-at a time. i.e. 4p, = 12

NOTE

Permutations involve ordering and arranging. i.e. AB and BA are different;
AB means A is the president , B is the secretary, while BA means B is the
president and A is the secretary.

However for purpose of grouping, AB and BA mean one and same group.
Grouping is more in combinations

IMPORTANT RESULTS OF PERMUTATIONS

Permutations of n-different objects
Permutations of n-different objects taken r-at a time r <n is

n n!

pr=r—;=nn-1)n-2)....M"-1+1)

Permutations in which objects are repeated

The number of permutations of n-different objects taken r-at a time in
which each object is repeated r-times in any arrangement is n”
Permutations of objects not all different

The number of permutations of n- objects of which p-objects are alike of
one kind, g-objects are alike of second kind, r-objects are alike of a third
kind, and all the rest are all different is

Circular permutations

n!

p'q'r!
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In circular permutations, fix the position of one object and then arrange the
remaining (n — 1) out of n-objects in all the possible ways. This can be done
in only

(n—1)!'ways

e) Restricted permutations
i) The number of permutations of n-different objects taken r-at a time
in which p-particular objects do not occur is

n-p

pr

i) The number of permutations of n-different objects taken r-at a time
in which p-particular objects are present is

Pr—p X Pp

Examples
Find the value of n if:
a) npp =3
b) np, =2
c) 2p, =6
d) 3nmp, =30
Solution
n!  _ nm-1)! _ . _
-1 (-1 3 2n=3
n! nn—-1)(n-2)!
(n-2)! Zor (n—2)!
>n —n—-2=0 ~n=2,-1 Requiredn =2
2n)! _ 2n)@2n-1)(2n-2)! _ _ 2 _f =
D) = Zn2)l ~2n2n—1)=6o0r4n“—-2n—-6=0
solvingn = 1.5, —1. Since n is a counting number, then n = 2
3n)! _ (3n)(3n—-1)(3n-2)!
(Bn-2)! (3n-2)!
+3n(3n—1) =30 0r 9n? —3n—30 =0 . Solvingn =2,—= =

Requiredn = 2

a) mp;=3=

C) 2p, =6= 2, =

d) Snp, =30= %np, =

Find n if
i) ompsivpyz=2:1
11) 2n+1 D1t 2n-1 Pp = 3:5
iii) 5616 1 54Poss = 30800 : 1
Solution
i) mps:npy3=2:1=nps/op; =% or in;’:j = (,:!5), X (n;!B)! =2

(n-3)! -2 or (n—=3)(n—4)(n—-5)!

(n—5)! (n—=5)!

a(n=-3)(n—-4) =2

>n2—-7n+10=0 ~n=2o0r5
Sincen > r,thenrequiredn =5 (Reject n = 2)
11) 2n+1 Pp_1': 2n-1 P = 3:5 = 2n+1pn_1 / 2n-1 Dn = 3 / 5
@n+1)! . _G@n-nt 3

T l@n+)-@m-D]! ~ [(2n-1)-n]! 5
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@n+1)! o (=1 _ 3 _ @n+D)  (n—1)!

(n+2)! 2n-1)! 5 @2n-1)!  (m+2)!

@n+1)2n+1-1)(2n+1-2)! (n-1)! 3
(2n-1)! (m+2)(m+2—D(n+2-2)(n+2-3)! 5
(2n+1)(2n)(2n-1) (n—1)! _3
@2n-1)! m+2)@+Dn.(-1! 5
2n2n+1) 3 202n+1) _ 3
nm+D)n+2) 5 (m+D)@m+2) 5

~102n+1)=3Mm?+3n+2)or3n —11n—4=0
>mM-4)Bn+1)=0 ~n= 1,—% Requiredn =1

and non integer n = —% rejected
iii) 56 p,4e : 54 ppy3 =30800: 1
*0Pu+s [ % Puys = 30800/1 = [se—s(réz:e)]z - [54_52?[13)]! = 30?00
= Fooa T Erol =1 = s X oy = 30800
sexgi!xszn (51—?5)55_1;;—1)! — 30800

~3080(51—n) = 30800 or 51—n =10 ~n =41
Task
1) If ©p,_y:1p,,=30:11, findn
ANSWER: n =7
2) Findnif
a) 5X50p,.e=12xn-1p;
b) n+lpg:n-lp;=9:2
C) 2n—1pn;2n+lpn_1=5;3

THE FUNDAMENTAL PRINCIPLE OF COUNTING
Consider the figure below

A, B and C are 3-stations.

x,y and z are 3-routes from A to B

a,b,cand d are 4-routes from B to C

There are 3-independent ways of going from A to B, and corresponding to
each way of going from A to B, there are 4-ways of going from B to C.
Hence there 3 x4 = 12 ways of going from A to C.
i.e.xa,xb,xc,xd,ya,yb,yc,yd,za,zb,zc,zd

With this background the fundamental rules are;

1. Multiplication principle
If one operation can be performed independently in m different
ways, and another operation can be performed independently in n
different ways, the total number of ways in which both operations
can be performed simultaneously is (m X n)ways
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1)

2)

2. Addition principle
If one operation can be performed in m ways, and another
operation can be performed in n ways, and only one operation can
be done at a time, then either of the two operations can be
performed in (m + n) ways
Examples
There are four bus lines between A and B and three bus lines between B and
C.
a) In how many ways can a man travel by bus from A to C by way of B?
b) In how many ways can a man travel round trip by bus from A to C by
way of B, if he doe not want to use a bus line more than once?
Solution

4 x3 =12ways

Travelling from A to C, no.of ways = 4 x 3 = 12 ways. Since the man doe not
want to use the bus line more than once, the number of bus lines from C to
B are 2 and from B to A are 3.

~ no. of ways in which he can travel from C to A by way of Bis 2 x 3 =

6 ways

~ the total umber of ways in which a man can travel round trip by bus from
A to C by way of B not using bus line more than once is 12 X 6 = 72 way

General examples on permutations

Find the number of words that can be formed by considering all possible
permutations of the letters of the word “FATHER”. How many of these words
begin with A and end with R?

Solution

Since all the letters are different,

n=6,r =6 (Taking all the letters for a word)

=>np, =6p6=6!=§=720ways

Since A and R are fixed, permutations are to be done on FTHE
sn=4,r=4 = 4p, =24 ways

How many different words containing all the letters of the word TRIANGLE
can be formed?
How many of them
a) Begin with T?
b) Begin with E?
c) Begin with T and end with E?
Solution
All the letters are different
n=8r=8 . 8pg =38!
a) Since T is fixed for all words, permutations are to be made on R ,I
,AN,G,LLE
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n=7,r=737p; =7!

b) Since E is now fixed, permutations are to be made on the remaining
letters
n=7,r=7=3"7p; =7!

c¢) Now T and E are fixed, hence permutations are to be made on the
remaining 6-letters
“sn=6,r =6 =6p;, = 6!

3) i) In how many ways can the letters of the word “MOBILE” be arranged so
that the consonants always occupy the odd places?
i) How many words can be formed out of the letters “ARTICLE” so that the
vowels occupy the even places?
Solution
i) There are 6-letters of which 3 (M, B, L) are consonants and 3 (I, O, E) are
vowels.
The positions to be filled up with consonants are as below
1 2 3 4 5 6
™M - ® - w -
The total no. of ways consonants can be filled =3 p; = 3! = 6 ways
The total no. of ways 3-vowels can be arranged =3p; = 3! = 6 ways
By fundamental principle,
Total arrangements = 6 X 6 = 36 ways
i) There are 7-letters of which 3 (I, O, E) are vowels
1 2 3 4 5 6 7
- 4 - ) - (E) -
Arrangements of vowels=3p; = 3! = 6 ways
Remaining 4-letters can be arranged in 4 places in 4 p, = 4!ways
By fundamental theorem, total no. of arrangements= 3! X 4! = 144 ways

4) In how many ways can the letters of the word “STRANGE” be arranged so
that the vowels may appear in the odd places?

Solution
There are 7 letters with 2 (A, E) vowels.
1 2 3 4 5 6 7
@ - (E) - -
The 2 vowels occupy only in the 2 out of 4 positions, in which this can be
done in
4D, =2-12 ways

2!
The rest of the letters occupy empty spaces. This can be done in

S5ps = 5! =120 ways
~ total no.of arrangementsare 120 X 12 = 1440 ways

5) How many words can be formed from the letters of the word “FATEPUR”
when
i.  The 3-letters PUR occur together?
ii.  Vowels occur at even places?
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Solution

i.  There are 8 letters. Since the 3 (PUR) letters occur together, we may
regard them as forming one letter, so there are now 6 letters for
permutation.
= The 6 letters can be arranged in 6pg = 6! ways
= The 3 (PUR) letters can be arranged in 3p; = 3! ways
By fundamental principle, total arrangement = 6! X 3! ways

ii. 1 2 3 4 5 6 7 8
- 4 - (E) - ) - =)
3-vowels occupy 3 out of 4 positions in

4p3 = % = 24 ways
Remaining consonants occupy 5-empty spaces (1,3,5,7,8) in
S5ps = 5! =120 ways

~ total no.of arrangements = 120 X 24 = 2880 ways

How many different words containing all the letters of the word “TRIANGLE”
can be formed? How many of them
i) When consonants are never together?
i) When no two vowels are never together?
iii) When consonants and vowels are both always together?
iv) Vowels occupy odd places?
v) Relative positions of vowels and consonants remain unaltered?
Solution
TRIANGLE contain 8- different letters, which can be arranged in 8 pg =
8!ways
Consonants are (T,R,N,G,L)
Vowels are (I ,4, E)
When consonants are never together
Total arrangements consonants when
- ( of 8 — letters )_ ( altogether )
Permutations for consonants when together =5 pg = 5!
Permutations for the word with consonants together .i.e. (TRNGL),I,AE .i.e.
4-letters can be arranged in 4 p, = 4! ways
= The total arrangements when consonants are together = 5! x 4!
~ When consonants are never together = 8! — 4! X 5!ways can arise.
When no two vowels are together = 8! — permutation for vowels when
together. Different arrangement for 2 vowels out of 3

=3p2=%=3!ways

Arrangement for vowels (two) occurring together =2 p, = 2! ways arise
Arrangement for the remaining consonants =5 p; = 5!ways arise

~ Total arrangement for vowels = 2! x 3! x 5!

~When no two vowels occur together = (8! — 2! x 3! X 5!) ways arise

iiij When consonants and vowels are both always together .i.e.(TRNGL), (IAE)

give two letters that can be arranged in
2p, = 2lways
Consonants are arranged in 5 ps = 5!
Vowels are arranged in 3p; = 3!

172



Mathematics for an A-level student

~ Total arrangements= 2! x 3! x 5!

iv) Vowels occupy odd places

7)

8)

9)

1 2 3 4 5 6 7 8
& - o - ® - 0 -
Vowels occupy 3 out of 4 positions in 4 p; = 4lways
Remaining consonants occupy 5 places in 5ps = 5!ways
~ Total arrangements 4! x 5!
TRIANGLE
= For consonants, 5ps = 5!ways occur
= For vowels, 3 p; = 3!ways occur
-~ Relative positions of vowels and consonants remain unaltered in the word
is 5! X 3lways
How many permutations can be made out of the letters of the word
“MISSISSIPPI” taken altogether?

Solution
MISSISSIPPI contains repeated letters .i.e. “S” occurs 4-times, “I” occurs 4-

times and “P” occurs 2-times.

Using permutation of objects not all different .i.e. —™_ = number of

plq'r’

permutations for 11-letters will be= L

414121
In how many ways can the letters of the word “CONSTITUTION” be
arranged? How many of these will have the letter “N” both at the beginning
and at the end?

Solution

Word “CONSTITUTION” consists of 12-letters having O, N, I two times each,
T- 3 times and

U, C, S once each.

Required number of different ways is = 12!

T2 9979200 ways

For having both N at the beginning and at the end, then N is fixed at the
beginning and at the end, there by leaving 10-letters having the above
characteristics.

~ Required number of ways is = % = 151200
In how many ways can the letters of the word “ARRANGE” be arranged?
How many of these arrangements are there in which
a) The two R’s come together?
b) The two R’s do not come together?
c) The two R’s and the two A’s come together?
Solution
ARRANGE has 7-letters out of which 2 are A, 2 are R, 1is N, 1 is Gand 1 is
E
~ Required no. of ways = % = 1260 ways
Two R’s come together give the word A (RR) AN G E consisting of now 6-
letters.

Now word has 2 A’s, N, G, E are all one.
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= Required arrangements = ? = 360 ways

!
[For 2R’s, arrangement = ; = 1]
Required no. of arrangements = 1260 — 360 = 900 ways
Treating both R and A as one individual letter the word becomes
(AA)(RR)NGE consisting of 5-letters that are different
~ No.of ways = 5! — 120 ways

10) a) How many different arrangements can be made by using dll the letters in

11)

the word “MATHEMATICS”? How many of them begin with

i C? ii) T?

b) How many permutations can be made out of the letters of the word
“INDEPENDENCE”? How many of them have vowels occurring together?
Solution

MATHEMATICS has 11-letters of which ‘M’ occurs twice, ‘A’ occurs twice
and ‘T’ also occurs twice. Remaining letters .i.e.11 — 6 = 5 lettersH ,E,I,C,S
are all different from one another.

~ No. of permutations of these 11- letters taken all at a time is

11!
T = 4989600 ways

Fixing C in first position, then the permutation shall be done on the

remaining letters.i.e. 10 letters with the above stated characteristics
10!
No. of ways = 2= 453 600 ways
Fixing T in first position, permutation is to be done on the remaining
letters.i.e.T ,M,A,T,H,E M,A,1,C,S .i.e. in these 10-letters, M and A both
occur twice, T-no longer occurs twice for one of them occupied the first
position.
10!
~ No. of ways = 21 = 907 200 ways
INDEPENDENCE has 12-letters in which ‘N’ occurs thrice, ‘D’ occurs twice,
‘E’ occurs 4-times and the remaining 3-letters I, P, C are all different from
each other.
~ No. of permutations of 12-letters taking all at a time= %
INDEPENDENCE, consists of 5-vowels i.e.l,E,E,E,E (4 — letters are similar)
Taking the 5-vowels as one letter, then (IEEEE)NDPNDNC is the word of 8-

letters consisting of 3 N’s and 2 D’s

8!
~ Arrangement = 321
Permutation of the tied /bracketed vowels= %

8l _ 5!
~ Total no. of arrangements = — X —
31217 4l

a) How many numbers greater than 1 million can be formed with digits 4, 5,
5,0,5,4, 37
Solution

There are 7 digits in all, of which there are 2-fours, 3-fives and the rest are
different.

~ Total no. of arrangements = % =420

Of these numbers, some begin with O and are less than 1-million, so they

must be rejected.
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- I . . 6!
Fixing O at the beginning, possible no. of permutations are= 2 = 60
~ Required number = 420 — 60 = 360

b) (i) Find all the six digit numbers formed from the digits O, 1, 2, 3, 4, 5.
(i) How many numbers of 4-digits can be formed from out of the digits 3,

4,5,6,7, 8 0ifno digitis to be repeated?

Solution

i) The digits can be arranged in ¢ ps = 6! ways

Out of these 6! Ways, there are numbers that begin with “0”

~ Number of such numbers=, 5ps = 5!

6-digit number = 6! — 5! = 600

ii) From the 7-digits, 4-digit number is to be formed.

Number of ways for this, 7p, = g

Out of these numbers, there are numbers starting with 0-digit hence

reducing to 3- digit number.
. 6!
Number of ways for this = 6p; ==

: 71 6l
Required numbers = 3= 720

c) How many odd numbers of 5-digits can be formed with digits 3, 2, 7, 4, O
when no digit is repeated?
Solution
Odd numbers have 3 or 7 digit in the last place.
Odd numbers starting with 0 and have 3 or 7 in the last place exist.
Let us find all 5-digit odd numbers with 3 in last place =4p, = 4! = 24 ways
Now all 5-digit odd numbers with 7 in last place =4p, = 4! = 24 ways
Now finding all odd numbers with O in first place but ending with 3
.i.e.4 — digit number
=3p; = 3! = 6 ways
Also finding numbers with O in first place and 7 in the last place.i.e. 4 —
digit number
=3p; = 3! = 6 ways
Now total number of odd numbers with O in first place = 6 + 6 = 12 numbers
Total number of odd numbers = 24 + 24 = 48
~ Number of odd numbers with 5-digits = 48 — 12 = 36

d) (i) How many numbers of 4-digits can be formed with digits 3, 5, 7, 8, 9, o
digit being repeated? How many of these will be greater 8000?

ii) A number of 4-different digits is to formed using digits 1, 2, 3, 4, 5, 6, 7in
all possible ways. Find how many of such numbers can be formed. Hence
how many such numbers are greater than 34007

Solution

i) 4-digit numbers =5p, = 5!

For 4-digit number to be greater than 8000, 8 or 9 must occupy the first
place.

Permutations of the remaining digits .i.e 3out of 4 after the first being
occupied by 8 or 9
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=4p3 = 4! ways
Since numbers are of 2 types .i.e 8 or 9 starting digits, then
Total number of numbers= 4! x 2 = 48
Alternatively
Number greater than 8000= 5! — (Numbers less than 8000)
Finding 4 — digit numbers < 8000
Numbers < 8000 begin with 3, 5 or 7
Since first place is being occupied in 3-ways, then
4 — digit numbers < 8000 = 3 X Permutation of the 3-digits after the first one
being occupied by 3 or 5 or 7
~ Numbers < 8000 = 3 X4p; =3 x 4!
Required numbers > 8000 = 5! — 3 x 4! = 48
ii) 4-digit numbers formed out of 7-digits in 7p, = g ways
For a number to be greater than 3400,
Case ]

6!

The first digit on LHS must be 4, 5, 6, 7 and the 3-digis occupied in 6 p; = o

The first place in 4-ways

Case I

The first digit on LHS is 3, the second digit must be 5, 6, 7 and the other
two places are occupied by any of the two remaining 5-digits

Case III

The first digit on LHS is occupied by 3, second digit by 4 and the other two
places are occupied by two of the remaining digits

For case I: Total arrangement= 4 X 6 p;

For case II: Total arrangement = 3 X 5 p,

For case III: Total arrangement =5 p,

Total = 4 X 6p; +3 X 5p, +5p, = 560 ways

e) How many numbers greater than 7000 can be formed with digits 3, 5, 7, 8,
9 no digit being repeated?
Solution
Cases in the question
Case I: All numbers with 5-digits are > 7000
This is done in 5 p; = 5!ways
Case II: There will be 4-digit numbers which are> 7000. These start with 8,
9 or 7 but never with 3 or 5
A. 4-digit number > 7000, starting with 8 or 9 are:
2 % ps [ the remaining 3 — digits
are permutated out of 4
B. If the number is to start with 7, the 3-digits must be filled up from
the 4-remaninig digits in 4p; = 4! ways
~ Total arrangement = 4p3 + 2 X 4p3 + 5! = 192
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Task
Uneb 2004
How many arrangements can be made from the letters of the name
“MISSISSIPPI”
a. When all letters are taken at a time?

b. If the two letters P begin every word?
11!

ANSWER: a. Ta
9t [HINT: MISSISSI(PP)I has 10 letters of which 9
414! are to be permutated

How many different words can be formed with the letter of the word
“CAPTAIN”? In how many of these C and T are never together?
ANSWER: 3, taking C and T as one unit= % ,(CT) occur in?p, = 2! - total =
Sxa
In how many ways the letters of the word “PETROL” can be arranged? How
many of these do not begin with P? How many begin with P but do not end
with L? Also find the number of words which can be formed if O and L are
never together?
ANSWER: i) 720 1ii)720 —120 iii) 120—-24 iv) 720—2x 120
How many permutations can be made out of letters all taken together

a) EXAMINATION

b) PERMUTATION

¢) ACCOUNTANT

d) MATAAMA

11!

ANSWER: @) 4 989 600 b)>: ¢ - 7

212121 ) 214!

Circular permutation

In how many ways can 5 persons be seated on a round table conference?
Solution

Let the 5 persons be denoted by letters a, b, c,d and e

NOTE

If these persons are to be seated in a row the five linear arrangements are;
abcde, bcdea, cdeab, deabc, eabed |, are all different from one another. But if are
to be seated at a round table in the same sense as in the figure below,

c d d e e a a b b c
b c d a
Qe Qa Qb ¢ Qc Qd
a b c d e

All the arrangements are the same, for starting with different letters and
reading them in clockwise direction.i.e.abcde, bcdea, cdeab, deabc, eabcd
which are the same as the linear arrangements.

~ A single circular arrangement of the n letters is equivalent to n different
linear arrangements.
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i.e.n X a circular arrangement = n! X (linear arrangement of n — letters)

= No. of circular arrangements = (n — 1)!

Let the circular arrangement = x
= 5Xx = 5! (linear arrangementsof 5 — letters)
1
.-.x=g><5!=4!
~ No.of circular arrangements of 5 — persons = (5 — 1)! = 4!

a) In how many ways can 7 gentlemen and 7 ladies sit at a round table so
that no two ladies are together?
b) In how many ways can 5 gentlemen and 3 ladies sit at a round table so
that no two ladies are together?

Solution

/ Man position No. of ways in which 7 gentlemen can sit on

round table= (7 — 1)! = 6!
Lady position

Since no two ladies can be sitting together, ladies can be put in between the
men .i.e. there are exactly 7 places, 7 ladies can use. This can be done in 7!
Ways.

~ Total no.of ways = 6! x 7! = 3628 800

/ Gentlemen position 5 gentlemen sit on a round
tablein (5 — 1)! = 4'ways
\ Lady position

There are 5 positions 3 ladies can occupy in 5p; = ; ways

~ Total nu.of ways required = 4! X ; = 1440 ways
Task
In how many ways can 7 people be arranged at a round table so that two
particular persons be together?
A family of 4 brothers and 3 sisters is to be arranged for a photograph in one
row. In how many ways can they be seated if
a) All sisters sit together?
b) No two sisters sit together?
HINT:
Total no.of arrangements in which all sisters sit together = 5! X 31 =720

Taken as one = S
| | | |
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~ Permutation of B;B,B3B;S = 5!
Now permutation of §;5,5; = 3!
Total permutation= 5! x 3!

S S, S,
ii) I o I o I o I

Permut 2ln of all ?zzrsons= Bs By

Permutations of sisters seated together
=5Ix3!
~ Total= 7! — 5! x 3! = 4320

There are 6 books of Economics, 3 of Math and 2 of Accountancy. In how
many ways can these be placed on a shelf if the books on the same subject
are to be together?

HINT: 6E’s, 3M’s and 2A’s are different= 6! x 3! x 2!

A library has 5 copies of one book, 4 copies of each of two books, 6 copies of
each of 3 books and a single copy of 8 books. In how many ways can all the
books be arranged on the shelf?

HINT: total number of books of same kind=1x5+4Xx2+6x3+8=

39 books of which same types are 5, 4, 4, 6, 6, and 6
390 39
51414161616!  51(41)2(6!)3

~ Total number of arrangements=

COMBINATIONS
Definition:
The different groups/collections/selections that can be formed out of a
given set of objects by taking some or all of them at a time (without regard
to the order of arrangements) are called

Combinations
NOTATION
The number of combinations of n-different objects taken r-at a time is
denoted as

n! . . . .
= = ———, called combinatorial coefficient
r! ri(n-r)

IMPORTANT DEFINATIONS IN COMBINATIONS
Complementary combinations
.i.e.The number of combinations of n different

i n n
) C="Chy

objects taken r at a time is equal to the number of combinations of n
different objects taken (n—r) at a time.
Proof

n! n! n!

T i)t = (m—r)![n-n+r] = (m—r)![n—(n—-1)]

=n CTL—T

i) | "c,="Co=1
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Proof
nC. =™
n T nitn—n)! nlol
! !
Also n'CO = n = I =1

n!(n—0)! n!o!

111) " Cr + ! Cr+1 = ™ Cr+1 OR ncr + ! Crfl = ™ Cr

i.e. The number of combination of n objects taken r at a time plus the
number of combinations of n taken (r+1) or (r-1) in the above formulae
respectively at a time is equal to the number of combinations (n+1) objects
taken (r+1) or respectively at a time.

Proof
nCy Gy =1 Gy
n! n! n! n!
"Gy G = ri(n—r)! + EH+DIn—+D]!  rin-r)! + @+D![n—r—1]!
n! 1 1 .
= o—om [n_r + m] taking out common factor
_ n! r+l+n—r . . _ n! (n+1)
T (n—r=1r! [(n—r)(r+1)] addlng two fT‘aCthTlS T (—r=Dr!" (n-r)(+1)
" v m-r=-Dln-r)=mn-r)!
N D L | — |
GO rtr+1)=(r+1)!
nln+1)=mn+ 1!
_ (n+1)! . _ .
T [ DG+ DI+ [“(+D -+ =n-r]
= n+l Cr+1

b) Restricted combinations
i. The number of combinations on n objects taken r at a time in which p
particular objects are always included is

n-p
C r—p

ii. The number of combinations of n objects taken r at a time in which p
particular objects never occur is

n-pC
r

c) Total number of combinations of n-objects all different
The total number of combinations of n-different objects taken some
or all at a time is

"C1+"Co+"C3 et "€, =2 — 1

d) Group division
The number of ways in which (m + n)objects m and n being un
equal, can be divided in to two groups containing m and n objects
respectively is

(m+n)!
m!n!
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Example
Evaluate
i) 6c3 ii) 7¢, iii) 4¢, iv) 5¢
Solution
. 6! 41
i) 6c3=55=20 i) 4¢p =0 =
.. 71 . 51
ii) 7c2=ﬁ=21 iv) 561=m=
Find n if:
a) nc, =3 b) 2ncy:nc, =44:3 C) 28¢y,:24%¢cy, 4 =225:11
Solution
a) nc, = n! 3o n(n-1)(n-2)! _ 3
27 -2t (m-2)12t

n(r;'—1)=30rn2_n_6=0 an=3,-2

Taking n = 3; n = —2 isrejected

() n 44 2n)! (n-2)12! 44
2 . — - = — =7
b) 3t e @2n=3)13! © (n—-2)12! 3 (2n-3)!13! n! 3
- 2n@n-1)@2n-2) (n=2)2! _ 44
3! n(n-1)m-2)! 3
_, 2n@n-1)@n-2)@2n-3) 2__ 4 tenl) 4
6 n(n-1) 3 3 3

“2n—1=1lorn==6

Findnif np,=30.n¢g

Solution
n! n! 1 30
(n—-4) 30 x (n—5)!5! = (n-4)(n-5)!  (n—5)!5!
1 11
m—a—z snm—4=4o0rn=28

There are 12 men and 9 women. In how man ways can they stand in a row
so that no two women are together?

Solution

Let the 12 men (denoted by M’s) be put in a row as shown below.
XMXMXMXMXMXMXMXMXMXMXM XM X

In order that no two women may be put together the women can only be put
in places marked as X, and the men are 12, the number of such places is
13.

~ In order to place the 9 women we must choose any 9 out of 13 places.i.e.
13!

Bcgor B3¢, = o= 715 ways

In how many ways can a committee of 3 ladies and 4 gentlemen be
appointed from a meeting consisting of 8 ladies and 7 gentlemen?
Solution

3 ladies can be selected from 8 in 8c; ways.

4 gentlemen can be selected from 7 in 7 ¢, ways

~ The number of ways in which a committee can be selected is

8c3 X 7cy = 1960 ways

A committee of 4 men and 3 women is to be formed from 10 men and 8
women. In how many ways can the committee be formed? (uneb2011)
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Solution

4 men can be selected from 10 men in 0¢,

3 women are selected from 8 women in 8 c3

Total number of ways of selecting committee =10¢, X 8 c; = 11 760 ways

In how many ways can a committee of 6 men and 2 women be formed out of
10 men and 5 women?

Solution

6 men selected from 10 men in 10 ¢, ways

2 women selected from 5 women in 5 ¢,

Total number of ways of selecting a committee =10¢ X 5¢, =2 100

A group of nine has to be selected from 10 boys and 8 girls. It can consist of
either 5 boys and 4 girls or 4 boys and 5 girls. How many different groups
can be chosen?(Uneb 2006)

Solution

Case I

5 boys selected from 10 boys in 10 ¢

4 girls selected from 8 girls in 8¢,

Total number of selection = 10¢5 X8 ¢,

Case 11

4 boys selected from 10 boys in 10¢,

S girls selected from 8 girls in 8¢y

Total number of selection = 10¢, X85

~ Overall total number of selection =10¢; X8 ¢, +10 ¢, X85 = 29 400

In a multinational company, 3 branches in a particular country are managed
by 4, 5 and 8 persons. In how many ways can 20 persons be allotted to the
different branches?

Solution

Let the branches be A, Band C

For branch A

Let the 1st 4 persons be selected out 20 persons.

Number of ways =20,

Having selected 4 persons for branch A, 5 persons can be selected out of
the remaining 16 for branch B in 16 csways

After this 8 persons for branch C out of the remaining 11 in llicg ways
By fundamental theorem, selection of persons can be made in

20 ¢y X 16 ¢ X llcg ways

At an election 3 wards of a town are canvassed by 4, 5 and 8 respectively. If
20 men volunteer, in how many ways can they be allotted to the different
wards?

Solution

Let 3 wards be A, Band C

Let A be canvassed by the 1st 4 out of 20 in 20¢, ways

B will be canvassed by 5 out of remaining 16 in 16 c5 ways
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C will be canvassed by 8 out of the remaining 11 in llcg ways
~ Total number of ways =20¢, X 16¢5 X llcg

11. From 6 boys and 4 girls, 5 are to be selected for admission for a particular
course. In how many ways can this be done if there must be exactly 2 girls?

Solution
Type of selection Boys (6) Girls (4)
A 3 2

= A can be done in 6¢; X 4¢, = 120 ways

12. From 5 gentlemen and 6 ladies, a committee of 5 is to be formed. In how
many ways can this be done if
a) The committee is to include at least a lady
b) There is no restriction about its formation
c¢) Not more than 3 gentlemen?

Solution
a) Lady (6) Gentlemen (5) No. ways of formation
1 4 6c; XS¢y
2 3 6cy, X 5S¢
3 2 6c3 X 5¢,
4 1 6cy X5¢
5 0 6cg X 5¢

~ Number of ways in which a committee includes at least a lady is
=6c; X5¢,4+06cy; XS5c34+0c3 X5¢y, +6¢4 X S¢; +6¢5 X 5S¢
=304+ 50+ 200+ 75+ 6 = 461 ways
b) When there is no restriction about formation 5 are selected out of 11 in
11 ¢s =231 ways

c) Gentlemen (5) Lady (6) Type of committee No. of ways
0 5 A Scy X 6cg
1 4 B S5¢y X 6¢y
2 3 C 5c¢, X 6¢c3
3 2 D S5c3 X 6¢y

~ Number of ways in which a committee consisting of not more than 3

gentlemen is formed in

ScoX6c5+5c; X06cu+5¢c;X6c3+5¢c3X6¢c; =6+75+200+ 150 =431 ways
13. The question paper on math and statistics contains 10 questions divided in to

two groups of 5 questions each. In how many ways can an examinee select 6

questions taking at least 2 questions from each group?

Solution
Group (A) [5 questions] Group (B) [S questions] No. of ways
2 4 5¢, X 5S¢y
3 3 Sc3 X 5¢3
4 2 5S¢y, X5¢,
5 1
6

0 \
Not considered since at least two questions from each group are to be

considered.
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~ Total number of selection =5¢, X 5S¢, +5¢3 X 5¢3+ 5¢, X 5¢y
=50+ 100+ 50 = 200 ways
14. A council consists of 11 members of which 5 are permanent and the

remaining are temporary. A solution is declared to be passed by the council if
it receives at least 7 votes including all the permanent members. Find the
number of ways in which the resolution can be passed. What will be the
number of ways if;

a) For passing a resolution, only a simple majority was selected

b) Any 7 or more votes could secure the passing of the resolution?

Solution
Permanent vote (5) Temporary vote (6) No. of selection
) 2 Scy X 6¢cy, =15
) 3 Scy X 6¢c3 =20
) 4 Scy X 6¢y =15
) 5 Scy X 6cg =6
5 6 ScgX6cg=1

~ Total number of ways = 15+20+15+6+1 =157
a) For simple majority either 6 or 7 or 8 or 9 or 10 or 11 votes out of
11 are required. This is done in
e+ 11cy + 1lcg +11cg + 1l ¢y + 11 ¢y = 1024 ways
b) Number of ways =1lc¢; + 1lcg +1lcg + ¢y + ¢y = 562 ways

15. A council consists of 10 members, 6 belonging to the party A and 4 to the
party B. in how many ways can a committee of 5 be selected so that the
members of the party A are in the majority?

Solution

A (6) B (4) No. of ways
5 0 6cg X 4cy =6
4 1 6c, X 4¢; = 60
3 2 6c3 X 4¢c, =120
2 3
1 4 \/

, cannot be taken since party (A) must be the majority.
~ Total number of selection = 6 + 60 + 120 = 186

16. Among 20 members of a cricket club there are 2 wicket keepers and 5
bowlers. In how many ways can 11 be chosen so as to include only one of the
wicket keepers and at least 3 bowlers?

Solution
Type | Wicket Bowler | No. of players other Number of ways
players [Smax] | than Wicket of
2 max Bowlers [13 max]
A 1 3 7 2¢y X5¢c3 %X 13¢y
B 1 4 6 2¢1 X 5¢y X 13¢q
C 1 5 5 (Exhausted) 2¢y X 5¢g X 3¢y
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~ Total number of ways =2¢; X 5¢c3 X 13¢c; +2¢; X 5¢, X 13¢5+ 2¢y X 5S¢y X 13
¢s = 54 054 ways

16. A cricket team of 11 players is to be formed from 16 players including 4

bowlers and 2 wicket keepers. In how many ways can a team be formed so
that the team consists of at least 3 bowlers and at least one wicket keeper?
Solution

Wicket keeper (2 max) bowlers (4 max) Neither wicket nor keeper (10 max)

1 3 7

2 4 5
i &
B 6!

Further two possibilities
~ Total selection = 2¢; X 4¢3 X 10¢; +2¢; X 4y X 10¢cg+2¢) X 4¢3 X 10¢g + 2
Cy X 4cy X 10¢cs =2472ways

a) A bag contains a mixture of 8 Rupee, 6 Fifty paise and 4 Twenty paise
coins. In how many ways selection of 3 coins can be made so that
i)  all the three are Rupee coins
ii) one is of each denomination
iiij) none is a Rupee coin
Solution
i) For all to be Rupee coins, the 3 coins are selected from 8 Rupee in
8c3 X 6¢y X 4¢y =56 ways
i) One of each denomination is to be chosen; 1 Rupee can be chosen out of
8 in 8¢, 1 Fifty paise is taken out of 6 in 6 ¢; and 1 Twenty paise in 4¢;
ways.
~ Total number of choices =8c¢; X 6¢; X 4¢; =192 ways
iij) None is a Rupee coin if the 3 coins are to be selected from Fifty paise and
Twenty paise .i.e. a total of 6 +4 =10
~ Total number of ways = 10¢; = 120 ways

b ) A box contains 7 red, 6 white and 4 blue balls. How many selection of 3
balls can be made so that
i) All three are red balls
i) Noneis a red ball
iii) There is one ball of each color?
Solution
i)  All 3 balls are red and are selected from only 7 red balls in 7 ¢; = 35 ways
ii) No red ball, the 3 balls are selected from the other colors .i.e. out of
6 +4 =10 balls
~ 10 ¢c3 = 120 ways of selection
iii) One ball of each color is selected in 7c¢; X 6¢; X 4 ¢, = 168 ways

c) A committee of 4 persons is to be appointed from 3 officers of the
production department, 3 officers of the sales department, 2 officers of the
purchase department and 1 cost accountant. In how many ways should a
committee be formed so that
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i)  There must be one from each category
ii) It should have at least one from purchase department?
Solution
i)  Number of ways of forming a committee from each category = 3¢; X 3 ¢; X 2
¢ X ¢y =18 ways
i) A committee with at least 1 from purchase department
= No. of ways of (1 — from purchase department +3 from other depts.)
+(2 — from purchase dept.+ 2 from other depts.)
=2¢; X Tc3+ 2¢cy X ¢y = 92 ways

d) An urn contains 8 white and 3 red balls. In how many ways should 2 balls
be drawn so that

i)  Both are white

ii) Both are red

iiij) One is of each color?
Solution

i) 2 white balls are drawn from 8 in 8c, = 28 ways

ii) 2 red balls are drawn from 3 in 3¢, = 3 ways

iii) No. of ways in which 1 white and 1 red can be drawn out of 8 white

and 3red = 8c; X 3¢; = 24 ways

e) A subcommittee of 16 members is to be formed out of a group of 7 men and
4 ladies. In how many ways can the subcommittee be formed in order to
consist of
i)  Exactly two ladies
ii) Atleast 3 ladies
Solution
i) 2 ladies out of 4 and 4 men out of 7 can be selected in
4cy X 7cy = 210 ways
i) The subcommittee will consist of at least 2 ladies if there are 2, 3 or
4 ladies in it in each case the number of men would be 4, 3 and 2
respectively.
No. of ways = 4c; X 7cy + 4¢3 X 7c3 + 4cy X 7c; = 371 ways
f) A bag contains 6 white and 9 black balls. Two drawings of 4 balls are
made such that
i)  The balls are replaced before the second trial
ii) The balls are not replaced before the second trial
In how many ways should the first drawing give 4 white and the
second 4 black balls in each case? What if no restriction of which is
the first or second drawn, find the number of ways this can be done
in each case.
Solution
i)  No. of ways in which 4 white balls are drawn = 6c, ways
No. of ways in which 4 black balls are drawn = 9, ways
ii) At the first trial number of ways of drawing 4 white = 6c, ways. When 4
white balls have been removed the bag contains 2 white and 9 black balls
~ No. of ways = 9¢, ways
If no restriction; (i) 15¢, X 15¢, (i) 15¢, X 1lcy
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Task
A student has to answer 8 out of 10 questions in an examination.
a) How many choices have he?
b) How many if he must answer the first three questions
c¢) How many if he must answer at least 4 of the first five questions?

Solution
8 out of 10 can be selected in 10¢g = 45 ways
Since the first three questions are compulsory only 5 out of the remaining
7 questions must be selected. This can be done in 7c5 = 21 ways
Case I: 4 from the first 5 questions and 4 from the remaining 5
questions
Case II: 5 from the first 5 questions and 3 from the 3 remaining questions
~ No. of ways = 5¢, X 5¢c, + Sc5 X 5¢3 = 35

How many combinations can be formed of 8 counters marked 1. 2, 3, 4, 5,
6, 7 , 8 taking them 4 at a time, there being at least one odd and one even
counter in each combinations?
Solution
4c3 X 4cp + 4y X 4cy + 40y X 4c3 = 68
Find the number of combinations of the words “ACCOMMODATION?”,
“COLLEGE” taken 4 at a time. ANSWER: For ACCOMMODATION: 167 ,
COLLEGE, 5¢4 + 2¢q X 4cy + 2¢c, = 18
i) neyg = nc¢yyp ii) ne; = ney iii) nes + ne; = 6 ANSWER: (i) 22 (ii) 10
Find the value of rif

a) np, =30240 and nc, = 252 ANSWER: r =5

b) ¢, = NCyp—s
A committee of 4 men and 3 women is to be formed from 1o men and 8
women. In how many ways can the committee be formed? (Uneb2011)
ANSWER: 10¢, X 8¢c3 = 11760
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POLYNOMIAL FUNCTIONS AND EQUATIONS
Polynomial functions of one variable

A Polynomial in the symbol x over the real numbers R, is an algebraic
expression that can be written:

ax"+a, X" 1+ a, ;x" %+t a1 + ay, where n is a non-
negative integer, the coefficient a;inR, and Ra, # 0

The number n is said to be the degree of a polynomial and a,, is called
the leading coefficient.

A polynomial function f(x) is an algebraic function that can be written
as:

FX) = apx™+ ap 1 X" 1+ ap x4 oo+ @ x + @y, where x is a
variable whose domain is the set of real number R

1)
2)
3)
4)
5)
6)

Examples of polynomial functions
f(x)=x"+2x3+1, degree=5
f(x)=2x3+5x+1, degree =3

Examples of non-polynomial functions

1
f(x) =Vx +2x® + 1; x2 non permissible
r()=2ix?+2;3i¢ R

Division of a polynomial by another polynomial
Two methods may be applied

e Long division

e Synthetic division
The polynomial f(x) = @x™ + @p_1x" 1 + ap_x" % + ...+ a;x + a4 can be
divided by a DIVISOR to either get a QUOTIENT only or quotient +
REMAINDER. The polynomial being divided is called a DIVIDEND.

LONG DIVISION

Steps followed are:

Arrange the dividend in descending powers of the variable

Insert with O coefficients any missing terms of less than degree n
Divide the 1% term of the divisor in to the 1 term of the dividend
Multiply the divisor by the result from step (3) above, line up like terms
Subtract as arithmetic and bring down now the remaining terms
Repeat the process until the degree of the remainder is less than that of the
divisor.

NOTE:

Division of a polynomial by a divisor will be possible if the degree of
polynomial is greater than that of divisor.

Examples

Divide

f(x)=5+4x3—-3xby2x—3

f(x)=x—2x*+2by x> —x—2

f)=x+2x3+2byx®+x+1
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Solution
a) } .
Divisor 292 4 3x + 3 Quotient
.
2x —3 4x3 +0x%2 —=3x+5 } Dividend
4x3 — 6x2
6x*2—3x+5
6x% — 9x
6x+5
6x —9
14 }’ Remainder
L) 52 14 _ 2
o3 = 2XTH3x+ 34— or f)=(2x*+3x+3)(2x—3)+ 14
In general, Dividend = (Divisor)(Quotient) + Remainder
NOTE:

i) Divisor 2x — 3 is linear

i) Dividend 4x3 —3x + 5 is of degree n = 3

iii) Quotient 2x% + 3x + 3 is of degreen—1 =2

iv) Remainder 14 is a constant
xt+x3+x2+3x+6

b) ,

X“—x—2 20+ 0x5 —2x* +0x3 +x2 +0x -2

x0 — x5 — 2x*

x% 4+ 0x* 4+ 0x3 + x% 4+ Ox
x5 — x* — 243

4263 +x2+0x-2
4

xt —x3 — 242

363+ 3x2 +0x—2
3x3 —3x2 — 6x
6x2 + 6x — 2
6x% 4+ 6x —12
12x + 10

a xzf—(i)—z =x*+x3+x%+3x+ iff:ig

NOTE:
i) Divisor x* —x — 2 is a Quadratic
i) Dividend x® — 2x* + 2 by x2 — x — 2 is of degree n = 6
i) Quotient x* +x3 4+ x? + 3x + 6 is of degree n — 2 = 4
iv) Remainder 12x + 10 is linear

2
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P+ +x2+3x+6

B +0x%2—x-2 x° 4 0x* +2x3 + 0x2 + 0x + 2

x° + 0x* + x3 + x2

x3—x2+0x+2
B4+t +x+1

W f® o i —x?—x+1
x3+x+1 x3+x+1
NOTE:

Divisor x3 +x + 1 is a Cubic

Dividend x° + 2x3 + 2is of degree n =5
Quotient x? + 1 is of degree n — 3 = 2
Remainder —x? — x + 1 is Quadratic

Summary of the results:

Degree of Divisor Degree of | Remainder
Polynomial Quotient
(ax+ b) R
Linear n—-1 Constant
(ax + b)? Ax+B
or (ax+ b)(px+ q) or ax* + bx+ ¢ n—2 Linear
n Quadratic

(ax + b)3
or(ax + b)(px+ q)(mx + n) n—3 Ax* + Bx +C
orax®+bx*+cx+d
Cubic

The above table is important in finding the remainder basing on the type of
the divisor. It is so much applied in remand theorem.

SYNTHETIC DIVISION
Key steps in synthetic division process
To divide f(x) = Polynomial byx —a
Arrange the coefficients of f(x) in descending powers of x. write zero as the
coefficient for each missing power
After writing the divisor in the form(x — a), use a to generate the 2™ and 3™
row s as follows: bring down the 15 coefficient of the dividend and
multiplying it bya; then add the product to the 2" coefficient of the
dividend. Multiplying this sum by a and add the product to the 3™
coefficient of the dividend.
Repeat the procedure until a product is added to the constant term of
thef(x).
The last nu number to the right in the 3™ row of numbers is the remainder.
The other numbers in the 3" row are the coefficients of the quotient which
is of degree< f(x).
Examples
Use synthetic division to find the quotient and remainder resulting from
dividing;

a) f(x)=4x>—-30x3-50x—2by x+3
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b) f(x)=2x*+3x3—x—-5by x+2
Solution
a) Divisor=x+3=x—-(-3) ~a=-3
Dividend = 4x5 + 0x* — 30x3 + 0x% — 50x — 2

15 row: 0 - 30 0 - 50 -2

2M pow:

= The quotient is:4x* — 12x3 + 6x% — 18x + 4
The remainder is: —14

2 L9 gyt 2% 46X — 18x + 4 —
x+3 x+3

b) Divisor=x+2=x—(-2) ~a=-2
Dividend = 2x* 4+ 3x3 +0x> —x -5

2 3 0 -1 - } Dividend Coefficient
—4 2 —4 10
-2 |2 -1 Y 2 - | } Remainder
Quotient Coef ficient

= The quotient is:2x3 — x> +2x -5
The remainder is: 5
DB g3 2 ox—5 -2
x+2 x+2
THE REMAINDER AND FACTOR THEOREM

Remainder Theorem

If f(x) is a polynomial of degree n ,n > 0 and if cis a number, then the
remainder in division of f(x) by (x — ¢) is f(c). In symbols,

f(x) = (x—1c).Q(x) + f(c), where Q(x) is a quotient of degreen — 1

Proof:
Dividing f(x)by (x — ¢), you obtain a quotient and a remainder r (a real
number)

fo) .
iSRG Ry

Sf)=0M).(x—o)+r

This is an identity, true for all values of x.
If x = ¢, then f(xc) = Q(c).(c—¢c)+r

a1 =f(0)

NOTE:
The theorem is stated in terms of (x — c), the difference between x and the
number c.
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The factor Theorem

A number cis a zero of polynomial function f of degree n,n > 0, if

and only if x — c is a factor of f(x).

Proof:

From the remainder theorem f(x) = Q(x).(x —c) +r, if f(c) =0
(Remainderf(c) = 0), then f(x) = (x — ¢). Q(x).

Consequently (x — ¢) is a factor of f(x).

Now from f(x) = (x — ¢).Q(x), for x = ¢ then f(c) = Q(¢).(c —c¢) = 0. Thus for
a polynomial function f(x), if x — c is its factor, then f(c) = 0. i.e. remainder
is zero.

To test whether or not a linear polynomial mx 4+ b,m # 0 is a factor of f(x)
you write;
b b
mx +b =m(x+;) =m[x—(—;)]
b —
, and see whether f (—;) =0
By factor theorem,mx + b is a factor of f(x) if and only iff (— %) =0

Examples

Find the remainder whenx® + x — 9 is divided by;
a) x+2
b) x-3

Solution

Let f(x) = x> +x—9

x+2=x—-(-2)

“f(=2)= (=2)°+(-2) -9 = —43

x—3

~f(3) = (3)°+(3)—9=1239

Find the remainder when 4x* — 5x + 4 when divided by;

a) 2x-—1
b) 2x+3
Solution

Let f(x) = 4x3 —5x + 4
— _1
2x-1=2(x-3)

)=o) -5 v a2
(-9 4(-2) -5(-ra-

Find the value of constant a if;
i) x3—3x%+ ax + 5 has a remainder 17 when divided by x — 3
ii) x° +4x* — 6x% + ax + 2 has a remainder 6 when divided by x + 2
iii) 4x3 —ax + 5 has a remainder 2 % when divided by 2x — 1
iv) 3x3 + ax? — 6x + 3 has a remainder 5 when divided by 3x + 1
Solution
Let f(x) = x3 — 3x% + ax + 5, Remainder= 17 when divided by x — 3
~ Remainder= f(3) = 17
=32 -33)Y+aB)+5=17
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~3a+5=17 ~a=4

Let f(x) = x° + 4x* — 6x? + ax + 2, Remainder= 6 when divided by x + 2;
Divisor =x +2 =x — (-2)

Remainder= f(-2) = 6

= (=2)°+4(-2)*-6(-2)?+a(-2)+2=6

~—=2a+10=6 ~a=2

Let f(x) = 4x3 — ax + 5, Remainder= 2% when divided by 2x — 1

Divisor =2x—-1=2 (x—%)
1

Remainder= f (E) = 2%

4 a5 -2
‘..%_'_12_1:; La=—6

Let f(x) = 3x3 + ax? — 6x + 3, Remainder= 5 when divided by 3x + 1

Divisor=3x+1=3(x+§)=3[x_(§)]

Remainder= f (— %) =5

>3- sel() ~o( -

a
9
Show that;
i) 12x3 4+ 16x? — 5x — 3 is divisible by 2x — 1
ii) 2x3 4+ x? — 8x — 4is divisible by 2x + 1
iii) x+ 2 and x + 1 are factors of 2x3 + 5x% + x — 2
Solution
Let f(x) = 12x3 + 16x* —5x — 3
f(x)is divisible by 2x — 1 if Remainder = 0

Remainder= f G) =0 [ 2% —1=2 (x _ %)]

1\ _ 1\3 1)2 1 _
=f(3)=12(;) +16(;) -5(;)-3=0
~ 2x — lis a factor of 12x3 + 16x2 — 5x — 3 or 12x3 + 16x% — 5x — 3 is divisible
by 2x —1
Let f(x) =2x3 + x> —8x—4
2x+1=2 [x - (—%)]is a factor of f(x) if Remainder = 0

3 2
Remainder = f(—%) =2 (—%) + (—%) - 8(—%) -4=0

~ 2x + 1is a factor of2x® +x% — 8x — 4

Let f(x) =2x3 +5x* +x —2

x + 2 = x — (—2)is a factor of f(x) if Remainder = f(—2) =0

= f(=2) = 2(=2)% + 5(-2)?>+ (=2) —2 = 0. Hence x + 2 is a factor.
Also x + 1 =x — (—1) is a factor of f(x) if Remainder = f(—1) =0
= f(-1) = 2(-1)3 +5(-1)>+ (-1) =2 = 0. Hence x + 1 is a factor.

NOTE:

For all the above examples the factors and divisors used are all linear. Now
let us look at examples of non-linear divisors.
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Examples
Find the remainder when;
a) x*—5x3+ 6x% -7 is divided by (x — 1)(x — 3)
b) x*+x?—7is divided by x? — 4
c) x°>—7x3+4x—2is divided by (x + 1)(x — 1)(x — 3)
d) x°+x?—4x—3is divided by (x? —4)(x+ 1)
Solution
Let f(x) =x*—5x3 + 6x2 -7
Divisor = (x — 1)(x — 3) .i.e. Quadratic divisor.
Let Remainder= Ax + B .i.e. Linear remainder.
= fX)=x—-1(x—-3).Q(x)+Ax+B
Forx =1
S>f)=01-1)1-3).Q1)+A1)+B=A+B ~ f(1)=A+B
Also from f(x) = x* - 5x3+6x> - 7= f(1) = (1)*-5(1)3 +6(1)2 -7 =-5
Sf@)=-5
A B = — S (1)
Also for x =3
=>f3)=0B-1)3B-3).08)+A4B)+B=34+B - f(3)=34+B
Now from f(x) =x* —5x3 +6x> - 7= f(3) = (3)*-5(3)3+6(3)2-7=-7
£ f@3)=~7
SBAFB = =T e, 2)
Solving (1) and (2) simultaneously, eqn. (1)— eqn. (2)
>—-24=2 ~A=-1
Fromeqgn. (1),B=-5-4=-5+1=-4
~ Remainder = —x — 4
Let f(x) =x*+x% -7
Divisor = (x? — 4) = (x + 2)(x — 2) .i.e. Quadratic divisor.
Let Remainder= Ax + B .i.e. Linear remainder.
S =(x+2)(x—2).0x)+Ax+B orx* + x> —7=(x+2)(x—2).Q(x) +
Ax + B

Forx =2

f(2)=24A+B=()*+(2)*?-7=13

S2A4B =13 e (1)
For x = -2

f(=2)=—-24+B=(-2)*+(-2?*-7=13

W =244 B =13 i 2)

Solving (1) and (2) simultaneously, eqn. (1)+ eqn. (2)
=2B=26 ~B=13

From eqn. (1), B =§(13 —-B)= %(13 -13)=0

~ Remainder = 13

Let f(x) = x5 —7x% +4x -2

Divisor = (x + 1)(x — 1)(x — 3) .i.e. Cubic divisor.

Let Remainder= Ax? + Bx + C .i.e.Quadratic remainder.
SO =@x+DE-1DE—-3).0x) +Ax* +Bx+C=x°—7x> +4x -2
Forx =1

f)=A+B+C=(1)°-7(1)*+4(1)-2=-4
SAFBAHC= =4 oo (1)
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For x = -1

f(-1D)=A-B+C=(-1)°-7(-1)*+4(-1)-2=0
SA=BAHC =0 oo 2)
For x =3

f(3)=94+3B+C=3)°"-7(3)1+4(3)—-2=64
DOAFBB A C =64 oo (3)

Solving the equations simultaneously
Eqn.(1) — eqn. (2) to eliminate C

A+B+C=—4
A-B+C=0
2B =—4 ~B=-2

Eqn. (1) — eqn. (3) to eliminate C

A-B+C =0
9A+ 3B+ C = 64

—-84—-4B = -64

From B=-2,-84=—-64+4B =-64—8=-72
~A=9

From eqn.(1), A+ B+C =—-4
29-24+C=—-4.C=-11

~ Remainder = 9x? — 2x — 11

Let f(x) =x°+ x> —4x—3

Divisor = (x + 1)(x? — 4) = (x + 1)(x — 2)(x + 2) .i.e. Cubic divisor.
Let Remainder= Ax? + Bx + C .i.e.Quadratic remainder.
Sf)=(x+2)x—2)(x+1).Q(x) +Ax* +Bx+C=x>+x* —4x—3
Forx =2

f(2)=4A+2B+C=(2)°+(2)?—4(2)—-3=25

SAAF 2B+ C =25 oo (1)
For x = -2

f(=2)=4A—2B+C =(-2)°+(-2) - 4(-2)—-3=-23

SAA = 2B C = =23 i, 2)
For x = -2

f(-1)=4A—-2B+C=(-1)°+(-1)?*-4(-1)-3=1

GA=BFC =1 i 3)

Solving the equations simultaneously
Eqn. (1) —eqn.(2) to eliminate C
4A+ 2B+ C=25
— 4A-2B+C =-23
4B =48

~B=12

Ean.(2) — ean.(3) to eliminate C
4A+ 2B+ C =25
A— B+C =1
34— B =-24
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From B=12, 3A=B—-24=12-24=-12
W A=—4

Fromeqn.(3), A—B+C =1
>—-4-124+C=1-.C=17

~ Remainder = —4x? + 12x + 17

NOTE:
If the divisor is not factorisable to linear factors, you can use long division
to find the remainder.
Find the quotient when;
a) 2x3—3x?+2x — 4 is divided by x — 2
b) x*—x%+x—5is divided by x + 1
Solution
Let f(x) =2x3 —3x%2 +2x — 4
= f(x)=(x—2).Q(x) + R;R = f(2) = constant
Now f(2) =2(2)3-3(2)2+2(2)—-4=4
~f)=(x—-2).Qx)+4

= % = Q(x) . Here Q(x) has no remainder.
3_2,2 —A_ 3_3,2 —
2 QM) = 2x 3xx:r22x 4-4 _ 2x 3xx_2+2x 8
Using long division,
2x2 + x + 4
x—2 | 2x*-3x*+2x-8
2x3 — 4x? ‘ o
P t2r—8 “Qx)=2x"+x+4
T X2 —2x
4x — 8
 4x-8

Alternatively
Let f(x) = 2x3 — 3x? + 2x — 4, Degree:n = 3
Divisor =x — 2
~ f(x) = (x —2).Q(x) + Remainder
But Remainder = f(2) = 2(2)° —3(2)* +2(2) -4 =4
Sf)=(x—-2).0(x) +4
Since the quotient has degreen —1 = 3 — 1 = 2, then the quotient must be a
quadratic. .i.e.Ax* + Bx + C
Sf(x)=(x-2).(Ax* +Bx+C)+ 4
2263 =3x% +2x—4=(x—2).(Ax> + Bx+C) + 4
= Ax3 + Bx? + Cx — 2Ax*> —2Bx— C + 4
= Ax3 + x*(B—24) + x(C— 2B) + (4 — 20)
Comparing coefficients;
Forx3:2=4
Forx?: -3=B-24;B=-3+24=-3+4=1
Forx :2=C—-2B=>C=2+4+2B=2+2=4
For constants: ;—4=4—-2C=>2C=8 ~.C =4
2Q(x) =2x>+x+4
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Let f(x) = x* —x3 + x — 5; Divisor = x + 1
= f(x)=(x+1).Q(x)+R;R = f(—1) = constant
Now f(~1) = (~1)* = (—1)3 + (~1) = 5 = —4
“f(x)=(x+1).Q(x)—4

f)+4

= ———=Q(x) . Here Q(x) has no remainder.

. Q(X) _ x4—x3+x-5+4 _ xt—x34x—1 _ x4—x34+0x2+x—1
" - x+1 - x+1 - x+1
By long division.

X3 —2x%24+2x—1
1 =+ 0x?+x—-1

4, .3
X +x 2Q)=x%—2x2+2x—1
—2x3 +0x>+x—1
—2x3 — 2x?
2x2+x—1
2x% + 2x
—x—1
- —x-1
Alternatively e

Let f(x) = x* —x3 + x — 5,Degree:n = 4

Divisor =x +1

~ f(x) = (x+1).Q(x) + Remainder

But Remainder = f(—1) = (-1)* - (-1)*+ (-1) - 5= —4

Sf)=x+1).0(x) -4

Since the quotient has degreen — 1 = 4 — 1 = 3, then the quotient must be a

cubic. .i.e.Ax3 + Bx*> + Cx + D

S f(x)=(x+1).(Ax* +Bx>* +Cx+ D) -4

axt—x3+x-5=(x+1).(Ax* +Bx+C)—4
=Ax* + Ax® + Bx3 + Bx* + Cx* + Cx+Dx+D — 4
=Ax*+x3(A+B)+x*(B+C)+x(C+D)+D—4

Comparing coefficients;

Forx*:1=4

Forx®: -1=4A4+B=2>B=-1-A=-1-1=-2

Forx?: 0=B+C=>C=-B=—(-2)=2

Forx :1=C+D=>D=1-(C=1-2=-1

For constants: ;—-5=D—-4=>D = -1

2Q) =x —2x%2 +2x—1

NOTE:

To determine the quotient using method II, given the polynomial function

and divisor, first establish the degree of the quotient basing on that of the

divisor, then determine the coefficients as presented as above.

Determine the quotient when;

a) x*+x?—7is divided by x2 — 4
b) x°—7x3+ 4x — 2 is divided by (x> — 1)(x — 3)
Solution
Let f(x) = x* + x> — 7,Degree:n = 4
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Divisor = x? — 4

o f(x) = (x? — 4).Q(x) + Remainder

Let the remainder= Ax + B

S f()=x*-4).Q(x)+Ax+B

Sf) =@ +2)(x—2).Q(x)+Ax+B
Orx*+x?—-7=(x+2)(x—2).Q(x) +Ax +B
First obtaining the remainder,

For x =2

SO+ (2)2-7=02+2)2-2).02)+A()+B

S2A4B =13 i (1)
For x = -2

> (=2)*+(=2)?2-7=(-2+2)(2-2).0(-2)+ A(-2)+B
W24+ B =13 i (1)

Solving eqn. (1) and eqn. (2) simultaneously,
eqn. (1) + eqn. (2) to eliminate A
2B =26 ~.B =13
From eqn. (1), A=5(13-B) =5(0) =0
Remainder = 13
Now f(x) = (x+2)(x—2).Q(x) + 13
Since the degree of f(x) is n = 4 and the divisor is of degreen — 2 = 2, then
the quotient is a quadratic .i.e.mx? + nx +p
Let the quotient Q(x) = mx? + nx +p
= f(x0) = (x+2)(x—2).(mx*>+nx+p)+13
axt+ 0+ x%2—7 = (x+2)(x —2).(mx? + nx +p) + 13
= (x? —4)(mx®> +nx+p) +13
= mx* + nx3 + px? — 4mx® —4dnx —4p + 13
= mx* + nx3 + x%(p — 4m) — 4nx + (—4p + 13)
Comparing coefficients;
Forx*:1=m
Forx3: 0=n
Forx?: 1=p—-4m=>p=1+4m=1+4=5
Forx :0=—4n «n=20
For constants: ;=7 =13 —-4p ~p =5
2 Q(x) =x*+5
Let f(x) = x° — 7x3 + 4x — 2, Degree:n = 5
Divisor = (x? — 1)(x — 3)
s f(x) = (% — 1) (x — 3).Q(x) + Remainder
Let the remainder= px? + qx + r
ax® =703 +4x—2=(x*—-1)(x—3).Q(x) +px* + qx +r
Orx®—7x3 +4x—-2=(x+D(x—-1D(x—3).0x) +px* +qx + 71
First obtaining the remainder,

Forx =1

D> -71P+4(1)—-2=1A+1D)A-1)A-3).Q1) +p(1)?+q(1) +7r
AP F QT = A (1)
For x = -1

D5=7(-1)+4(-D-2=(-1+D(-1-1)(-1-3).Q(-D +p(-1)* +
=D +r
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P=q+T =0 i ()
For x =3
(3)°-73»¥+43)-2=B+1DB-1DB-3).0B3)+pB)?+qB3) +r
SODH 3G FT =04 e (3)

Solving eqn. (1), eqn. (2) and eqn. (3) simultaneously,

eqn. (1) — eqn. (2) to eliminater

=2>2q=—4-.q=-2

eqn. (2) — eqn. (3) to eliminater

=>—-8p—4q=—-64,q=-2

#—8p+8=—64,p=9

Fromeqn. 2),p—q+r=0=>r=q—-p=-2-9=-11

~ Remainder = 9x% — 2x — 11

Now = f(x) = (x> —1)(x — 3).Q(x) + 9x% — 2x — 11

Since the degree of f(x) is n =5 and the divisor is of degreen — 3 = 2, then
the quotient is a quadratic .i.e.Ax?> + Bx + C

Let the quotient Q(x) = Ax?> + Bx+ C

S f()=x?-1(x-3).(Ax* + Bx + C) + 9x? — 2x — 11

S f) = (2 —1)(x—3).(Ax* + Bx + C) + 9x? — 2x — 11

=(x3—3x2 —x+3)(Ax> + Bx + C) + 9x? — 2x — 11

= Ax® + Bx* + Cx3 — 3x* — 3Bx® — 3Cx? — Ax® — Bx? — Cx 4+ 3Ax* + 3Bx + 3C +
9x? —2x — 11

Sf) = Ax® +x*(B-3)+x3(C—3B—A) +x*(-3C —B+34+9) +x(—C + 3B —
2)+3C-11

Given f(x) = x° + 0x* — 7x3 + 0x? + 4x — 2

Comparing coefficients,

Forx°:1=4

Forx*:0=B-3=>B=3

Forx}: -7=C—-3B-A=>C=-74+9+4+1=3

For x?: 0= —3C—B +34+9 = C =—"""=3As before

Forx : 4=—-C+3B—-2 =>C=9—-2—4=3Asbefore

For constants: ;—2 =3C — 11 = C = 3 As before

2Q(x) =x%+3x+3

NOTE:

The above examples on determination of remainder and quotient when a
polynomial is divided by a divisor using the above methods can still be done
using long division.

Find the constantsp,q,r if;
a) x% —px+ q is divided by x? — 3x + 2 leaves a remainder 4x — 1
b) px*+qx3 + 3x% — 2x + 3 has a remainder x + 1 when divided by
x% —3x +2
c) (x—1)and (x + 1) are factors of the expression x3 + px? + qx +r a
nd it leaves a remainder of 12 when divided by x — 2
Solution
Let f(x) =x3 —px+q
Divisor =x? —=3x+2 = (x — 1)(x — 2)
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Remainder = 4x — 1

=2 fX)=0Q0).(x—1D(x—2)+4x—1

axd—px+q= Q). (x—1D(x—2)+4x—1

Forx=1, (1)*-p(1)+q= Q(1).(1-1)(1-2)+4(1)-1

Sl PG =3 g D T 2 e (1)
Forx=2, 2)°-p(2)+q= Q(2).2-1)(2-2)+4(2)—-1
2820+ q=7 @20 ==L s (2)

Solving eqn. (1) and eqn. (2) simultaneously
eqn.(1) — eqn. (2), eliminate q
=>p=3
Fromeqn.(1),q—p=2=>q=2+3=5
~p=2,9=5
Alternatively
By long division

x + 3

2 B +0x—px+g Comparing the remainder,

b)

(p+7x+q—-6=4x—-1
>-p+7=4..p=3
=2q—-6=-1..qg=5

x3 —3x? 4 Oy
_ 3?4+ (-p—-2)x+gq
3x2 —9r L+ A
(p+7x+q—-6

Let f(x) =px* +qx3+3x>—2x+3

Divisor =x? —3x +2 = (x — 1)(x — 2)

Remainder = x + 1

= f(X)=Qx).(x—1D(x—-2)+x+1

apxt+qxd +3x2 —2x+3=Q(x). (x - D(x—-2)+x+1

Forx=1, p(1)*+q(1)*+3(1)*-2(1)+3=Q(1).1—-1D(A-2)+1+1
Sp+q+3—24+3=2 2p+qg=—2 it (1)
Forx =2, p(2)*+q(2)* +3(2)*-22)+3=0(1).2-1)2-2)+2+1
>16p+8q+12—-4+3=3

“16p+8g=—8 0r2p+qg=—1..cccoiiiiiiiiii 2)
Solving eqn. (1) and eqn. (2) simultaneously

eqn. (1) — eqn. (2), eliminate g

>-p=-1.:.p=1

Fromeqn.(1), p+q=-2=q9g=-2-1=-3

~p=1,g=-3

Let f(x) =x3 +px? +qx +7

Divisor = (x — 1), Remainder = 0

Divisor = (x + 1), Remainder = 0

Divisor = (x — 2), Remainder = 12

= f)=QM).(x-D(x+1)

axd+px? +qx+r=0Q(x).(x—1)(x+1)
Forx=1,(1)+p(1)?+q(D)+r=Q(1).(1-1)(1+1)

SPpHgHTr =1 (1)
Forx=—-1,(-1)3+p(-1)?+q(-D+r=Q(-1.(-1-1)(-1+1)
SP—qHT =1 (2)

= f)=H).(x—2)+12
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axd+px? +gx+r=HX).(x—2)+ 12
Forx=2,22+p(2)?+q2)+r=H(2).(2-2) +12
SAPH2+T =4 i 3)
Eliminating r from eqn. (1) and eqn. (2), eqn.(1) — eqn. (2)
2q=—-2+~q=-1

Eliminating r from eqn. (2) and eqn. (3), eqn.(2) —eqn.(3)
—-3p—3q=-3orp+q=1
Butg=-1+p=1—-q=1+1=2

From (1)r=-1-p—-q=-1-2+1=-2
wp=2,q=-1,r=-2

Given the polynomial f (x) = Q(x). g(x) + R(x) where Q(x) is the quotient,
g(x) = (x —a)(x — B) and R(x) is the remainder, show that

R(x) = CRLHOEIE when f(x) is divided by g(x).

Hence find the remainder when f(x) is divided by x?> — 9 given that f(x)
divided by x — 3 and when divided by x + 3, the remainders are respectively 2
and 3.

Solution

f(x) = Q(x).g(x) + R(x)

Divisor = g(x) = (x —a)(x — )

Remainder = R(x) = Ax + B

=2 f(X)=Q0).x—a)(x—p)+Ax+B

Now for x = a

FlA) ZAXF B oo (1)
Now for x =8
FBYZ=ABHB o 2)

Since f(x) is known, f(a) and f(B) will be known. Now finding the
unknowns A and B,
Eliminating B from eqn. (1) and eqn. (2), eqn.(1) — eqn. (2)
> f()—f(B) =Ala—B)
.o f@-fB)
A= B Ty (3)
From eqn. (1), f(a¢) = Aa+ B = B = f(a) — Aa
_ _ [f@—fB)] _ af (@)—Bf (@)—af (a)+af (B)
=>B=f(a)—«a pop? ]— oy
. p _ of(B)-Bf (@)
~B= T aTp e 4)
~ R(x) = Ax + B becomes
_ f@)—-fB) af (B)—Bf (@) __ xf (a)—xf (B)+af (B)—Bf (a)
R(x) = poy? x + o = por?
. = BB (@) +(a=)f (§)
“R() = o
From f(x) = Q(x).(x —a)(x —B) + Ax + B
Divisor=g(x) = (x—a)(x— ) =x*—-9=(x —3)(x +3)
By comparison, a =3, = -3
Given: f(x) =G(x).(x—3)+2=f(3) =2 = f(a)

fG)=H).(x+3)-3=f(-3)=-3=f(B)
, where G(x) and H(x) are the new quotients due to different divisors.
=B)f (@)+(a—x)f (B)
ap

, as required.

Remainder= Ax + B is given by
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(x-3)(2)+B—x)(=3) _ 5x-3

=>R(x) = 33 :

5x-3

~ Remainder when f(x) is divided by x? — 9 is

A polynomial P(x) leaves a remainder 6 when divided by x> — 4 and a
remainder x + a when divided by x?> — x — 2. Find;
a) The value of the constant a
b) The remainder when P(x) is divided by;
i) x?+3x+2
ii) B +x2-—4x—4
Solution
Case I:
P(x)=Q(x).(x*—4)+6
=Q().(x+2)(x—2)+6
Forx=2, P(2)=6
Forx=-2, P(-2)=6
Case II:
Px)=Hx).(x>-x—2)+x+a
=Hx).(x—-2)(x+1D)+x+a
Forx=2, P(2Q)=2+a
Forx=-1, P(-1)=-1+4a
ButP(2)=6=24+a-~a=4
i) P(x)=G(x).(x*+3x+2)+Ax+B
[+ Remainder is Ax + B(Linear)since Divisor is Quadratic]
PxX)=Gx).(x+1D(x+2)+Ax+B
Forx=-1, P(-1)=—-A+B
Forx =-2, P(-2)=—-2A+B
ButP(-1)=—1+a=-A+B; -1+a=-1+4=3
S A FB =3 e, (1)
AlsO P(=2) = =244 B =6.ccceeeeeeeeeeeeeeeee, 2)
Eliminating B from eqn. (1) and eqn. (2)
eqn. (1) —eqn.(2)
A =-3
Fromeqn. (1) —A+B =3
>B=A+4+3=-3+3=0~B=0
Remainder when P(x) is divided by x? + 3x + 2 is —3x
(i) P(x) = F(x).(x® +x? —4x —4) + mx?> + nx +1
=F(x).(x+1D)(x+2)(x—2)+ mx?* +nx+1
Forx =2, PQR2)=4m+2n+l
Forx =-2, P(-2)=4m—2n+1
Forx=-1, P(-1)=m—n+1
But P(2)=6,P(-2)=6,P(-1) =3

SAMA2NHL=6 i (i)
SAM=2NH L =6 i (ii)
SM=—N+1=3 (iii)

Eliminating | from eqn. (i) and eqn. (ii)
eqn. (i) — eqn. (ii)

n=0-n=0

Eliminating [ from eqn. (ii) and eqn. (iii)
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eqn. (ii) — eqn. (iii)

3Im—-n=3,n=0

~3m=3=>m=1

From eqn. (iii) m—n+1=3=>1=3-m+n
=2>1=3-1+0=2

~» Remainder is x% + 2

Task
Find the value of the constant k so that f(x) = x* + kx3 — 2kx? + 3x — 5 has
(x — 1) as a factor. Answer:k = —1
Find the value of k so that f(x) = x3 — x? + kx — 12 has a factor (x — 3)
Answer:k = -2
Find the value of a if;
i) x%®—3x%+ax +5 has a remainder 17 when divided x — 3
Answer: 4
ii) x% +x? — 2ax + a® has remainder 8 when divided by x — 2
Answer: 2
iii) x — a will divide f(x) = x? + 4x + 2 with a remainder of —1
Answer:a =-3,-1
Find the values of a and b if;
i)  When x° + 4x% + ax + bis divided by x* — 1 the remainder is 2x + 3
Answer:a=1,b = —
ii) When ax* + bx3 — x2 + 2x + 3 has a remainder 3x + 5 when divided
byx?—x—2
Answer:a=1,b= -1
iii) x — 3 and x + 7 are factors of the quadratic ax® + 12x + b
Answer:a =3 ,b = —63
a) Iff(x)=x%+px+q is exactly divisible by x — a and x — b, show that
p=—a—>band
q=ab
b) Show that;
i) x—aisafactorof x" —a™ w henn = even
i) x4 aisafactorof x™ +a™ w henn = odd
HINT:
f(=a) = (—a)" —a™.If nisodd,(—a)" = —a" and f(—a) = 0.Thus x + a is a facor of
x4+ am Q) = XM —ax™ T+ ax™ T3 — e e e e AT

c) Show that the remainder when the polynomial f(x) is divided by x — a
is f(a). Show further that if f (x) is divided by (x — a)(x — b) wherea # b, then

[f(a;:/;(b)] X+ [af(b;:lljf(a)]

the remainder is;

d) A polynomial f(x) is divided by x* — a*> where a # 0 and the remainder is
px + q prove thatp = 5-[f(a) - f(-a)].q = 3 [f(&) + f(—)]

When a polynomial p(x) is divided by 2x + 1, the quotient is x> — x + 4 and the
remainder is 3. Find p(x) [HINT:p(x) = (2x + 1).(x* — x + 4) + 3]

When a polynomial p(x) is divided by 3x — 4, the quotient is x3 + 2x + 2 and
the remainder is —1. Find p(x).[HINT:p(x) = (3x — 4). (x3 + 2x + 2) — 1]
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a) When the quadratic expression ap® + bp + ¢ is divided by p —1,p — 2
andp + 1, the remainders are 1,2 and 25 respectively. Determine the factors

of the expression.
[HINT:Solve eqns.a+b+c=14a—-12b+c=2anda—b +c =25.Then

f(p) = 4p? — 12p + 9. Now factoring f(p) = 2p — 3)(2p — 3)

b) Express 2x3 + 5x? — 4x — 3 in the form (x? + x — 2).Q(x) + Ax + B where
Q(x)a polynomial in is x and A and B are constants. Determine the values of
constants A and B and the expression Q(x). Answer:Q(x) =2x+3,A=
—3,B =3 (Uneb1993)

if 4x3 + kx? + px + 2 is divisible by x? + A%, prove that kp = 8.
HINT: Let f(x) = 4x3 + kx? + px + 2 = (x? + 12)(Ax + B),
since the quotient must be of degree 1 when the divisor is of degree 2 for f(x)
isof degree 3
A polynomial expression P(x) when divided by x — 1 leaves a remainder of 3
and when divided by x — 2 leaves a remainder of 1. Show that when divided
by (x — 1)(x — 2) it leaves a remainder of —2x + 5.
[HINT:P(x) =(x—-1.Qx)+3 orP(1) = 3]
| P(x)=(x—2).Hx)+1orP(2)=1|
| NowP(x) = (x —1)(x—2).G(x) + Ax + B |
P(1)=A+B=3; P(2)=2A+B=1|
Solving the eqns. A= —-2,B =5
~ Remainder = —2x + 5
Find the quotient and the remainder when f(x) is divided by a linear factor

i) fx)=2x3-3x2+2x-8, x—2
ii) flx)=x"—31x%, x -2
ANSWER: (i) 2x* +x +4;0 (i) x®+2x5+4x* +8x3 + 16x* +x +2;2
Find the constant p such that x? + 2 is a factor of x* — 6x? + p. Hence factorize
it. ANSWER: p = —16,(x? + 2)(x — 2v2)(x + 2V2)

REPEATED ROOTS
(Equal Roots)
From factor theorem which states that “If for a polynomial function f(x)
iff(a) =0 then (x — a) is a factor of f (x)"
If f(x) has a repeated factor (x — a) .i.e. f(x) = (x — a)?. g(x), then;
f)= % [(x — @)% g0 =g().2(x —a) + (x —a)*. g (x)

= (- ))[(x— 0).g'®) +29(x)]
i.e. If f(x) has a repeated factor (x — a), then f (x) has a repeated factor
(x — a). This is true if and only if f(a) =0, f'(a) = 0.
Examples
Without using long division find the remainder when x3 — 5x% + 6x — 2 is
divided by (x — 2)2.

Solution

Let f(x) = x® —5x% + 6x — 2

S )= (x=2)2.00X) FAX + B oo, (*)
Forx =2

F(2)=24+B=(2)}—5(2)+6(2) -2
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S2AF B = 2 (1)
No other condition linking A and B can be obtained from eqn. (*) without
involving Q(x).
But from f(x) = x> —5x? + 6x — 2, f (x) = 3x* — 10x + 6
fx) = %[(x —-2)2.0() +Ax+B] = Q(x).2(x - 2) + (x —2)2.Q (x) + A
=23x2-10x+6 =0Q(x).2(x —=2) + (x —2)2.0 (x) + A
= (x = 2)[20() + (x = 2).Q' ()] + 4
Forx =2
f(2)=312)7?-102)+6=4 ~A=-2
Fromeqn. (1)24+B=-2 2B =-2+4=2
~ Remainder = —2x + 2
Find the constants m and n such that when x* — mx? + n is divided by
(x + 1)? the remainder is 5x — 2.

Solution

Let P(x) = x* —mx? +n=(x+ 1)2.Q(x) + 5x — 2

For x = -1

P(-1)= (-D*-m(-1D)?+n=5(-1)-2

ST TN = =8 e (1)

Since the divisor is a repeated factor, then

P(x)=4x®-2mx=0Q(x).2(x+ 1D+ (x+1%.Q'(x)+5
=(x+ D200+ (x+1).Q ()] +5

Forx = -1

P(-1)=4(-1)3-2m(-1) =5

>2m—-—4=5 -'-m=§

From eqn. (1),n=m—8=§—8=—Z

2
m=2n=-1
If the equation 3x* + 2x3 — 6x* — 6x + p = 0 has two equal roots, find the
possible values of p.
Solution
Let f(x) =3x*+2x3 —6x? —6x+p
The equation f(x) = 0 has two equal roots if f(x) has two equal factors.i.e.
Repeated factors.
Any linear factor of f (x) is a possible repeated factor of f(x).
fx)=12x3 +6x> —12x—6
=6(x—Dx+1D2x+1)
For (x — 1) to be a repeated factor of f(x), then f(1) =0
= f(D)=31)*+2(1)°*-6(1)>—-6(1)+p=0 =.p=7
Similarly (x + 1) is a repeated factor of f(x), if f(—1) =0
= f(-D)=3(-D*+2(-1)3-6(-1)2—-6(-1)+p=0 ~p=—1
For (2x + 1) to be a repeated factor of f(x), then f (— %) =0

=19 =29 +2(-) -6 -6(- Yo

Determine whether f(x) = 3x* — 8x3 — 6x? + 24x — 13 has any repeated
factors, and if so find them.
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Solution
Fx) =12x3 —24x% —12x + 24

=12(x3 —2x2 —x +2)

=12((x— D(x? —x—2)) = 12(x — D (x + 1) (x — 2)
Now f (x) =0 ifx=1,-1,2
Checking the value of f(x) for these values ofy
>f=0/-D+#0,f(2+#0
So (xx + 1) and (xx — 2) are not factors of f(x). Hence (xx — 1) is the only
repeated factor of f(x)
a) Find the values of p and q which make x* + 6x3 + 13x? + px + q a perfect
square.
b) The polynomial p(x) = x* + 4x3 + bx? + cx + d is a perfect square of degree
two. Show thatc + 8 = 2b,16d = c?. Given that P(x) leaves a remainder of 4
when divided by x + 1, determine the possible values of the constants b ,c
andd.
Solution
Since p(x) = x* + 4x> + bx? + cx + d is of degree four(4°), then its perfect
square must be a quadratic.
Let x* + 6x3 + 13x% 4+ px + g = (Ax? 4+ Bx + C)? = [(Ax? + Bx) + C]?
= (Ax? + Bx)? + 2C(Ax?* + Bx) + C?
= A’x* + 2ABx® + B?x% + 2ACx* + 2BCx + C?
= A%x* + (24B)x® + (B? + 2AC)x? + (2BC)x + C?
Comparing coefficients
Forx*: 1=4% ~A=+1
For x*: 6=24B B ===13

2. 2 .~ __13-B> _ 13-9
For x“: 13 =B“+2AC -~ C = A =200

For x: p =2BC ~p=2(£3)(+2) =+12
For Constants:q = C? «q = (+2)>=4
~p=12,q=4
Let P(x) = x* + 4x3 + bx? + cx + d = (Ax? + Bx + D)?
= [(Ax? + Bx) + D]?
= (Ax? + Bx)? + 2D(Ax? + Bx) + D?
= A%x* + 2ABx® + B*x% 4+ 2ADx? + 2BDx + D?
= A%x* + (24B)x® + (B? + 2AD)x? + (2BD)x + D?
Comparing coefficients
Forx*: 1=A% » A=41
Forx®: 4=2AB +B=7=12
For x’: b=B%2+2AD ~b=4+42D
For x: ¢=2BD ~c=44D
For Constants: d =D? - q=(+2)?2=4
From b =4 + 2D and & 44Taking the +#ign for both), eliminating D from
the equations,
2b=8+4+4D ,but ¢ =4D
=22b=8+c~c+8=2b
Fromd=D?andc=4DorD = % , eliminating D from the equations,

=42
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>d= (Z)Z 2 16d = c?

Given that P(x) = Q(x).(x+ 1) + 4
Forx=-1,P(-1) =4

From P(x) = x* +4x3 + bx? + cx + d
>P(-1D)=(-D*+4(-1)3+b(-1)?>+c(-1) +d
=24=1—-44+b—-c+d

N

From ¢ +8 = 2b or %8=b

Eqn. (2) becomes,

=64+8c—16c+c?> =112 or ¢?—8c—48=0
Solving the equation, ¢ = 12,—4

. p oS8 _ 1248 —4+8

ChEo =TT
~b=10,c=12;b=2,c = —4

2
Now from d = i_e

— _ _16 _
For c = 4,d—16—1
144

Forc=12,d=E=9
~b=10,c=12,d=9;b=2,c=—-4,d=9
Task

Find the remainder when x> — 5x? + 7 is divided by (x — 1)>.ANSWER: 10 — 7x
If the equation 2x® — 9x? + 12x + p = 0 has two equal roots, find the possible
values of p. ANSWER: —5,—4

Find the value of a for which the function 2x3 — ax? — 12x — 7 has a repeated
factor. ANSWER: 3

If (x+ 1)? is a factor of 2x* + 7x3 + 6x? + Ax + B. Find the values of A and B.
ANSWER:A=7,B=0

Given thatx? + c? is a factor of 5x* + px3 + qx? + rx + 4, show that 5% + 4p* —
4pr =0

Show that if x* + 3px? + qx + r is a perfect cube for all real values of x then
q® =27r?

Show that x? + 3 is a factor of x3 — x? + 3x — 3

Find the constant m for which x* + 1 is a factor of mx* + x> — 1. ANSWER: 2
Determine whether the given functions have any repeated factors, and if any,

find them.
a) x*—16 ANSWER: No
b) x*—18x>+81 ANSWER: (x—3)(x+3)
c) 2x3—-3x2+1 ANSWER: x -1
d) x(x*-—4) ANSWER: No

Find the constants p and q such that (x — 1) is a common factor of x* — 2px? +

2 and x* + x?> — q. ANSWER: p:%,q: 2
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SOLVING POLYNOMIAL EQUATIONS BY FACTORING

Important Theorems used:

The Factor Theorem

“For a polynomial P(x),x — a is a factor if and only if P(a) = 0”

The Rational Theorem

“Let P(x) be a polynomial of degree n with integral coefficients a; and non
zero constant term, P(x) = @, x™ + @1 X" L4 vt i e e+ @1 X+ A
where a; € I.

If one of the roots of the equation P(x) =0 is x = S, S;t 0,9 >0and § is

expressed in lowest terms, then p must be a factor of ay and q must be a
factor ofa,

The Fundamental Theorem of Algebra

If the complex system consisting of all real and imaginary numbers, if P(x)
is a polynomial of degree n, (n > 0) with complex coefficients, then the
equation P(x) = 0 has exactly n —roots (provided a double root is counted as
two roots, a triple is counted as 3 — roots

Example
2ix3 +/5x% + (3 + 2i)x + 7 — 0 has 3 — roots
3x* — 11x% + 19x2 4+ 25x — 36 = 0 has 4 — roots

Other Theorems

?1If P(x) is a polynomial of odd degree with real coefficients, then the
equations P(x) = 0 has at least on real root”

The relationship between the roots of a polynomial equation and coefficients
of the polynomial is;

For the equation @, x™ + @, 1 X" 1+ - e oo cee ver v e+ @1 X + @ = 0 With

a, # 0, then

a,_
Sum of roots = — 2!

n

a . .
= ifniseven
an

Product of roots=4 ™", =
- if nisodd

Example

a) If one of the roots of the equation P(x) = 3x* + 13x3 + 15x> —4 = 0 is in

the form x = s , state the possible rational roots of the equation P(x) = 0.

b) Determine whether any of the possible rational roots really are roots.
Then find all the other roots, real/imaginary.
Solution

x = s is a possible rational root if p divides —4 and q divides 3

= p could be equal to: +1,42 or + 4 and
q could be equal to: +1,43
SR 1,42, 44,45 45,47
q 3’73’73
Using Factor Theorem
From P(x) =3x*+ 13x3 +15x2 — 4
Letx =1,P(1) # 0 ~ x — 1 is not a factor
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x=-1,P(-1) #0 ~ x +1is not a factor
x=2,P(2)#0 ~ x—2is not a factor
x=-2,P(-2)=0 -~ x+2is afactor
Now by long division.
3x3+7x2+x -2
vtz | 3x*+13x% +15x% + 0x — 4

3x* + 6x°
7x33+15x22+0x—4 AP =(x+2)Bx3 +7x2 +x—2) =0
7x° + 14x
x%+0x—4
242
—2x—1
T —2x—-1

Now finding roots of the depressed equation 3x3 +7x% +x—2=0
Ifx= 5 is the root of the equation, p divides —2 and q divides 3
p could be equal to: +1,+2 and
q could be equal to: +1,+3
Al=41,42 4042
q 3’73
Let Q(x) =3x3+7x*+x—-2=0
Forx=1,Q(1) # 0 . x — 1 is not a factor
x=-1,Q(-1) #0 ~x+ 1 is not a factor
x=2,Q0(2)#0 . x—2is not a factor
x=-2,Q0(-2)=0 ~x+2is a factor
By long division, 32 +x—1

X+ 2 334+ Tx2+x-2

3x3 + 6x?
x*+x—2
X2+ 2x 2 Q) =(x+2)(Bx?+x—1)=0
—-x =2
—-x—2
2P =(x+2)*@x*+x—-1)=0
Now solving 3x? +x —1=10
_ 1/ W2H43)A) _ -14V13
2(3) 6
“Roots are: x =8 X==2,x=—2

6
Find all the zeros and if possible, all the other real zeros of;

a. f(x)=x3—x%—14x+24
b. f(x) =x%—8x%+5x+ 14
c. f(x)=3x3—x2—6x+2
Solution
For rational zeros, f(x) = 0 is an equation to be solved.
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flx)=x3—x>—14x+24=0
Let x =§ ,p divides 24, q divides 1
p could be equal to: +1,4+2,+3,4+4,45,+6,4+8,+12,+24 and
q could be equal to: +1
~Possible values of x = 5 =41,42 ,43,4+4,45,46,48,1+12,124
By factor theorem,
Forx =1,f(1) # 0 ~ x—11is not a factor
x=-1,f(-1)#0 ~x+11is not a factor
x=-2,f(-2)#0 ~x+2is not a factor
x=2,f(2)=0 ~x—2is afactor
By long division,
x*+x—12
xop | ¥ ot ol 24 ff) = (k-2 +x—12)=0
X3 —2x? Solving x? +x—12=10
x% —14x + 24 > x+4)(x-3)=0
T ox?-2x nx=—4,3
—12x + 24 ~The rational zeros are:
—12x — 24 ~x=2,-4,3
fx)=x>-8x>+5x+14=0
Let x =§ ,p divides 14, q divides 1
Possible values of p = +1,+2 ,+7,+14
Possible values of g = +1
Possible values of x = +1,+2 ,+7,+14
By factor theorem,
Forx=1,f(1)# 0 ~ x —11is not a factor
x=-1,f(-1)#0 ~x+1is a factor
x=2,f(2)=0 ~x—2is afactor
x=7,f2)=0 ~x—7is afactor
Sf)=C+DEx-2)x-7)=0
The zeros of f(x) are: —1,2,7
fx)=3x3—x>—6x+2=0

Let x =§ ,p divides 2, q divides 3
Possible values of p = +1, 12
Possible values of g = +1, 13

Possible values of x = +1, 42 ,i% ,ig

By factor theorem,

Forx =1,f(1) # 0 ~ x — 1 is not a factor
x=-1,f(-1)#0 -~ x+1is not a factor
x=2,f(2)#0 . x—2is not a factor

1 1 1.
x = _E‘f(_g);t 0 ..x+§1s not a factor

1 1.
x—g,f(g)rﬁo -.x—glsafactor

210



Mathematics for an A-level student

By long division

3x2 -6 , 1
X — = 3x3 —x?—6x+2  flx) = (3x —6)(x—§)=0
3x3 — ¥2
—6x + 2
T —6x 42

ffG)=(x2=6)(x—3)=0>3-6=0 +x=$V2
The zeros of f(x) are: iﬁ.%

Factorize the polynomial P(x), hence find the zeros of P(x).
a) P(x)=x3+2x?—-9x—18
b) P(x) =x*—11x>+28
c) P(x) =2x*—5x3—11x% + 20x + 12

Solution

P(x) = x3 +2x* —9x — 18

Let x =§ ,p divides—18, q divides 1

Possible values of p = +1,+2,43,+6,+9,+18

Possible values of g = +1

Possible values of x = +1,+2,43,+6,49,+18

By factor theorem,

Forx =1,P(1)#0 ~ x—1is not a factor
x=-1,P(-1) # 0 ~ x + 1 is not a factor
x=-2,P(-2)=0 ~x+2is afactor
x=3,P(3)=0 ~x—3is a factor
x=-3,P(=3)# 0 ~x+3is afactor

“Px)=@x+3)(x—-3)(x+2)

The zeros of P(x) are: +3,-2

P(x) =x*—11x% + 28

Let x =§ ,p divides 28, q divides 1

Possible values of p = +1,+2,43,+4,4+7,+14,+28

Possible values of g = +1

Possible values of x = +1,+2,43,4+4,47,414,+28

By factor theorem,

Forx=1,P(1) #0 -~ x—1is not a factor
x=-1,P(-1) # 0 ~ x + 1 is not a factor
x=2,P(2)=0 ~x—2is afactor
x=-2,P(=2)=0 ~x+2is afactor

2P(x) = (x+2)(x—2).M(x) = (x* — 4).M(x)

Since x + 2,x — 2 are factors of P(x), then (x + 2)(x — 2) = x> — 4 must also

be a factor.

By long division to obtain M(x)
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Divisor = x2 — 4

x2—7
X —4| 344 0x3 — 11x% + 0x + 28 M) =x* =7
x* 4+ 0x3 — 442
—7x% 4+ 0x + 28
7x% + 0x + 28

2P =(x+2)(x—2)x2=7) =(x+2)(x—2)(x £V7)
The zeros of P(x) are: +2,+\7

c) P(x) =2x*—5x3—11x% + 20x + 12
Let x =§ ,p divides 12, q divides 2

Possible values of p = +1,+2,+3,+4,+6,+12

Possible values of g = +1, 12

Possible values of x = il,iz,i3,i4,i6,112,i% ,i%

By factor theorem,
Forx =1,P(1)#0 ~ x—1is not a factor
x=-1,P(-1) # 0 ~ x + 1 is not a factor
x=2,P(2)=0 ~x—21is a factor
x=-2,P(-2)=0 ~x+2is afactor
x=3,P(3)=0 ~x—3is afactor
2 P(x) = (x+2)(x—2)(x—3).M(x) = (x* —4)(x — 3).M(x)

Since x + 2,x — 2,x — 3 are factors of P(x), then (x + 2)(x — 2)(x — 3) must

also be a factor. By long division to obtain M(x)

Divisor = (x% —4)(x — 3) = x3 — 3x? —4x + 12
2x+1

3 _3x2_4x+g 2x* = 5x% — 11x% + 20x + 12

2x* — 6x3 — 8x% + 24x

x3 —7x2+0x+28
x3 —7x2+0x+28

“Px) =@ +2)(x—2)(x—3)(2x+1)
The zeros of P(x) are: +2, —% ,—3
Task
1) Factorizef(x), hence state the zeros of f(x)
a) fx)=x*+4x*+x-6
ANSWER: (x+2)(x+3)(x—1);Zeros: —2,-3,1
b) f(x)=6x%—-5x%—2x+1
ANSWER: (3x — 1)(2x+ 1)(x — 1) ; Zeros: —% ) % 1
c) f(x)=4x3—-13x—6
ANSWER: (x — 2)(2x + 1)(2x + 3) ; Zeros: — % ,—% )
2) Solve the equation giving real and imaginary roots if any;

a) 2x°—7x+2=0 ANSWER: 222 3
b) 3x3—4x?—5x+2=0 ANSWER: —1,2,2
c) x*—10x2+9=0 ANSWER: +1,43
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THE BINOMIAL THEOREM

Pascal’s triangle

This is used to give the coefficients of the emerging terms during the
expansion.

The coefficients are obtained as below.

Consider an array of triangular combinatorial coefficients.

COLUMN (1)
0 0 1 2 3 4 5
’E‘ O Y CO
% 1 C, C,
“ 3 2 ¢ 2C ¢
0 1 2
3 3¢, 3¢, |13C, |36
4 “Cy G 6 G |G

Superscript on the left of each of the coefficients denotes row number and
the subscript on the right denote column number.

Note:
1. Superscript must be greater than or equal to subscript. i.e. for nC, ,n>r
The above array is generated using n n _n+1
. ips Cr + Cr+1 - Cr+1
Simplifying the table
COLUMN (r
= 0|0 |1 2 |3 [4 |5
O |0]1
ol
211 |2 1
431 |3 3 |1
17411 4 6 1

From the above table, from the coefficients of each expansion, the
coefficient of the next expansion can be obtained usingnC, +n(,,; =n+*!

Cr+1

1 C() 1 Cl
add

o [1c0+1c1= ch] o
add
l 1C0 2C1 1C1
1C0 [2C1+1C0= 3C1] [lcl‘l‘zCl: 3C2] 1C1
* :| add
l 1C0 3C1 3C2 lcl ‘
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Observation
1 1
1 1 add
(a + h)? coeff: 1 2 1 dd
1 2 1/ @
(a + b)3 coeff: 1 3 3 1 } add
1 3 3 1
(a + h* coeff: 1 4 6 4 1 } add
1 4 6 4 1
(a + h)> coeff: 1 5 10 10 5 1
Pascal’s triangle is
1
1 1
1 2 1
1 3 3 1

Binomials
Definition
An algebraic expression containing two numbers/terms is a binomial.
Examples
(x+y),(a+b),(3x — 2y),(4a — 3b) etc
Pascal’s triangle shall be applied to binomials raised to a real
number.i.e.(a + b)" , where n is a particular number.
(a+b)" when being expanded using Pascal’s triangle has the following
features:

i) There are (n + 1) terms in the expansion.

i) The sum of the powers of ‘@’ and ‘b’ in each term equal to ‘n’ in the
expansion.
iii) The first term of expansion is a" and the last term is b".
The power of ‘a’ decrease by 1 and subsequent terms and that of b
start with 1 in the second term, and increasing by 1 in every

succeeding term.

iv)

Examples
Expand in descending powers of x in each of the following.
i (x +6)° iii. (2x+1)3
y 1\* . 1\%
ii. (Zx - Z) iv. (x - ;)
Solution
(x+6)0 =2

There are 7 terms.i.e.

x6 x5O x*(6)? x*(6)° x*(6)* x'(6)° (6)°
Coefficients from Pascal’s triangle

1 6 15 20 15 6 1
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= (x+6)°=1.x°+6.x°(6)' +15.x*(6)% + 20.x3(6)3 + 15. x2(6)* + 6.x1(6)> + 1.(6)°
= x% 4+ 36x° + 540x* + 4320x3 + 19440x2 + 46656x + 46656
4
i, (2a-3) =2
There are 5 terms.i.e.
. 50 1\ L0 1\2 R N
@0t @' (=) @*(-3) @'(-5) (=)
Coefficients from Pascal’s triangle
1 4 6 4 1

4 1 2 3 4
> (20-7) =1.@0*+4.20° (-7) +6.20* (-7) +4.@0'(-7) +1.(-3)
— 4_qg3,3,2 1.3, 1
=16x 8x +2x e +256
iii. Qx+1)3=?
There are 4 terms.i.e.
(2x)* ()" @0')? (1)°

Coefficients from Pascal’s triangle
133 1

= (2x+1)3 =1.(2x)° + 3.20)*(D' + 3. 2x)' (1)? + 1. (1)3
=8x3 +12x* +6x+1
iv. (x - %)5 =7
There are 6 terms.i.e.
¢ (=) 2() () <) ()
X X X
Coefficients from Pascal’s triangle

15 10 10 5 1
= (x —i)s =1.x5+ 5.x* (—i)l +10.x3 (—i)z +10.x? (—§)3 + 5.x(— §)4 +1. (— 1)5
Finding approximations by Pascal’s triangle expansions

4
2) Expand (3 + %x) in ascending powers of x. by putting x = 0.2 in the first three

terms of the expansion, find the approximate value of (3.025)* to 3d.p.
Solution

(3 + %x)4 has 5 — terms.i.e.

o @) @) @@ @

8
Coefficients: 1 4 6 4 1

~(3+ %x)4 =1.(3)" +4.(3)° (%) +6.(3)? (g)z +4.(3) (g)3 +1. (g)4

108 54

12 x4
=814+ —x+>x%+-"x3
+ 8 +64 +512 +4096
27 27 3 x4
=81+ x +2x% + =8
+ 2 +32 + 128 4096

Taking the first 3 —terms
1 \* 27 27 o
Forx =0.2

1 & 27 27 2
N (3+§><0.2) =81+2x02+Zx(02)
~ (3.025)* ~ 83.734
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3

3) Expand (1 + %) as far as % Hence find the value of (1.025)? giving your
answerto4s.f.
Solution

(1 + %)3 has 4 — terms.i.e.

o W) o)

X

Coefficients from Pascal’s triangle: 1 3 3 1

' 103 s L\ L (1)2 N
A(143) =@ +3.2(3) +3.('(3) +1.()
=1+3424 L
X X X
Now finding a suitable value of x for substitution

3
- (1 + l) = (1.025)% ~1+==1.025 orx =40
X X

. 1\3 3 _ 3 3 1
a(1455) = (1025)° =1+ o+ o+ - = 1.0779
« (1.025)% ~ 1.077

4

4) Write down the expansion of (1 + %) af far as x3. Hence find the value of
(1.025)* correct to 3d.ps.
Solution

(1 + %)4 has 5 — terms.i.e.

@ @) @@ @) @

Coefficients from Pascal’s triangle: 1 4 6 4 1

(14 %)3 =1.(D)* + 4.(1)3 (;i)l +6.(1)? (})2 +4.(D)! (2)3 +1 (5)4

"\4
~ 32013 (0 g
~ 1+x+8x X (4) isignored
Now finding a suitable value of x for substitution

4
N (1 +z) = (1.025)* -1 +% =1.025 orx = 0.1

(1 + %)3 = (1.025)* = 140.1 +3 (0.1)? + = (0.1)* = 1.104
~ (1.025)* ~ 1.104
5) Using Pascal’s triangle, find the exact value of
a) (2.95)3
b) (2.998)*
Solution

a) (2.95)% = (3-0.05)° = (2 +0.95)% [Use any of binomials of your choice]
Using (2.95)° = (3—0.05)°, has 4 — terms.i.e.
(3)% (3)?(—-0.05)! (3)1(-0.05)% (-0.05)3

Coefficients from Pascal’s triangle: 1 3 3 1

= (2.95)% = (3= 0.05)% = 1.(3)% + 3.(3)2(=0.05)! + 3. (3)1(=0.05)2 + 1.(—0.05)3
=27 —1.35+0.0225—-0.000125
= 25.672375
b) (2.998)* = (3 —0.002)* = (2 + 0.998)*
Using (2.998)* = (3 — 0.002)*, has 5 — terms.i.e.
(3)* (3)3(=0.002)! (3)2(=0.002)> (3)'(=0.002)} (—0.002)*
Coefficients from Pascal’s triangle: 1 4 6 4 1
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= (2.998)* = (3 — 0.05)3
=1.(3)* + 4. (3)3(—0.002)! + 6.(3)2(=0.002)? + 4. (3)1(—0.002)3 +
1. (—0.002)*
=81-0.216 + 0.000216
= 80.784
Task
1) Expand (2 — x)® in ascending powers of x .Taking the first 3-terms, find the
value of (1.998)° as accurately as possible. Answer: 63.617
2) Write down the first three terms of (3 — x)®. Hence find the value of (2.998)° as
accurately as possible. Answer: 80.784
Note:

1) Pascal’s triangle is applicable to (a + b)" where n is relatively small. i.e.n <6
and is a natural number.

2) If n is large or negative of fractional, Binomial theorem can be used.

THE BINOMIAL THEOREM
This states that if n is a particular number then

(@a+b)" ="Coa™b’ +"Cra* bt +"C,a"2h? He. +"C,a™ " b"
=a*+"Ca" bt + " Ca" b e + b"

However if few terms of an expansion are required the theorem is used in

the form
(@a+b)* =a™ +na™ b + @a"‘zb2 +ch"‘3b3 +ovtb®
Note:
_ nl _ n! _nn-1) _ n! _n(n-1D)n-2)
thaEay T €2 = m-2)121 2 sand» C3 = (n=3)131 31 e.t.c

Putting all these results in the first stated Binomial theorem yields the
second stated theorem above.

Example

Expand by Binomial theorem.

5

a) (x + %) as far as term in xl—s
4

b) (3 + g) as far as term in x3

8
c) (4+%) asfarasterminx*
8

Solution

a) (x + l)5 =7
Usirfg (@+b)"=a™+nCa" bl + 0 Ca" 2b% +eieeeeeeen +b"
= (x + %)55= x° +5C;x571 G)l + 5Cyx>2 G)Z +5Cyx°73 (%)3 +5Cyx>* (%)4 +5
5-5(1
- (X) 5 oxt 50 x3 51 x5l x

— 45
=x5+ . T
411! x 31217 x2 21317 x3 114! x4
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(x+%)5 = x> +5x3 + 10x+1x_0+;_3+xl_5
b) (3 + §)4 =7
(43 =+ G + G s ) v )

- @ () R +HOE &

54 o 12 3
ZSx + 125x

c) (4 +§)8 = (48 + 8¢, (4) (g)l +8C,(4)° (g)z +8C3(4)° (3)3 rsc,@t(2)

8
(4 + g) = 65536 + 16384x + 1792x% + 112x3 + Z—Sx‘*

(3+§)4=81 +18 x4

The general term of Binomial expansion

Recall: (a+b)" =nCya™b® + nC;a™ bt + n Cra™® 2b?+......+ 0 Ca™ b
Each term looks like n C,.a""b" where 0 <r < n.

Thus the expression »C,.a™ "b" is typical of each term in the expansion of
(a + b)". Hence it is called general term.

Any specific term can be derived from the general term.

Example:

Ifr = 2, the general term becomes;

nC,a"%h? = (n_"—zl)IZIa"‘zb2 , which is the 3™ term of the expansion of (a +
b)™.
=~ The 3" term is obtained by letting r = 2.

General deduction

"C,a™ "b" represents (r + 1)t term in the expansion of
(a+b)" for0<r<n

Example
1. State the required term in the expansions written in ascending powers of x.
a) 10" termin (1 +x)*®

b) 8 termin (2 - g)lz

8
c) 4htermin (2 - %)
Solution
Using (a + b)" expansion with general term »C,a™ "b" for (r + 1) term
a) (1+x)® givesia=1,b=x,n=15,r+1=10>r=9
15!

. th — 15 15-9,.9 — - 9
<~ 10" term Cy(1) x (15_9)!9!x

151
619

12
b) (2-%) givessa=2,b=-%,n=12,r+1=8>r=7

x° = 5005x° [obtained from calculator]

7 7
. qath _ 12-7 (_x\" _ 12! 55 _x
~ 8" term = 12 C,(2) ( 3) T s @) =3y

_792x32 5 2816 7
T 2187 T 243

8
c) (2—%) gives:a=2,b=—%,n=8,r+1=4—:r=3
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48384
x3

OB R

w4t term = 8 C5(2)873 ( —)
Note:

Sometimes a coefficient of term can be required. The general term can be
used to state the required coefficient.

The required coefficient of term is derived by finding a suitable r.

5!3!

Find the coefficient of x'° in the expansion of (2x — 3)*.
Solution
From the general term U,.,q; =2C,.a™ "b" of expansion of (a + b)"
For 2x—-3)" ,a=2x,b=-3,n=14,r+1=?=>r=2?
S Upyy = 14C, 2017 (=3)" = 14 (.. (M. ()" 7. (=3)"
Since term in x'° is required, then equating x'° = (x)'*~" gives the value of r
which is the key determinant of required coefficient.
=210=14—7r ~r=4
Thus the required coefficient is in the 5th term of the expansion of (2x —3)™*
W Us = 14C,. M4 ()14 (=3)* = o 210 (=3)%.x1
Required coefficient = 1001 x 21% x (=3)* = 83026944
8
Find the coefficient of x™* in the expansion of (2 - %) .
Solution

8
For(Z—i) ,a=2,b=—%,n=8,r+1=? >r=

= Upsy =56, ("7 (=3) =26 @* .7 (-3)

Finding a suitable value of r;
Since term in x~* is required, then equating x~* = x " gives the value of r
der=4

8
Thus the required coefficient is in the 5 term of the expansion of (2 - z)

2 Us =86, (2% ()™ ( 3)‘*‘@ AN

Required coefficient = W .2%.(=3)*=90720

Find the coefficient of a®x'* in (a + x)?°.

Solution

For (a+x)*® ,A=a,B=x,N=20,R+1=?=>R="?

= Upyq =20Cga®0 R xR

Finding a suitable value of R;

Since term in a®x'* is required, then equating either x1* = x® giving the
value of R = 14 or a® = a?*~® = R = 14 as before

Thus the required coefficient is in the 15" term of the expansion of (a + x)?°
- U15 — 20 C14a20—14x14 —20 C a6x14

~ coef ficient = 20 C;, = 38760

Write down the coefficient of the term in x*y® in the expansion of (2x + 3y)°
Solution

For 2x+3y)°, a=2x,b=3y,n=9,r+1=?2=>r=2?

= Upyr =9C(20)° 7 By) = 9C..(2)° 7. (). (3) ()"

Finding a suitable value of r;

219



a)

b)

Mathematics for an A-level student

Since term in x*y® is required, then equating either x* = x°" giving the
value of r =5 or y° =y" = r = 5as before

Thus the required coefficient is in the 6 term of the expansion of (2x + 3y)°
wUs = 9C5.(2)°7°.(0)77.(3)°(¥)° = 9C5.(2)°7°. (3)°.x*y®

~ coef ficient = 9Cs. (2)°7%.(3)° = 489 988

10
Expand (1 + %) in terms of descending powers of x as far as term inxl—3 .

Find: a) The8™" term

b) The coefficient of x~8
Solution
The expansion is left as an exercise.
Using U, =nC,.a""b" for (r + 1)t term

10
For (1+2) ,a=1,b=",n=10
X
Given: r+1=8 ~r=7

. — 10 10-7 (E) — 10 107 ﬂ y

Ug ¢ () x C7 7131 " 7

. 8t term = %109

From U, =0C,a"7"b" ,a=1, b—— n=10,r+1=?=r=7?

Upsr =106, () = 106,107 [+ (O =1]
Finding a suitable value of r;
Equating x™" = x~8 -'.r=8
= Ug = 10(4.108.x~
= coef ficient = 10 C4.108 = @ x 108 = 4.5 x 108
Write down the middle terms of the expansions
a) (a+b)
b) (a—b)'®
c) (1+x)°
Solution

th
(a+ b)** , has 15 — terms. Required term is the (15;1) value = 8" term

th
[ For odd terms, the n'" term is located using ("le) value]

Using U, 4 =0C,a*"b" for (r + 1)* term
=>8=r+1.r=7
~ Middle term = 8" term = 14C,a*~7b7
=14C,a’b” = 3432a’b’
th
(a—b)'® , has 17 — terms(odd). Required term is the (17+1) value = 9" term

The 9" term=r+1 ~r =38
= Uy = 16Cgal®~8(—b)® =16C5a®h® = 12 870a®b®
(1+x)°, has 10— terms(even) Hence there are 2 — middle terms.

[ For even terms, the— and ( + 1) are the middle terms]

Required terms are (70)”1 and (7 + 1)th terms

For 5" term,r+1=5 ~r=4
= 5% term = 9C, (1)°7*(x)* = 9C,. x* = 126x*
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For 6" term,r+1=6 ~r=5
= 6 term = 9C(1)°75(x)® = 9Cs. x° = 126x°
8. Find the last three terms of (2x + y)’
Solution
(2x +y)” has 8 — terms
Required terms are: 8t" ,7t" and 6" term each corresponding to r —
values:7 ,6 and 5 respectively.
w8t —term =7C,(2x)" 7y = y7
w7 —term = 7 Co(2x)770y® = 7 x 2xy°® = 14xy°
6t — term = 7 Cs(2x)"5y% = 21 x (2x)%y° = 84x?y"
9. Write down the terms involving:

o ()
b) X (%)3, in the expansion of (x + %)6
Solution
= Upy = 06x0 7 (1) =6 CxS a7 (1) =672 (1)

2
a) Now term involving x* G) = x*.x72.1? = x? is equated to x®72"
= x? =x%7?" .~ 2=6-2r Fromwhichr =2

% 3™ —term = 6 C,.x572%2 (1)? = 15x?

3

b) For term involving x3 G) =x3.x73(1)3 =«"
Equating x*=x®"2"=20=6—2rorr=3
~ 4t —term = 6 C3.x5723,(1)3 = 20

10. Write down the constant terms in the expansion of:
1\8
a (x=3)
6
2_1
b. (Zx x)

Solution
A constant term does not contain x. finding the suitable value for r;

a. (x — %)8 =38 Cr.xg_r.(i)r =8C.x8T.xT.(1)" =8C. x5, (1)

For a constant term, .x3 2" =x"=28—-2r=0 ~r=4

The constant term = 5 term = 8 C,.x8 24 (1)* =8¢, = 70
b (202 - §)6 = 6C,. 220 (=1) =8¢, 207 122 T (1)

—8 Cr- 26—r.x12—3r. (_1)r
For a constant term, .x1?™3" =x"=212-3r=0 ~r=4
The constant term = 5 term = 6 ,.267% x1273%4 (—1)*
=6C, x4 = 60

11. Find the coefficients of the terms indicated in the expansions below.

6

a) (x + %) ,term in x*
1\7 L1

b) (Zx + —) ,termin—
X X

8
2 )

c) (x - —)  term in x®
X
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P 10 .
d) (2 + E) Jterminx’
Solution
Using U, =0C,a""b" for (r + 1)** term for (a + b)"
1\ 1\"
a) (x+;) = 6Cr.x6’r.(;) =6C,. x5 .xT. (1)
=6C.x572 (1)
For term in x* a suitable value of ris;
xt=x""=4=6-2r nr=1
s terminx* =6C x> (1) = 6x*
~ coefficientinx* =6
b) (2x +§)7 =7C,.(2x)7". G) =7C.27 "X x T (L)
=727 X" (1)
For term in % a suitable value of ris;
x P =x"" 3 -5=7-2r 2r=6
. termin % =7Ce.x”72%6,(1)0 = 14x7°

|
~ coef ficient in i 14

8 r

c) (x—%) =8 Cr.xg‘r.(—f) =8C.x87.(=2)"x"
=8C,.(=2).x87%

For term in x°® a suitable value of ris;

X0 =x8"2"=>6=8-2r nr=1

~terminx® =8¢ x872X1 (=2)! = —16x°

= coefficientin x® = —16

d) (2 +’zi)10 =10¢,. 207 (%) = 0¢.am 20 (1)

=10¢, . 210-2r (1) x"
For term in x’ a suitable value of ris;
x'=x" wr=7

sterminx’ =10C,.x7.21972X7 =10, 274 x7 = 12—5x7
~ coefficientinx” = 12—5
The binomial expansion of (1 + x)"
From (a+b)* =a" + nCa" bl + 0 Ca® b+, +b",ifa=
1,b=x, then;
A+ =1+ 0C ()" I + 0 C(D)™" 2%+ +x"
S 1 X+ B CX% Friiiiiiiiiieeeee s +x"
n_ n n 2 n
A+x)"=1+ (1)x + (z)x TR - 4 @Y
=1+nx+$x2++ ............................................. +x* ()

NOTE:

1) The expansion of (1+ x)" has (n+ 1) — terms.
2) The term in x? is the 3™ — term , the term in x® is the 4‘* — term and the

term in x” is the (r + 1) — term.
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n _
r”‘—term=( ).xr L="C.x"
r—1

3) The coefficient of x™ =n(, = (;l)

4) The form of the expansion given in (1) is useful when the coefficient of a
larger power of x is required, or when general term is required.

The form of the expansion given in (2) is useful when the first few terms of

an expansion are required.
5) The expansion of (a + x)" where n is a positive integer can be done as;

(a+h)" = [a (1 +§)]n =a" (1 +§)n

Replacing x by E in the binomial expansion series gives;

= a1 (1) )+ () O+t (V) o+ (1)) 7]

=a" + (711) a*lx + (721) at 2 x% o+ (Z) ar X" + (:ll) arx"
(a+x)" =a® +() "1x+( L +(Z)a” "X e, +(Z)a"x"
(a+x)" =a™ +na™" 1x+"(n D 1252 et +x
Example:

1) Write down the first 3 — terms in the expansion in ascending powers of x

a) (1 - —)10

b) (3-2x)8
Solution
Using (1+x)" =1+ nx +"(" D 02 e, +x"

Replacing x by — E

a) (1 —g)m =1+10(-5)+ “’;9 (—g)z F o,

b) Using (a + x)* = a® +na" 1x+"(" D am=2x2 4 e, +x"
Replacing x by — 2x
= (B-2x)8 =38 +8(3)7(=2x) + =2 (3)0(=2x)% + .errrrrreeeeeeeea
=3%-16(3)x+ 112(3)6x2 o

8(7)

2) Write down the binomial expansion in ascending powers of x as far as and

including the term in x* for each of the following;
a) (1+x)(1-x)°
b) (1—x)(1+2x)1°

2+%) (1 - 2"—0)20

c)

d (1+x)2*1-5x)H

e) (1+x—2x?)8

) (1—-x+2x?)°
Solution

a) (1+x)(1—-x)°=?

223




Mathematics for an A-level student

Expanding (1 — x)°? as far as x?
A= =[1+ (0P =1+9(-0+22 ()% + oo
=1-9x+36x%+ ..........
A~ (1+x)(1-x)° =1 +x)(1—-9x + 36x?)
=1(1 —9x + 36x%) + x(1 — 9x + 36x2)
=1-9x4+36x2+x—9x% + .oveieeeeeeeeiinn,
2(1+20)(1-x)°=1-8x+27x> [termsinx? areignored]
b) (1—x)(1+ 2x)'°
Expanding (1 + 2x)!° as far as x?
(1420 =1+ 102x) + 22 222 + cooooe
= 1+20x+180x F o,
A1 =x)(1+2x)'° = (1 —x)(1+ 20x + 180x?)
=1(1 + 20x + 180x2%) — x(1 + 20x + 180x?)
=1+20x+180x% —x —20x% + ..oovieeeeeeeeiin,
2 (1+20)(1-x)° =1+ 19x + 160x> [termsinx? are ignored]

c) (2+x) (1 - ;—0)20
Expanding (1 - i)20 as far as x?

(__) —[ (——)]20=1+20(—2"—0)+¥(—2"—0)2+ ...............

.-.(2+x)(1—2"—0) =@+x)(1-x+px 2)
=2(1—x+4—x) x(l x+1—x)

. x )20 _ 1.2
- (2+x)(1—5) —2—x—2—x
d) (1+x)*(1—5x)"
Expanding (1 + x)? as far as x
(1+x)?= 1+2x+2(1)(x)2 =1+2x+ x?
Expanding (1 — 5x)14 as far as x?
(1= 50)™ = [1+ (=50)]" = 1+ 14(=52) + 252 (=5x)?
=1—70x + 2275x>
A(1+x)2A =50 = (1 +2x+ x*)(1 — 70x + 2275x?)
=1(1 — 70x + 2275x%) + 2x(1 — 70x + 2275x?) + x%(1 — 70x + 2275x%)
=1—70x + 2275x? + 2x — 140x? + x%[terms in x* and higher power terms ignored]

~(14+x)%(1—5x)" =1 - 68x + 2136x>
e) (1+x—2x%)3
(1+x—2x2)2 =[(1+x)—2x?]® =[(1 +x) + (—2x?)]®
Using (a+x)" =a" + (711) a*lx + (2) x4+ (;l) atTx" 4.+ (Z) ax"
Replacing a by (1 + x) and x by (—2x?)

(140 + (221 = A+ 00+ (3) 1+ 0726+ (5) 4+ 0 (=227 +...
2

2

Now expanding (1 + x)® and (1 +x)” as far as term in x

(1 +0° =1+8x+22x? = 1+ 8x +28x7
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(1+x)7=1+7x+?x2=1+7x+21x2

The 3" — term in the expansion of (1 + x — 2x?)® yield higher power terms
greater than 2

f(14x—2x2) = (1+8x +28x%) + (‘13) (14 7x + 21x2)(—2x2)

=1+8x+28x% + (51;) (—2x%) [x3 and higher power terms neglected]

=1+ 8x + 28x% — 16x2
W (1 +x—2x2)8 =1+ 8x + 12x?
(1—x+2x?)°
A—x+2x2)5=[(1—x) +2x%]® =(1 -5+ (;‘) (1= )24+
[other terms neglected because yiel unwanted tems)

Now expanding (1 —x)° and (1 —x)* as far as term in x?

(1—9()5=1—5x+%x2=1—5x+10x2

1-x)*= 1—4x+$x2 =1—4x + 6x?
2(1—x+2x%)5=(1-5x+10x%) + (i) (1 —4x + 6x%)(2x?)

=1—5x+10x? + 10x%(1 — 4x + 6x?)
=1—5x + 10x? + 10x2
[x? and higher power terms neglected]
2 (1—x+2x%)8 =1— 5x + 20x?
Task
Expand the following as far as term in x
a) (1—x—x%)*
b) B+x+x3)*
c) (3—2x+2x%)*
d (1-x+x%)8
ANSWER:
1—4x + 2x% + 8x3
81+ 108x + 54x% + 120x3
81— 216x + 324x% — 312x3
1—8x +36x%—112x3

3

USING BINOMIAL EXPANSION TO FIND APPROXIMATIONS
If x is so small that x* and higher power terms can be neglected, show that
10
a) (1-x)° (2 +§) =2°(2 - 5x%)

b) (2x+3)(1—2x)'° = 3 —58x + 500x?
x+3

~ 3 _ 2 _ 3
c) i = 3—-5x+7x°—9%
d) T =1+2x+2x% + 223
Solution

10
(1 —x)S (2 +§) =2%(2 - 5x)
Since the R.H.S contains terms with highest power as onei.e.x!, then,

ignoring terms in x*> and higher power terms
(1-x)5=1-5x
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(2 N g)10 — 10 (110) 29, G) =210 4 5 29,

10
a(1-2x%)8 (2 +§) = (1 -5x)(2! + 5.2%)

=29[(1—5x)(2+5x)] ~[2°is factorised out]

= 29[2 4+ 5x — 10x] [x? — term ignored]

10
a(1-2x%)8 (2 +E) =2°(2 - 5%)
(2x +3)(1 — 2x)'° = 3 — 58x + 500x?
Since the R.H.S contains terms with highest power as two.i.e.x?, then,
ignoring terms in x> and higher power terms
(1-2x)" =1+ 10(-2x) + 22 (—2x)?
=1—20x + 180x?
o (20 +3)(1—2x)10 = (2x + 3)(1 — 20x + 180x2)
= 2x — 40x% + 3 — 60x + 540x?

o (2x +3)(1 —2x)10 = 3 — 58x + 500x2

(1}:(3)2 =3 —5x + 7x% — 9x°
= G+
Expanding (1 +x)~? as far as term in x3 neglecting higher power terms
S+ 2=1-2x+C 2)(! D2 4 & 2)(_3!3)(_4))53
=1-—2x+3x% —4x°
- (1":5)2 = (x+3)(1—2x+3x% — 4x3) = x—2x% +3x3 +3 — 6x 4+ 9x% — 12x3
: (f:xz)z =3 —5x+ 7x% —9x3
ﬂ

- =14 2x +2x% 4+ 2x3

“"_(1+x)(1—x) Lx142x+2x2 4243

Expanding (1 — x)~! as far as term in x® neglecting higher power terms

sA-x)t=1+x+5 1)( D24 = 1)(32)( D3 =1+ x+x2 +x°

-'.1+x 1+x)(1+x+x? +x3)
=1+x+x>+x3+x+x%+x3 [x* — termneglected]

=14 20 4 2% + 2

NOTE:

In all the above examples on binomial theorem, the power on the brackets

is an integer not a rational number. i.e. of the form s.

EXPANSION OF (1 + x)" if |x| < 1 AND n IS RATIONAL

(.i.e.of the form p/q)
The binomial theorem used is;

n(n 1) 2+n(n 1)(n-2) 3+

A+x)"=1+nx+ A

Note:
[x| < 1means —1 < x < +1 (.i.e.validity range of x for expansion)
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Application
e Expansion of expressions
e Finding the n‘* root of a number
e Finding errors in numbers
Examples

1
Expand (1 — 3x)% in ascending powers of x as far as the term in x3. Hence
evaluate V13 correct to 3 s. f.
Solution

Using (1+x)" =1+ nx+ n(nil) x% + n(ni?,(niz)ﬁ Forreis for x| <1

=>(1—3x)4—1+ ( 3x)+( )( 3x)? + M(—sx)u
E 2 _189 3
32 128

=1- Zx -
1
(1 — 3x)% is valid for expansion if |-3x| < lor|3x|<lor—1<3x<1
—% <x< % is the validity interval for expansion.
Since the value of x to be used to estimate /13 in the expansion in the
range —% <x< % ,then
V13 =%/(16 — 3) [+ 13isexpressedas a dif ferencce of ano.with exact 4"root]
1
=* —_3=" _3) = _3
=4(16-3) = 16(1 16) =2(1
Now expressing x as a rational for the interval —% <x< %
Comparing (1 - 13—6) with 3/(1 — 3x)
=>13—6£3x .'.x=11—6 , which is in the range —1<x<§
27 2 _ 189 3

From } (1—3x)=1—%x—§x e X forx——, then

- 301 27 (1\% 189 (1\3 _
-3 =1-00) -5 () 5 () =o0o0te812
~ Y13 = 2 x 0.94946812 ~ 1.90
1
Expand (1 — 16x) as far as x®. Hence evaluate \/39 correct to 5.s. f. Take
1

~ 10000
Solution

(1- 16x)4 =1+- ( 16x) +* £ )( 16x)% + m(—l&cf +
= 1—4x—24x — 2243

1
( 16 )z_ 424 224
10000/ 10000 100002 100003

1
(ﬁ)“ = 0.99996
10000
4/256x39 _ Ca/5e . 0.99996X10 _ 0.99996x10
2 = 0.99996 - Y39 = 20 = 02

~ Y39 = 2.4999
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NOTE:
In general, if x is small so that successive powers of x quickly become
negligible in value, then the sum of the first few terms in the expansion of
(14 x)" gives the approximate value for (1 + x)". The number of terms
required to obtain a good approximation depends on;
a) The value of x (the smaller x is, the fewer are the terms needed to
obtain a good approximation)
b) The accuracy required (an answer correct to 3 s.f needs fewer terms
than the answer to 6 s.{)
When finding an approximation, the binomial expansion of (1 + x)" and not
(a + x)" should be used if n is rational.e. g. Find an approximate value of

1 1 1
(3.006)5. here use 35(1 + 0.002)s5

1
Expand (1 — x)3 in ascending powers of x as far as the fourth term. Taking
1

x =——, find /37 to 6.sf.

1000 ’
Solution

A-xp=[1+(0F=1+ % (=x) + 5(2;,5) (—x)% + )5 33)!(_3) (=x)3

—1-1,_12_5.,3
=1 x—gx X
. 1

Putting x = Tooo

1

1 \s_, 1 5 3099 _ 2998
= (1_ﬁ) =1 -5 T aa0s — 10~ 299
= 3/999 = 327 x 37 = 2
.3/ _ 29980
~ V37 = 7999377 = 3.33222
1

Expand (1 + 8x)2 as far as x*. Hence find /3 to 3.p.
Solution

1 1
(1+8x)2=1 +§(8x) +2(2—,2) (8x)2
=1+ 4x — 8x?
Since the expansion is valid for |8x| < 1lor—1<8x < +1lor —%< x < % , XS

suitable substitution should be selected to find V3 but with in this interval.

Fromv3=,(4-1)=2[(1-2
Y Ja-9) 1

Comparing1+8x51—%=>x=_§

1
From (1 + 8x)z = 1 + 4x — 8x2, for x = —é

V3 111 111
La—=—orv3z=—
2 128 64

Finding suitable value of x for substitution

1
Letx = - where ‘a’ has an exact square root

=>1+8x= 1+§=a7+8= 3N, N =no. also with exact sq. root

Using try and error method
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448 12 3x4
Fora =4, 1+8x=%=7—L This is convenient but ——<x<— hence

x = 1 is not in the range hence rejected.

16+8 24 _ 3x8

16 16 16’

_ 2548 _ 33 _ 3xll
Fora = 25,1+ 8x s T e s

Fora =16, 1+ 8x 8 has no exact square root

, 25 has no exact square root

_ 100+8 _ 108 _ 3x36
Fora=1 1 —_—— ==
ora =100,1+8x 100 100 100 ’

36 has an exact square root
'x—ifor l<x<lcanbeuse
7T 100 8 8 ’

From (1+8x)2~1+4x 8x? x—m

1
IR R

100 100 1002
VI08 _ 10.392
o =1.0392 - V3 = e = 1732

1
Expand (1 — 3x)% in ascending powers of x up to the term in x3. Hence

evaluate Y13
Solution

1 1/ 3 7
(1- 3x)4 =14- ( 3x) + ¥ ( ) (—3x)% + w(—3x)3
~1_3 _Z 2 819 3
=1 4x 2% T8
Now to find Y13 , we need a suitable value of x-value in the range
[—3x| < 10r—§<x<%
Br try and error method

1 .
Let x == ,a = no.with exact 4throot

3 a-3 13 .
21-3x=1-2= aT 1aN N = no.with exact 4" root
4
For a = 16, 1—3x_—3=§=ﬂ
6 16 16
Hence x = — ¢ can be used

(1—3x)4~1+ L- 3x)+1( )( 3x)% + m(—&cf

1
(1 - E)4 =1- %(136) - :_; (136)2 - %(136)3
= 0.9495
~ V13 = 0.9495 x Y16 = 1.899

1
Expand (1 — x): in ascending powers of x as far as 4" term. By taking the

first two terms of x find the value of Y37 , correct to 6 s. f.
Solution

PRI TURVINYE = NI C o P

229



7)

Mathematics for an A-level student

=l—cx—cx——x
Finding a suitable value of x for approximation of /37
Letx = % ,a = no.with exact cube root

=>1—9c=1—;=’1771 ? N = no.with exact cube root
Fora=8,1—-x= % -, this does not contain 37
Fora=64,1—-x= 6—4 thh does not contain 37

1
999 _ 27x37
Fora=1 1l—x=—=
ora 000, x 1000 1000 ’

Taking x = ﬁ in the interval -1 <x <1

this holds

31 1,1 2_i 3
1-xp3=1 X—gX =X
1
1 \ooq 1 1\ 2999 _ 3999 _ 2999
1000/ T 3\1000/ ~ 3000 — 10 ~ 3000
(1-5m) = 13 (5w) =
V3Tx27 =22
Y37 = 22 x 1 = 333222
300
NOTE:

Examples (4), (5) and (6) illustrate how you can use try and error method to
obtain a suitable value of x for approximation of nt" root using binomial
expansion.

See example below.

1
Expand (1 + x)5 up to term inx?. Hence evaluate /9 correct to 3 d.p.
Solution
1( 2)

To find Y9, a sultable x value must be got.

1

(1+x)3~1+ X+ B Ly2 =141 3xX= 9x2

Let x = % ,a = no.with exact cube root

:~1+x=1+%=a7+1=71v N = no.with exact cube root
Fora =8, 1+x=%=§ 9(1) hencex—gcanbeused

(1+x)3~1+ x—ax2
1

O+¥EH%%%®Z$2
\/—"‘ ><2 =2.087
Task:

1
Expand (1 — 3x)3 in ascending powers of x a far as the term in x3. Hence
evaluate {/5
Hint: x =%
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More examples on Binomial theorem
Use binomial theorem to find

a) Vv1.001to6.p

1
b) o Lo 4d.p

c) +0.998to6.p

1
d) To55 10 4d.p

Solution
1
v1.001 = (1 + 0.001)z; let x = 0.001

=) 2 6)E) s L1, 121 3

1 1 -
(A+x)z =1+ x+5 22 + 520257 =14+-ox—ox’ +-x
Now x = 0.001

1
= (1+0.001)z = 1+(0.001) —(0.001)? +-=(0.001)* = 1.000500

1 1 —
o = e (14 0.02)72;let x = 0.02

1+x)2=1-2x+ _2;_3)x2 + _2(_33,)(_4)x3 =1—2x+3x% —4x3
Now x = 0.02
= (1+40.02)72 =1 —2(0.02) + 3(0.02)? — 4(0.02)3
1 ~
* oy = 0.9612

1
V0.998 = V1= 0.00Z = (1 — 0.002):
1+ x)% =1+ix+ %—(_%) x% + ';_(—%)(—%) =l +ix—2ix2 4+ Ly3
- 2 2! 3! - 2 8 16
Now x = —0.002
1
= (1-0.002)z = 1+2(=0.002) — (—0.002)? + - (~0.002)*
~+/0.998 = 0.998999
1 1
ﬁ =(0.98)2 = (1 - 0.02) 2 ;letx = —0.02

=) . (65

1 =
(A+x)p =1 4ox+ 222 4 D203 = 1 4oy — 2x? 4 =23

2! 3! 8 16
Now x = —0.02
1
= (1-0.02)7 = 1+ (—0.02) — £ (—0.02) + = (~0.02)°
R
f == 1.0102
Task:

Use binomial theorem to find Y/1.03 correct to 5s.f
Use Binomial theorem to evaluate

a) V23 to3d.p

b) /37 to5s.f

c) 801to5s.f

d) 64.08to5s.f

Solution

VIF =vB5=2= [25(1-2) =5(1- 1)

25

L. 1 1 5,1 3
Frorn(1+x)2=1+2x g Xt
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2123 = 5[1 +%(—22—5) -
= 4.796

l( 1)2 [high t ' d]
3 —25 Lgher power terms itgnore

NOTE:
|—22—5|<1.i.e.—1<22—5<1
V37 =v36+1 = [36(1+5) =6(1+5)

2
~V37 =6 [1 + % (31—6) - %(31—6) ] [higher power terms ignored] = 6.0828
NOTE:

V36 + 1, could not be expanded directly by binomial because |36| > 1 yet the

required interval of (1 4+ x)" expansion is |x| < 1.

8.01=38+001="[8 (1_‘_%) 2(1+001)

=21 (°°1)+@§f)(°'%)2]

~3Y801=2 [1 +29%~ 20008

{64.08= 67+ 0.08="|64(1+22) = 4(1 +%)
~ 64.08 = 4 [1 *oix 3] [higher power terms ignored] = 4.0017

Proofs in Binomial expansion
Show that, if x is small enough for terms in x* and higher power terms
neglected,

By putting x = %, show that V7 = 2 %
Solution

(5 =1a-0A+07 =1 -x:0+x7

1+x

(l—x)z~1+ (- x)+(l)2(,2)( x)?
El+5x—%x2
LA

1
A+x)z=1->x+

2 2!
~1——x+§x2
JGE) =[x éxz][l -x+BX]
~1——x+ x - x+ %xz =1 x+xz—2

expansion of brackets yleld terms in x3 and
higher power terms which have been ignored

1
Nowx=§
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1128 ~ 128
Task:
If x is so small that its cube and higher powers can be neglected, show that
(kx) =1+x+;x*. By puttingx = —, show that V2 = 1_>

Show that the first 3 — terms in the expansion in ascending powers of x of

1
(1 + 8x)# are the same as the first 3 — terms in the expansion % Use the

14+5x
1+3x

1
corresponding approximation (1 + 8x)s = to obtain approximation to

(1.16)% as a rational fraction in its lowest form.
Solution
1 3
(1+80T=1+1@80)+ @ (8x)?
=1+ 2x— 6x>
= (14 5x)(1+3x)7!
= [1 +(-1)Ex) + 22 (3x)2] (1+5%)
= (1-3x+9x%)(1+ 5x)
=1—3x+9x% + 5x — 15x?
=1+ 2x—6x2
1+5x

1
. T~ ~ 2
~(A+8x)i = =1+2x—6x

1+5x
1+3x

Tt 14 20 — 622

1
Using (14 8x): = T

1 1
(1.16)s = (1 4+ 0.16)4
By comparison, 8x = 0.16 .. x = 0.02

L 1+5(0.02)
= (1+40.16): = 143(0.02)

11 _ 59
1.06 53

IR

(1_:x)z + V4 + x. Show that if x3 and higher powers

are ignored, f(x) = a + bx + cx? , and find the values of a, b and c
b) Show that3" = (3) +2 (711) +4 (721) + o + 2" (Z) Hence evaluate 3°

c) Given that the first three terms in the expansion in ascending powers of x

a) Itis given thatf(x) =

1
of (1 — 8x)# are the same as the first 3-terms in the expansion of %. Find the

1
values of a and b. hence find an approximation to (0.6)+ in the form%.

Solution

FOO =g + VAT = (b0t [4(14)

A+ =14 (-2 + 202 = 125 4 322
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=2[1+2- x| =2+
1

. ~1_— 2 X _ 2,2
~f(x)=1-2x+3x +2+7-x

- 191 5
=3 x+64x

3—x+ %xz = a + bx + cx?, comparing corresponding coefficients;

191

.'.a=3,b=—1‘cza

3n=(p)+2())+4()+ -t ())

3" = (1+ 2)"; By binomial theorem
3" =1+4+0C.2) +10C.(2)% + i, +nC,(2)"

3 =(g)+2(})+4() + et ()

Forn =63 = () + @ (§) + @?(3) + .+ 26 (9)

36 = 1412460 + 8.6 C; + 16.6 C; + 32.6C; + 64. 6 C
=729

1- 8x)% & 1tax

1+bx ; ,

- 8x)% =1+ i (—8x) + % (—8x)?
=1-2x—6x>

= (1+ax)(1+bx)7!

[1 + (—D)(bx) + %(bx)z] (1 + ax)

= (1—bx +b*x*)(1 + ax)

=1-—bx + b?x? + ax — abx?
[termsin x3 ignored - do not make the 15¢ 3 — terms]

=1+ (a—b)x+ (b> — ab)x?
~1—2x—6x? =1+ (a—b)x + (b* — ab)x?
By comparison of coefficients of corresponding terms,
FOTr X! — 2 =@ = D e (1)
Forx?: —6=b*—ab=—=b(@—Db)......coeeevvreeeiiiieeninnnn. 2)
Eqn. (1) + eqn.(2)

RS
From (l)a=b—-2=-3-2=-5
A (1—8x)i = a1 2y —6x?
1-3x

(0.6) = (1 — 0.4)7 = (1 — 8x)s
= 0.4=8x ~x=0.05
From (1 — 8x)i = %= 1 - 2x — 6x%, For x = 0.05
~ 1-5(0.05) _0.75 _ 15
~ 1-3(0.05) 0.85 17

1+ax
1+bx

IR

(0.6):
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Task:
Expand ( ) as a series of ascending powers of x up to and including

terms inx?. Using x = ﬁ’ find an approximation of V51 stating the number of

significant figures to which your answer is accurate. ANSWER: 7.141 (4s. f )
2(1+

) . Hence evaluate —

Find the first three terms of the binomial expansion— \/_5

correct to 3d.p.
HINT:

2(1+x)

2(1+x)(1——)_% =2(1+%)

L () ()2
=21+ ) [1+5+ 22

~ x
2[1+8+128

=2(1+9x+ﬁx )

x+x+]

Now finding suitable value of x for evaluation of \/1T0_5

2040 _ 10 (40 _ S
1z V15 1_x  VI5
4

4

4?25 5 44?5

1—§ T 15 3 4—x 3
=124 24x +12x%2 =20 —5xor 12x24+29x -8 =10
8

. 1
Solving x =-,—-
g 4’ 3

Since the expansion /1 - % is valid for |§| < 1lor|x| <4, then taking x = %

- =20+ )]
16

4
Determine the binomial expansion of (1 + g) . Hence evaluate (2.1)* correct to

2d.p (Uneb 2005)
HINT:

x 4 _ 3 92 x3
(1+3) =1+20+322+%

4 _ 4 _ 0.1 4 _ 0.1 4
QD*=(2+0.1)* = [2 (1 + 7)] =16 (1 +7)
But =% .x=01

2 2

IR

=>16(1 +E)4 16(1+2(0 D +3(01)2 + ©1 ) = 19.448

Expand f(iii) as far as and including the term in x3. Taking the first three

terms and x evaluate V14

1
T 9
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Show thatm =14 2ax —2a’x%+4a3x3+ ...... , and deduce the
expansion form up to the term inx*. Lettingx = 11—0, evaluate V6
to5d.p.

HINT: compairing\/(l + 4ax) with \/(1 —4x),a=-1

Expand (1 — x)é in ascending powers of x up to term in x*. Hence

evaluate 1/998.

Hint: V998 = {/(1000 — 2) = 3/1000(1 — 0.002) = 10 }/(1 — 0.002)

If x is sufficiently small and allow any terms in x° or higher power terms be
neglected, show that (1 + x)%(1 —2x3)1% = 1 + 6x + 15x? — 105x*

1
Expand using binomial theorem (1 + 4x)z up to the fourth term. Hence

evaluate V6 to 3 d.p using x = ﬁ

a) Expand ,G%) in ascending powers of x to a term in x2.

b) (i) Using the expansion of /(1 + x) up to the term in x3, find the value of

V1.08to4d.p
(i) Express+/1.08 in theform%\/E. Hence evaluate v/3 to 3 s. f.(Uneb 2010)

show that if x is so small in comparison with unity that x* and higher power

1 1

(1-4x)2.(1+3x)3 3 33 5
terms can be neglected, ——————=1—--x ——x
9 ? Vi+x 2 8

PERCENTAGES AND ERRORS IN BINOMIAL APPROXIMATION
The knowledge of measuration is applicable.
Examples
The radius of a cylinder is reduced by 3% and its height increased by 4%.
Determine the appropriate percentage change in;

a) Its volume

b) In curved surface area

(Neglect product of small changes)

Solution
Let r and h be the original values of radius and height respectively
Volume of cylinder, V = nr?h

New values of r and h are respectively; (w)r , (100+4)

100 100
New volume, V' = [((12?,0_3)r)2 (123;4) h]

=m(1-0.03)%r%.(1+ 0.04)h
=nmr?h.(1—0.03)2. (1 + 0.04)
But (1 — 0.03)? = 1 + 2(—0.03)
=1-0.06 (Neglecting product of small changes)
V' =nmr2h (1 -0.06).(1 4 0.04)
=nmr2h.[1+ 0.04 — 0.06] (Neglecting product of small changes)
= 0.98nr%h

%ge change inV = (%) x 100

_ (nrzh—0.98nr2h
- nrZh

)><100=2%
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~ Volume reduced by 2%
Curved surface area of a cylinder, A = 2nrh

New curved surface area, 4 = 21 [(100_3)r. (100+4) h]

100 100
= A =2nrh.(1-0.03).(1 + 0.04)
= 2nrh[1 4 0.04 — 0.03] [Products of higher smaller terms ignnored)
~ A =2mrh.(1.01)
%ge change in A = (%) x 100
— (anh(lﬂl)fznrh

2nrh
~ Curved surface area increased by 1%

Pressure P and volume V are elated by the expression PV3 = C where Cis a
constant. Find the appropriate percentage change in C when P is increased
by 2% and volume decreased by 0.8%.

Solution

Let P and V be original values of pressure and volume respectively.

10042\ , _
e )P = (1+0.02)P

100-08Y,, _ 1

T)V = (1-0.008)V

Now new value of C = C' = (1 + 0.02)P[(1 — 0.008)V]3

= ¢ = PV3.(1+40.02).(1-0.008)3

But (1 —0.008)% = 1 — 3(0.008), higher power terms ignored

~ € =PV3.(1+0.02).(1-3(0.008))
= PV3.[1—3(0.008) + 0.02] , products of smaller terms ignored
= PV3.(0.996)

~ %ge change in C = (%) X 100 = (

~ %ge change in C (Reduction) = 0.4%

)x100=1%

New value of P = (

New value of V = (

PV3—PV3.(0.996)

T9) % 100

An error is made in measuring the radius of a sphere. Find the percentage
error in surface area.

Solution

Let the error lead to increase in radius.

Area of sphere, A = 4nr? where A and r are original values.

New value ofr = (1 + fm)r =(1+4+0.02)r

New value of A = A" = 4rn[(1 + 0.02)r]?

= 4mr?(1+ 0.02)?

= 4mr?(1+2(0.02)) = 4nr?(1.04)
~ %ge changein A = (%) X 100

_ (4an (1.04)—4mr?

SIUZ) X 100 = 4%

NOTE:

If error was to lead to a decrease in r you get the same percentage change
4%.

1 . . .
An error of 2 Z% s made in measurement of the area of a circle. What

percentage error results in the radius and circumference?
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Solution
Area A = nr? , where A and r are original values of area and radius of circle

respectively.
100+2.5
100

New value of A = ( )A = (1+ 0.025)A [let error lead to increase in A)

From A=nr2=>r=\/§
1
Now new value ofr = @ = \/%. (1+0.025):
A 1 . A
= \E [1 +E(0'025)] ,higher power terms neglected = 1.0125\/;

1.0125 \E— \E
%ge change inr = T X100 =1.25%

Circumference C = 2nr , where C and r are original values of circumference
and radius respectively. Since the error of 2 %% leads to an increase in r by
1.25%, then;

100+1.25
New value of r = (

= )r = (1+ 0.0125)r
~ New value of C = 2m(1 4+ 0.0125)r = 2nr(1 + 0.0125)
2nr(1+0.0125)—2m‘) % 100 = 1.25%

2nr

~ %ge change in C = (
Alternatively

A
A=mnr? =>r=\/;

C=2mr=C=2n|%=2vnva=2vra

T

New value of A due to error = (1 + 0.025)A4
New value of € =C' = 2vm.\/(1+0.025)4
=2vmA. (1 + 0.025)%
= 2\/TA. (1 + Ogi) = 2v/mA(1 + 0.0125) , higher power terms neglected

ZW(HS%S)_ZW) x 100 = 1.25% as before

One side of a rectangle is 3-times the other. If the perimeter increases by 2%,
what is the percentage increase in area?

~ %ge change in C = (

Solution
length = 3w
P = perimeter | width=w P=2C@w+w) =8w

100+2
100

New value of P = P’ = (

Now area, A = 3w?

)P = (1+0.02)P

FromP=8w=>w=§
ca—3(PY =3 p2
s A= 3(8) =al
New value of A (due to increaseinP) = A = 63—4 [(1+ 0.02)P]?
= 63—4P2((1 + 0.02))2 = ;—4P2[1 + 2(0,02)] , higher power terms neglected
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64
_1)2.p2
(1.04-1)P

3
= p2
64P

= 1.04(3 PZ)

~ %ge inarea = [ ] X 100 = 4%

Alternatively
P=8w=w=¢;NewP = (1+0.02)P

Finding percentage change in w due to 2% increase in P
»_ (140.02)P

New w =w s

(1+0.02)P P

%ge change inw = (% ><> 100 = 2%

8
Now area, A = 3w?
New area due to increase in w= 3[(1 + 0.02)w]?
= 3w2(1+0.02)% = 3w?[1 + 2(0.02)]
= 3w?.(1.04)

2 a2
Sw(A0b-3w” '(13'342) Sw ) x 100 = 4%

The height cylinder 10cm and its radius is 4cm. find an approximate increase
in volume when the radius increases to 4.02.

Solution

Volume, V = nr?h; assuming h is constant

=>r=4cm,h=10cm

~ %geinarea = (

4.02—4
4

Finding %ge change in r= ( ) x 100 = 0.5%

100
=nmr?h (1+ 0.005)% = nr2h[1 + 2(0.005)]

Now new value of V =V =x [(w) r]z .h

V' =1.01nr?h
~ Increase in volume = 1.01nr?h — nr?h
=0.017r?h = 0.017 X 4% x 10
= 1.6m cm3
The base radius of a right circular cone increases and the volume changes by
2%. If the height remains constant, find the percentage increase in the
circumference of the base.(Uneb2011)
Solution
Let radius increase by x%

LetV = %m’zh , where r and V are original values of radius and volume

respectively
¢ 1 [f100+xY 12
= New volume,V —gﬂ[( 100 )r] h
= 2mr2h(1+0.01x)2
_ nrih

== (1+0.02x) [Higher power terms neglected]

Now %ge change in volume = (VV—_V) X 100=2
nrzh(1+0 02 ) nrlh
. X)—
(¥> X100 =2

nrlh
3

=0.02x=0.02~x=1
~ Increase in radius is by 1%
Now circumference, C = 2nr
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—

100+1
100

New value of C after increase in radius by 1% = c = 27r( )r = 2nr(1.01)
2nr (1.01)—2nr

= )x 100 = 1%

If L is the length of a pendulum and t(s) is the time of one complete swing. It
is known that

L = kt?. If the length of a pendulum increases by x%, x being small, find the
corresponding increase in the time of swing.

Solution

L = kt? , taking k a constant

100 +x _
W) L=(1+0.01x)L

~ %geincreasein C = (

Increase in length = (

L
Now t—ﬁ
/ 1
~ New value of t =t = /%ﬂ=\/%.(1+0.01x)2
~ |L 1 ~ |k
=\ﬁ.[1+2(0.01x)]_\ﬁ.(1+0.005x)

~ Y%geincreaseint = (tt—_t) X 100

L L
 (140.005x)— |=
‘ﬁ—L‘ﬁ % 100 = 0.5x%
#
The period T of a pendulum is calculated from the formula T = 2n ’(é) where |

is the length of a pendulum and g is acceleration due to gravity. Find the
percentage change in the period caused by lengthening the pendulum by 2%.
Solution

T= Zn\/@ , hew value of [ = (123;2)1 =(1+40.02)!

#“NewT =T =2 (@)

=2 [(5).-(1+ 0.02):
=2n (ﬁ) . (1 + O'zﬁ) [higher power terms neglected]

“T =21 (ﬁ).(1.01)

~ %ge change inT = (T—T_T) X 100

1 1
271\/@.(1.?/1271\/6 % 100 = 1%
2m (;)
Find the approximate percentage change in the square of a quantity when the
quantity itself changes by 0.1%. hence find the approximate value for (10.01)?
Solution
Let the quantity be x
=y =x?
Let percentage change in square of quantity be an increase

10040.1\ _
= )x = (1+0.001)x

~ New value of x = (
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Now percentage change in square of quantity. i.e.y = (%) X 100

But y =[(140.001)x]? = (1 + 0.001)%x2
= [1 +2(0.001)]x? = 1.002x>

~ Required %ge change in square of a quantity

= (A2225) x 100 = 0.2%

P
Now lety = (10.01)? = (10 + 0.01)?
Hence ifx = 10, then x increases by 0.01 = 1%
Since y' = x% = 1.002x%,x = 10
=y =1.002x 10% = 100.2
Alt: (10.01)? = (10 + 0.01)? = (10.01)? = (10 + 0.01)?
=[10(1+ %)]2 =100(1 + 0.001)2 = 10 x (1 + 2(0.001)) = 100.2

NOTE:
The above examples on percentages and errors in binomial expansion can
also be done using the knowledge of differentiation.i.e. Small increments and
percentages

Task:
4
The modulus of rigidity G is given by G = ¥ where R is radius, 0 is the angle

of twist and L is length. Find the approximate percentage in G when R is
measured 1.5% too large and 8 is measured 5% too small Answer: 1%

The volume of a cone is given byV = %nrzh. If the volume increases by%ﬂ cm3/

min and height increase by 0.03cm/min . Find the rate of change of the radius
r whenr =10 cm and

h =5 cm.Answer:5

If the radius of a spherical bubble increases from 1 cm to 1.02 cm, find the
approximate increase in volume.Answer:0.08m cm?

IfR = ar™ and an error of x% is made in measuring r, prove that an error of
nx% will result in R

The volume of a sphere is increased by 3%. Find the percentage increase in
the radius.Answer: 1%
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VECTORS

Definition:

A quantity that can be specified with magnitude and direction e. g. force,
acceleration, displacement, velocity etc is a vector.

Representation of a vector

A vector is represented symbolically as a or a or a

Graphically, it is represented by a line ~

/ S
0 \ \ Terminal point

Initial point
The length ot a line 1s the magnitude and the arrow on the line is the
direction of the vector.
Classification of vectors
Vectors are classified depending on their behavior and properties.
Null vector or Zero vector
A vector with a null/zero magnitude, and is denoted as O
Unit vector
A vector with a unit magnitude is a unit vector. It is denoted with a cap .i.e.
for a vector, its\unit vector I a
NOTE i

VECTOR
[VECTOR

= UNIT VECTOR

Like/unlike vectors
Like vectors are vectors with the same direction regardless of their

magni ¢ b
/;//V/

Unlike nertnrs are vectors with different directions
W

Negative vectors

Negative vectors are vectors with same magnitude but opposite in direction.
Consider the figure below

AB BA AB = —BA Application:
// subtraction of vectors

Equal vectors
Equal vectors arte vectors with same magnitude and direction
Application
e Rhombus
e Parallelogram
e Rectangles
e Squares
Consider the figure below
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D > c
! For a rectangle
A > B AB = DC and AD = BC

Note

AB is parallel to DC, AD is parallel to BC . Thus equal vectors are also
parallel but with the same magnitude and direction.

Collinear/ parallel vectors

Are vectors with the same line of action or having line of action parallel to
one another.

Consider the figure below oY

a) ’ AB and B_(f, act on point B,
¢ but both have xy line of action,
B hence 4B is parallel to BC
x7~ A
b) c ABCD is a parallelogram.

AR is parallel to DC
AD is parallel to BC. Thus AB and
DC are collinear and also AD and

BC are collinear/parallel.

Condition for collinear/parallel vectors

From fig (a) —

AF = kBC or AB = 1AC
From fig (b . .
rom fig (b) AB = kDC or AD = ABC

Where k and A are scalars or constants

g) Position vectors

Are vectors that specify position of a point with respect to a fixed point
0 (Origin)

Application

Used mainly in coordinate system, for locating a point in x —y or

x —y — z planes
h) Coplanar vectors

Are vectors which lie in the same plane or vectors paralleled to the
same plane

ADDITION OF VECTORS
Vectors are added by finding their resultant, a single or equivalent vector.
Consider the following cases of vector addition.

1) Case I: Addition of TWO vectors.

AB +BC = AC

C
C -
’_:/'/ or + b =
’,—" 8 4 2 £
a B

A
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This is called triangle law of addition of vectors.
In general, to find the sum of two vectors a and b, draw them as a chain,
starting the second where the first ends; the sum ¢ is given by the single
vector joining the start of the first to the end of the second.

2) Case II: Addition of a number of vectors;a+b+c+d +..............

A) E. a) Draw the vectors as achain
- b) Then;
A 2D a+b=A4C,AC +c=AD
a ~a+b+c=4D
-~ — —_
B C AD +d = AE .
b, ~a+b+c+d=AE
i.e. The sum of all the vectors a,b,c,d is given by the single
vector joining the start of the first to the end of the last .i. e.AE
B) R
T PQ+QR+RS+ST =PT
Q
S
P

3) Case III: Sum of vectors = 0 for a closed figure

Consider the figure below
AB+BC+CD+DE+EA=0
i.e.at+tb+c+d+e=0

NOTE
The end of the last vectc B incides with the beginning of the first, so the
resultant vector is zero with no magnitude.

COMPONENTS OF A GIVEN VECTOR

A single vector can be replaced by any number of component vectors so
long as they form a chain in the vector diagram, beginning at initial point
and ending at the terminal point.

PT=a+b+c+d

b _--—~ ¢
- ~ . .
- ss, See examples immediately
N / after subtraction
a\ / d of vectors.
\_>_—/
P T

SUBTRACTION OF VECTORS

During the addition of vectors in a specified direction it may be encountered
that the direction of a vector needs to be changed in order for it to be added.
Once a direction of vector is changed, a negative vector is formed, hence
addition, subtraction of a vector occurs.

NOTE
Triangle law is still used for subtraction of two vectors.

244



Mathematics for an A-level student

A\ C
o Y AC =4AB +BC
P But BC = —CB
A== 7 B ~AC=AB—CBorc=a—-»b

Examples on components of vectors
ABCD is a quadrilateral, with G and H the midpoints of DA and BC

respectively. Show that AB + DC = 2GH

Solution
A - B By chain vectors, 4B = 4G + GH + HB
Y A Also DC = DG + GH + HC

B S T SRty

¢ =2GH + (AG + DG) + (HB + HC)
But G is the midpoint of AD, = AG =GD or AG = -DG (negative vector)
Also H is the midpoint of BC, = BH =HC or —HB = BH = HC
~AB+DC = 2GH + (-DG + DG) + (—HC + HC) = 2GH
Points L, M, N are midpoints of the sides AB, BC, CA of the triangle ABC.
Show that;

a. AB+BC+CA=0 I

b. 24B+3BC +CA=1LC

c. AM+BN+CL=0

Solution
E+R‘)+a=O(Foraclosedfigure) A B

To show that 24B + 3BC + CA = LC
CA=CL+14

ot c

« 2AB + 3BC + CA = 4AL + 3BL + 3LC + CL + LA

= 4AL + 3(-LB) + 3LC + (-LC) + (<AL)

= 3AL — 3LB + 2LC

Since AL = LB,3AL — 3LE = 0 A B

~2AB+3BC+CA=1C
To show that AM + BN+ CL =0
From the figure (b) above
AM = AB +BM ,BN = BC + CN ,CL = CA + AL
AM + BN + CL = AB + BM + BC + CA+ AL + CN
= (AB +BC + CA) + (BM + AL + CN)
=0+ (BC+A4B + CA) = (4B +BC + CA) =0
Task
Prove that the line joining he midpoint of sides of a triangle is parallel to the
third side and half its length.

ABCD is a parallelogram. If L, M are the midpoints of BC and CD, express AL
and AM in terms ofA’B) and AD. Show that AL + AM = %Té

245



Mathematics for an A-level student

Solution
M AL = AB + BL
b ¢ ButBL=1BC=14P [+ 4D = K]
L .-.A_L’=E+§B_C’
AM = AD + DM
A B +

But D = 1 B¢, BC = 4B, D = 1 75
=AM = 4D + 4B
Now to show: AL + AM =§A_)C
= AB +5AD + AD + 5 AB = AL + AM
= AL+ AM =>4B +> 4D = (4B + AD)
But AB + AD = AB + BC = AC
~AL+AM = AC
4. If P, Q, R are midpoints of the sides AB, BC and CA of the triangle ABC and O

beapointwithint,prouethatO_A)+0_B)+m‘)=ﬁ+@+O_R)
Solution B -
OA=0P+PA
0B =00+ QB
P 0 0C = OR + RC
~O0A+0B+0C=0P+PA+0Q+QB+0R+RC
= (0P +0Q + OR) + (PA+ QB +RC)
4 R “  ButPA=1B4,0B = 0B RC = 14c
= PA+QB+RC=5BA+,CB+AC =2 (BA+CB+4C)=5x0=0
~OA+0B+0C=0P+00Q+OR
NOTE

Parameters can also be applied in solving the above examples through
forming parametric equations.
S. ABCD is a rectangle. By vectors show that the diagonals bisect each other.

Solution
Points A, M and C are collinear, and B, M and D are also collinear.
D C LetAB=aand AD = b
M Now AM = AAC and BM = uﬁf where A, u are
constants.
A - B
a

AM = AB + BM = AB + uBD

ButBD =BA+AD=—-a+b

+AM = a+p(-a+b)
Alsom=/1A’C);A’C)=A’B)+B’C)=a+b[~.~ﬁ=ﬁ=b]

S AM = (@A DA oo (1)
Alsom:a+u(—a+b) =(A—-pwa+pub ..cceveviiiiiiiiiiin, @)
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Since (1) and (2) are the same

2> (a+b)A=a+u(—a+b)=_10—-wa+ub
Equating coefficients of corresponding vectors
Fora:d=1—p ccooviiiriiiiiiniiinnenenne. (3)
FOrb:Ad = ceeneniiiiiiiiiiiiie e 4)
Solving (3) and (4) simultaneously

,u=1—,uor,u=%=l
SinceAM = AAC and BM = uBD, then AM = %TC and BM = %ﬁf
~ M is the midpoint of the diagonals, and hence diagonals bisect.

If ABCD is a parallelogram and E is the midpoint of AB, show by vector
method that DE trisects and is trisected by AC.

Solution
Points A, M and Care collinear and D, M and E are also collinear
D LetAB=aand AD = b
C 4M = XAC,DM = kDE , Where k, 1 are
M constants
AM = 2AC ;AC = AB + BC
c B =AB+AD=a+b | AD =BC = b|
SAM = (@4 DA oo, (1)
DM = kDE ; DM = DA + AM = —b + AM
SDM = =B A (@A DA oo 2)

Nowﬁ=ﬁ+ﬁ=—b+%ﬁ=—b+%a
. DM = kDE gives;
—b+(a+b)/1=k(—b+§a) or (A—1)b+1a=-kb+%a

Equating coefficients of corresponding vectors

=k D
Fora.l—2 .......................................... (3) C
FOrb:id—1=—K ccccerimiiiinaiaiinaaaen. (4) y 2
Eqn.(3) in to eqn. (4) gives
k 3 2
E—1=—k ﬁ;k=10rk=§, A B
1 E

—1y2_1
andfrom(l)A—ZXS—3

“AM = %A_)C and DM = gﬁ , hence DE trisects and is trisected by AC.

Show that the line joining the midpoints of two non parallel sides of a
trapezium is parallel to the other sides and half their sum.
Solution

Let AB=a and AD = b
Since 4B // DC, then DC = 1 4B = Ja
Now expressingm in terms of a and b
MN = MA + 4B + BN

5 MA=1D4 BN=1C

= MN = a2b+a+%B’C)
ButBC =BA+AD+DC=—-a+b+1a
zmz—%b+a+%(—a+b+la)
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= —%b+a—%a+%b+%la=%a+%la= %(1+/1)a
Since %(1 + 1) is a scalar, let % A+ =u
~ MN = pa , which shows that MN // AB and DC
From MN = %(1 +Da =%a+%la = %E+%D_C) = %(E+D_C)) , as required.
OABis a triangle M and N are points on AB and OB respectively, such that
AM = %E and ON = %O_B), IfO_A) =aand OB =b, find the position vector of P,
the intersection of AN and OM, in terms of a and b

Solution:
AM =12B =2 _ 1 oy AM:4B = 1:3
3 AB 3
- 3—=—= ON 3

Points O, P, M and A, P, N are collinear.
Let OP = A\0M ; AP = uAN
Now expressing OP in terms of 4, 4, a,and b

0—P)=ﬂ.0—)M; O—IVI>=0—A)+W=O—A)+§A—B)
=>m’)=l(0—.4)+§ﬁ) ButAB=A0+0B=b—a

.-.ﬁ=/1(a+§(b—a))=§/1a+§/1b .......................................... (1)

Alsoﬁ=um;ﬁ=ﬁ+ﬁ=ﬁ—a

AN = 40+ ON ; ON = 208

~AN=A0+0B=—-a+b

:»ﬁ—a=u(—a+z3—}b)=(1—u)a+z3—lub

2 OP= (1= f)@+ZUB oo 2)
Eqn.1 = eqn.2

2da+:ab=(1-wa+ub

[Equating coefficients of b]
From egn. (3);1:1—%/1 ................................................... 4)
Eqn. (5) in to eqn. (4) gives
11=3(1=-%2)=3_1 i3
5/1_4(1 3/1)_4 A>3 +4=]
Ja=3s=2
6 4 10

1242 _2
Fromeqn. @), u=1 X075

=32 1 2(9 1(9 3 3

opP =§/1a+§/1b = E(E)a+§(ﬁ)b = Ea+ﬁb

Task

Show that the diagonals of a square, rhombus and parallelogram bisect each

other.
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POSITION OF A POINT DIVIDING A LINE AB IN THE RATIO m:n
(Ratio Theorem)

Let the line AB be divided by a point P in the ratio m:n

m n

P ®-

A P B

Ratio AP:PB = m:n or %:ﬁ:; = nAP = mPB

By position vectors,
AP = A0+ OP = —0A + OP ,PB = PO + OB = OP — OB
= n(~04 + 0P) = m(0F — 0B)
= nOP + mOP = mOB +nOA  OP(m+n) = nOA + mOB
= 0P =—"-04A+-"-0B
m+n
If the position vectors of A and B are respectively a and b, then
0OA = a,0B = b. The ratio theorem becomes,

m+n

—

opP

= a+
m+n m+n

NOTE
P is a point that divides AB either internally or externally in the ratio the
ratio m:n
a) For internal division, the ratio is represented as

AP:PB = m: n[Both ratio values + ve]

m n

A P B
b) For external division, the ratio is represented as

AP:PB = m: —n or — m:n [Both ratio valuesof opposite sign]

i) *—--=-=--- ° °
P A B

e ¢ === - AP:PB = m:n
A B P

The knowledge of position vectors is applicable in ratio theorem.
Examples

Find the position vector (p.v) of a point which divides the line segment AB in
the ratio

a) 8:3
b) 5:—4
Solution

Ratio 8:3 = m:n [Internal division]

AP:PB = 8:3 or%:% = 3AP = 8PB

By position vectors, 3(0P — 04) = 8(0B — OF) = 30P — 304 = 80B — 80P
110P = 304+ 80B = OF = =04+ 0B
Letﬁ:aandﬁ:bthenﬁ:f—la+f—1b
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Ratio 5: —4 = m: n [External division]
AP:PB = 5:—4 orﬁ_—g=_i4 = —4AP = 5PB
By position vectors, —4(0P — 04) = 5(0B — OP) = —40P + 404 = 50B — 50P

OP =50B — 404 - OP = —4a+5h

VECTOR “r” IN TERMS OF UNIT VECTORS i,j AND k
Consider the figure below

OP =1 =0A+ AB + BP

AZ . ]
Let |0A| = X units,
E b |AB| = y units,|BP| = z units
From vector = |vector| X unit vector,
F {J O_A)=x.i,ﬁ=z.jandﬁ5=z.k
AT “OP=xi+yj+zk
/ | -
i O\ j C Y A point P(x,y,z) hasap.v
OP=r=x.i+ y.jtzk
X
A B or OP = (y)
Z

MODULUS/MAGNITUDE/LENGTH OF A VECTOR r
From AOPB, by Pythagoras theorem,

0B|" = |r|? = [0A| +|BB|' ; But OB =04+ 4B =x.i + y.j
|Wj|2 = |E4)|2 + |ﬁ|2 [ AOAB is right angled]
= x2 + y?

DISTANCE BETWEEN TWO VECTORS
Ifry=x.i+ y1.j+zi.kand ry = x,.i+ y,.j + z,.k , distance between ry
and r, is

Distance = \/(xl — 102+ (31 — y2)2 + (71 — 23)?

250



Mathematics for an A-level student

More examples on Ratio Theorem
Given the position vector OA = (3,—2,5) and OB = (9,1,—1). Find the position
vector of point C such that C divides AB internally in the ratio 5: —3

(Uneb2003)
Solution
Method I
® * - =-=--- -
A B c
AC:CB=5:-3 2% => or—34C=5CB

CB -3
= —3(0C - 04) = 5(0B — 0C)
= —30C + 304 = 50B —50C - 20C =508 — 304

g

=| 5 | =0C=18i+>j—10k

By Ratio Theorem R CB=5-3=mn

oc =

—>

m+

OA +—OB = —OB ——OA
- 5+-3

()

=| 5 |=>+0C=18i+=j-10k
\_E_E/ -10
2 2
A and B are points whose position vectors are a = 2i+ k and b =i—j+ 3k

respectively. Determine the p.v of the point that divides AB internally in the
ratio 4: —1 (uneb 1993)

Solution
Method I
Ratio of division is AP:PB = 4: —1 or ‘;:,2 = _il = —AP = 4PB

= —OP + OA = 40B — 40P
=>3WJ’=4W?’—E4’.:WJ’:iﬁ’—lﬁ:i(i—ij)—%(2i+k)
= 0P = (———)l——]+(———)k—§ ——]+ Lk

Method II
Using Ratio Theorem
0P =" —1l=mn
m+n
_ -1 = 4 _ 11— 44—
~ 0P = 4+_10A +EOB =—3;04A+:0B

=—Qi+k)+5(i—j+3k) =Zi—Tj+Tk
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NOTE
You can work the vectors in terms of i,j, and k or write the given vectors in

1
terms of column vectors. i.e. For i —j+ 3k = (—1)

3
Given that the position vectors of A, Band C are

. 1y _ | 3 . 7
0A=(—2 ,0B=(2>and0C= 10)
2 -1 -7

i) Prove that A, B and C are collinear

ii) If OABD is a parallelogram, find the p.v of E and F such that E divides DA
in the ratio 1: 2 and F divides it externally in the ratio 1: 2 (Uneb 2007)
Solution

i) Shall be tackled later after looking at collinear vectors

ii) For a parallelogram, 0D = 4B and 04 = DB
X

D(x,y, Z) B(3,2, _1) =1 ()Z/> = AB = OB — OA

(3)-()-()

~D(x,y,z) =D(2,4,-3)

[\

0(0,0,0) A(1,-2,2)

Now finding coordinates of E that divides DA internally in the ratio 1:2

Using Ratio Theorem
E
\
2 A(1,-2, 2)

OF =—"-0D +——04 [state from D to A]
m+n m+n
2 L
=271 0P + 3704 D(2,4,-3)

2 1
2R 15> 2 1
-3 2

or OF =2 (2i +4j — 3k) +5 (i — 2j + 2k)

|

6 2
—§+§/

Now finding E, for external division

+

© W[
N W=

“OE=2i+2j+%
~OE=2i+2j+k

Wl N wWla

—
w
w

[ *----- )

D A E Ratio DE:EA=1:-2 =m:n
Using Ratio Theorem
OE =—"—0D +-"—04
m+n m+n

= 0F =—>-0D+——0A=20D - 04

1+ -2 1+ -2
. 2 1 4-1 5 .
OE=2( 4 |-|-2])=(8+2 |=|10 ]~ OE=5i+10j—8k

-3 2 —6—2 -8
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Examples on Distance between two points

Prove that the points 2i —j + k,i — 3j — 5k and 3i — 4j — 4k are vertices of a
right angled A.

Solution

Let P(2,—-1,1),0(1,—3,-5) ,R(3,—4, —4)

1 2 -1
ﬁ=@—ﬁ=(—3>—(—1>=<2) = [PQ| = /(-D2+ 22 + (-6)2 = V41
-5 1 -6

3 1 2
ﬁ=ﬁ—W=(—4)—(—3>=<—1) > [QR| =22+ D2+ 12 =16
1

-4/ \-5

. . _. (3 2 1 .

PR=0R—-O0P = (—4) - (—1) = (—3) = |PR| = /12 + (-3)2 + (-5)2 =35
—4 1 -

For a right angled triangle,
sumof squares of two sides = square of the longer side
2 2 2
> [aR[" + PRI’ = 73] . ,
Prove that the vectors 2i + 3j — 6k, 6i — 2j + 3k and 3i + 6j — 2k form the sides
of an equilateral triangle.
Solution
Let a = 6i —2j + 3k, b = 2i + 3j — 6k and ¢ = 3i + 6j — 2k
la] = /62 + (—2)2 + 32 = 7 units
|b| = /2% + 32 + (—6)2 = 7 units
lc] = /32 4+ 62 + (—=2)2 = 7 units
b ~ Vectors form sides of an equilateral triangle.
General examples
Show that the points A, B and C with position vectors
a) 4i—8j—13k,3i—2j—3kand3i+j—2k
b) 5i+3j+2k,2i—j+3kand7i—3j+ 10k
¢) 7i+10k,—i+6j+kand—i+9j+ 6k
, are vertices of a triangle.
Solution
a) A(4,-8-13),B(3,-2,-3) C(3,-1,-2)
For a closed figure of three sides, AB+BC+CA=0

o (3- (-
www() -4
et 3-(8)-(3)
ittt ) (3]

b) Leftas an exercise
c) Leftasanexercise
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4. Given that the p.vs of P and Q are 4i — 3j + 5k and i + 2k respectively, find
the coordinates of the point R such that PQ: PR = 2:1

Solution
1 1 Then R is the midpoint of PQ or R divides
¢ . * PQ internally in the ratio 1:1
P R )
Method I
PQ:PR =2:1 :% 2 orPQ = 2PR

= 0Q — OP = 2(OR — OP) = 20R — 20P
OF = 20K - 0 = OR = (0P + 00)

sG] e

=13 =r(G.-3)
Method II

7))
2
By ratio theorem, PQ:RQ = 1:1 = m:n
OR=—"-0P+-2-00
m+n

m+n

4 1
15 1= 1/~73 ., =~ 11
=50P+-0Q =-(0P +00Q) —55[<—53)+<g)

Cp(%: 37
- R (2 ) ‘2)
S. The points A and B have p.vs a and b respectively relative to origin, where

a =2i+j—3kand b = —4i+ sj + tk. Find the possible values of s and t if
|AB| = 7 and s = 2t

Solution

T, —4 2 -6
AB=0B—-0A=| s |—-| 1 |=|s—-1
t -3 t+3

|[AB| = \/(=6)2 + (s — )2+ (t +3)2 = 7

Squaring both sides

36+ (s—1)%+(t+3)> =49

=D+ (t+3)2 =13 i (1)
Now

eqn, (2) into (1)

(t-1)>2?+(t+3)?=13

42 —4t+1+t2+6t+9=13 = 5t2+2t—-3=0
5t2+5t—3t—3=0
5t(t+1)—-3(t+1)=0=>Gt-3)(t+1)=0
st=-1,2

Fort:—l,s:2t:—2andfortz%,szthg

6 3
'-S—E,t—g,s——z,t——l
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A and B are points with p.vs i — j + 4k and 7i — j — 2k respectively. Find the
coordinates of P and Q which divide AB

a) Internally in the ratio 1:2

b) Externally in the ratio 3:1

Solution
- m " . Ratio: AP:PB = 1:2 = 52
A P B = % or 2AP = PB

= 2(0OP - 04) = OB — OP - 30P = OB + 204
= 0P =3 (7Ti—j—2k)+3(i—j+4k)=3i—j+3k :P(3,-13)

L4 > --=-=-0
A B Q
Ratio: mQ_B) = 3:—1 (check ratio values)
AW_3 . _73_278
55 =7 —AQ=30QB

= 2(0Q — 04) = 3(0B - 0Q)
sz:3079’—071’:@=§(7i—j—2k)—(i—j+4k)

—— 19, 1. 19 1

0¢=7i-5i-7k +Q(3,~;.7)
The vertices A, B and C of a triangle have p.vs a, b, and c respectively.
The point P divides BC internally in the ratio 3:1, the point Q is the midpoint
of CA and the point R divides AB externally in the ratio 1:3. If the p.vus of P, Q
and R are p, q and r respectively, express r in terms of p and q. find also the

ratio PR: QR.
Solution

Given: 0A =a,0B = b,0C = ¢
BP:PC = 3:1,/TQ:W= 1:1
AR:RBE = —1:3

OP=p,00 =q,0R=r

From AR:RB = —1:3

=2~ _1 or 34R = —RB
RB 3
= 3(0OR— 04) = —(0B — OR) = —0B + OR
= 20R=30A—0B “~OR=2@=2B ooeooooeeeoooeeeeeeeeeeeeeeeeeeen (1)

Fromﬁ:P’C)=3:1=>%=§ or BP = 3PC

= OP — 0B = 3(0C — OP) = 30C — 30P
= 40P = 0B + 30C = b + 3¢

[

S

From A’Q):W=1:1=>A’Q)=a’)
=0Q—-04A=0C-0Q
- 200 = 04 +0¢C - 00 =04 +10¢
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Solving (1) , (2) and (3) simultaneously by expressing a, b and c in terms of p
and q

p=ib+%c OT4AP =D+ 3C cevviniiiniiiiiiiiiiiiiin, 4)

q=%a+%c O 2@ =@ +C cevvvveneniiiiiiiiiiceen, (5)
Eliminating ¢ from (4) and (5)
4p=b + 3c = 4p=b+3c

X 3
2q=a+c 6q = 3a + 3c
4p—6q=-3a+b ....cc............ (6)
From(l)O_R)=r=%a—§b or 2r=3a—Db ...c.c.oceeiiiiiiinl. (7)

Eliminating a and b from (6) and (7), adding the equations
=>4p—-6q+2r=0 or 2p—3q+r=20
~r=3q-2p
Ratio PR: Q—R) =2
QR
PR = OR — 0P = (3¢ — 2p) —p = 3(q — p)
QR=0R-0Q = (3q—2p) —q = 2(q — p)
.PR _3(-p) _3
TR T 2@-p) 2
~ PR:QR = 3:2 (Internal division)
A, P, Q, B are points on a straight line such that AP: PB = 1:4,AQ: QB = 3:1.
Find;

a) AP:PQ:QB
b) AQ:QP
Solution
1 4 Let p.vofAand Bbeaandb
° ° respectively.
, Q . f For AP:PQ =1:4= 0P =2a+1b
| ForAQ:QB=3:1=00=;a+>b

a) ﬁ=ﬁ—ﬁ=%a+éb—a=é(b—a)
5A _ A~ AD 1 3 4 1 11 11 11
PQ=0Q—0P= (Za+zb)—(§a+gb)=—5a+5b=5(b—a)
QB=0B-00=b-(ja+3b)=—ta+;b=1(b—a)

1
—>.—>_E_§(b—a)_i ey
Now AP:PQ =5 =fiys =1, = APPg =411

11
_— —(b—a) 11 _
. — 20 — . = .
Also PQ:QB = o 5 PQ:QB =11:5
Combining the ratios using the ratio algebra,

AP:PQ = 4:11; PQ: QB = 11:5 - AP:PQ:QB = 4:11:5

””_A_
AG:QP =55

1 3

b)-a=30-
0P =000 = (ja+3p)-(Ga+ib) =~ 0-a)
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3
A g A0 _ e 3 20 _ 15 . 1.
“AQ'QP_QT__%(I,_“)—4X__11—__11 ~AQ:QP = 15:—11

NOTE:
Vectors OP = ga + éb and 0Q = %a + %b have been deduced using Ratio

Theorem

Task
If the points A and B have p.vs a and b respectively, find in terms of a and b
the p.vs of

a) The point P which divides AB internally in the ratio 5:3

b) The point Q which divides AB externally in the ratio 3:1

c) The point R such that A is the midpoint of BR
ANSWER: a) =(3a+5b),b) ;(3b—a) c)2a—b
Write down, in terms of I, j and k the position vectors of the points
A(2,-5,3) and B(7,0,—2). Hence find the coordinates of C which divides AB
internally in the ratio 2:3 and point D which divides it externally in the ratio
3:8.
ANSWER: 2i—5j+ 3k;7i—2k; (4,-3,1),(-1,-8,6)
The points A, B, C and D have coordinates A(—7, 9),B(3,4),C(1,2) and
D(—2.-9). Find the position vector of a point P that divides AB in the ratio
2:3 and Q that divides it in the ratio 1: —4
ANSWER:Show that the points A, B and C with p.vs 3i+3j+ k,8i+7j + 4k
and 11i + 4j + 5k respectively are vertices of a triangle. (Uneb2011)
Given thata=2i+3j—k,b=i+2k,c=i+2j andd = —4j + 8k. Express d
in terms of a, b and c.
Answer: Left as an exercise
[HINT: Let d =
Aa + ub + kc, Form and solve 3 simulutaneous equations for the scalars]

COLLINEARITY OF VECTORS
Vectors are either collinear or parallel.
Consider three collinear points A, B and C

A B Cc = —
Vectors AB,BC and AC are collinear if AAB +uBC+yAC=0

where A,y and y are
Scalars/constants and

A+pu+y=0

When vectors are given in the form i — j - k, 3-equations are formulated
containing only scalars. The 3 equations are solved for the scalars using
cross multiplication, and when put in , and satisfies then
the vectors are collinear.

A+u+y=0

Alternatively, (commonly used)

For 4B, BC and AC to be collinear/parallel, then 4B = ABC ﬂA’C’
, Where A, u are scalars.

Examples

Show that the points with the position vectors
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a) i+2j+5k,3i+2j+kand2i+2j+ 3k
b) i+j+k,4i+3jand 10i+ 7j— 2k
, are collinear.
Solution
a) LetA(1,2,5),B(3,2,1),C(2,2,3)
For A, B and C to be collinear, AB = AAC

L 3 1 2
AB=OB—0A=(2>—(2>=(O)
1 5 -4
o 2 1 1
AC=0C—0A=(2>—(2>=(0)
3 5 -2

Now AB = 1AC gives

2 1
<O)=A(0>:2=A ................. (1)
—4 -2

S —4==210rA=2 ..cccccoiiiiin.. )

Since the 1 = 2 is consistent for the two equations formulated, the points
are collinear.

Alternatively (Not commonly used)

Let A(1,2,5),B(3,2,1),€(2,2,3) have position vectors 0A, 0B and 0C
respectively.

For the vectors to be collinear, then 104 + u@ + yﬁ =0

ol -

SA+3U+2y =0 i (1)
S2A04+20+2y =0 i @)
S5A+U+Y =0 3)
AlSOA+p+Y =0 i (4)

Expressing 4,y in terms of y only
Considering eqn. (1) and eqn. (2), eliminating 1

A+3u+2y=0 X 2
2A+2u+2y=0 | x1
4-u+2y=0=>u=—%y ............... (5)
Egn. (5) in to eqn. (1) gives

1 1
/1+3(—Ey)+2y=0 SA=-1y .. (6)

Eqn. (5), (6) in to (3) and (4) for confirmation
From eqn. (3),

5/1+u+y=0=>—;y—%y+3y=0 correct
Fromegn. 4)A+u+y =20
= —%y - %y +y =0 correct . Hence points are collinear.

b) Leftasanexercise
2. Show that the points R, P and T with position vectors are

a) >(3a—b),-(53a+17b) and; (a + 4b)
b) 7a+b+c 10a+2b+9canda— b+ 3c
) %(17(1 + 20b +3c),10a + 11b + 2c and 8a + 23—9b + %c, are collinear.
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Solution
a) For R, Pand T to be collinear, RP = ART

ﬁzﬁ—ﬁzi(53a+17b)—%(3a—b)
=-Za+b=2(b-a)
RT=0T—0R=—(a+4b)—%(3a—b)
=-Za+ob=_(b-a)

Now RP ART yields

26 26 2
2®b-a )—A[—(b— ]=>— 27 w2 1=2(scalar)
:-ﬁ:ERT,lf R, P and T are collinear

b) RP = ART

RP=0P—-0R = (10a+ 11b+2¢) — (7a+ b+c¢) =3a+b + 2¢

ﬁ=ﬁ—0_R)=(a—b+3c)—(7a+b+c)
=—6a—2b—4c=-23a+ b+ 2c)

=>@Ba+b+2c)=-2@Ba+b+2c)A

=1=-21 ~ A= —% (scalar)

~RP = —%ﬁ , if R, P and T are collinear

3. Given thata = 2i+ 6j,b = 3i+tj and ¢ = 21i — j. Find the value of Aand t if
a) aand b are parallel
b) a and c are collinear
Solution
a) For a and b to be parallel, a = ub
= (2i+ 6§) = u(3i + tj) = 3pi + tuj
Equating coefficients of unit vectors
Fori: 2=3u :;;1:%

Forj: 6=tu=6=2t=t=9

b) a and c are collinear/parallel if a = kc

= 2i + 6§ = k(2Ai — j) = 2Aki — kj
Equating coefficients of unit vectors

Fori: 2=2kA .oiiiiiiiiiiiiiiiee, (1)
Forji6=—k=>k=—6 .cccc.oc...... 2)
Eqgn. (2 in to (1)

2=-121=A=—-2 ok=-61=—1+
6 6

4. Given that 04 = a and OB = b, point R is on OB such that OR:RB = 4:1. Point P

is on BA such that BP: PA = 2:3, and when RP and OA are both produced they
meet at point Q. Find

a) OR and OP in terms of a and b
b) Win terms of a (Uneb 2006)
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Solution
== == OR _ 4
a) From OR:RB=4:1=>—=-
RE 1
OR = 4RB
- OF = 4(0B - OF) = 0F =
4—
0 EOB
OR=:h
_— — BP 2 RN N
From BP:PA = 2:3 S==3> 3BP = 2PA
= 3(0P — 0B) = 2(04 — OP) = 50P = 204 + 30B
:m’)=§0_A)+gO_B) -'-ﬁ’)=§a+§b
Since O,A and Q are collinear, then
00 =A0A =20 ..cccveooeeieeeeeeeeeeeeee (1)
Since R, P and Q are also collinear, then
RG = uRP = (00 — OF) = u(0F — OR)
-'-0—Q)=0—R)+u(0—P)—O—R)) = (1—/,¢)O—R)+/40—P)
—(1-.n% 2a43p) = (42,3 2
=(-wib+u(Ca+ip) = +iu)b+2ina
— (4 2
0Q=(T”)b+gya ............................. 2)
eqn.(2) = eqn. (1)
=2 dn
=>/1a—5/4a+( : )b
Equating corresponding vectors
2
AT Sl 3)
4—
= 5” S U= 4)
=8
s
From eqn. (1), Wj =104 =la= ga
The vertices of a triangle are P(2,—1,5),Q(7,1,—3) and R(2,-2,0). Find the
coordinates of S if PORS is a rectangle. R

Solution S
usingP_Q)=§?)orﬁ=Q_R)
P—Q)=§?),givesw—ﬁ=ﬁ)—a§
~0S=0R+0P-0Q P 0

2 2 7 -3
_ (z) + (1) - ( 1 ) _ (4) 53,4, 8)
0 5 -3 8
The vertices of a parallelogram are A(1,1),B(5,3), C(3,7) and D. find the

coordinates of D.
Solution

For a parallelogram, AB =CD or AC = BD
Using AB =CD
OB —04A=0D~-0C = 0D =0C+0B - 04

2-6)+()-()-() -v0

A

v
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PRODUCT OF TWO VECTORS
There are two types of products
e Scalar or Dot product
e Vector or Cross product
SCALAR/DOT PRODUCT
Consider two position vectors 04 = a and 0B = b making and angle of 6
with each other. The scalar product is defined as

a.b = |a||b|cos6 where0 <0 <m

The product will either be +ve or — ve or zero depending on the value of 6.
NOTE
Two vectors can be dot multiplied if they are in same direction.

Geometric Representation of Scalar product

|0741cost9 is the projection of 04 and 0B
0Acos6 and b are in the same direction.
. Multiplying their scalars

loAlsine = |04|cos6 x |b| = |a||b|cos6 = a.b

A

— — s~ a.b=|allblcosd
0 |0Alcos6 B

PROPERTIES OF SCALAR PRODUCT
The properties below are very useful in the computations involving
product of vectors.
1) a.b = b.a commutative property
2) (Aa).b = A(a.b) where A = scalar
3) (Aa).(ub) = pA(a.b) = (ua.Ab)
4) a.(b+c) =a.b+ a.c Distributive property
5 (a+b).(a+b)=(a+b)’=aa+ab+ab+b.b
=a? + 2a.b + b? (a and b are now scalars)

6) (a+b).(a—b)=aa—ab+ab+b.b

=qa? —b? [a # a] . Here a and b are scalars
7) (a—b).(a—b)=(a—-b)>=a.a—ab—ab+b.b

=a? +2a.b + b? (a and b are now scalars)
8) For a.b = |a||b|cosO

a) If8=90°ie.aisperpendiculartob ,then a.b =10
[+ cos90° = 0]. Hence a and b are perpendicular if

ab=0

b) If @ =180°i.e.a and b are in opposide direction, then
a.b = —|a||b| [ cos180° = —1]
c) Angle between a and b is given from

_ lalib]

cosb
a.b
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MULTIPLICATION OF UNIT VECTORS i,j, k
Unit vectors are mutually perpendicular
Kk i.i =i%=|i|li|cos0O =1
j.j=7*=ljlljlcos0 =1
k.k = k? = |k||k|cos0 =1
k.i = |k||i]cos90 = 0
i.j=1i||ljlcos90 =0
i k.j = |k||jlcos90 =0
The above results in conjunction
with the above properties of dot product are useful in vector product
computations.
Example
1. Giventhata=2i+j+k,b=i+j—3k andc =i+ 2j— 3k. Find
a) a.b
b) a.(b+c)
c) (a.b).(a—Db)
Solution
a) a.b=Qi+j+k).(i+j—3k)=2ii+2ij—6ik

4ji+j.j—3jk +ki+kj—3kk
=24+0-0+0+1+0+040-3=2+1-3=0

b) a.(b+c¢);b+c=(i+j—3k)+(i+2j—3k)=2i+2j—6k
s a.(b+c)=Qi+j+k).(2i+2j—6k)
=i.i+2ij—3ik +j.i+j.j—3j.k —3ki—6kj+9kk
=24+0+0+0+2-0+0+0—-6=2+2—-6=-2
c) (a.b).(a—b); a—b=Qi+j+k)—(i+j—3k)=i+0j+4k
Buta.b=0= (a.b).(a—b)=0.(i+0j+4k)=0
NOTE
When doting two vectors in multiplication always dot the corresponding
vectors only.i.e.i?,j? and k?, since other products of not similar unit vectors
yield zero results
2. Given thata=4i+5j—7k,b=7i+ 2j+ k and c = 3i — 4j + 9k. Find

a) a.b

b) b.c

c) a.(a+b)

d) (a.b).(b+c)
Solution

a) ab=(4i+5j—7k).(7i+2j+k)

=28+10-7 =31
b) b.c = (7i+2j+k).(3i—4j + 9%k)

AL

=21-8+9=22
c) a(a+b);a+b=4i+5j—7k)+(7i+2j+k) =11i+7j—6k
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= a.(a+b) = (4i+5j — 7k).(11i+ 7j — 6k) = 44 + 35+ 42 = 121
Alternatively
Using a.(a+ b) =a.a+a.b
a.a=(4i+5j—7k).(4i+5j—7k) = 16 + 25+ 49 =90
~a(a+b)=90+31=121
(a.b).(b+c)=31x[(7i+2j+k)+ (3i— 4j + 9k)]
=31(10i — 2j + 10k) = 310i — 62j + 310k
NOTE
When two vectors are dot multiplied the answer is a constant value not a
vector.
Given that |a| = 7,|b| = 4 and a.b = 8, calculate:
a) (a+b).(a+b)and (a—b).(a—Db)
b) Hence find |a + b| and |a — b|
Solution
(a+b).(a+b)=a.a+2a.b+b.b =a.a+b.b+2(8)
But if @ = xqi + x,j + x3k, |a] = /312 + x,2 + x32
,and a.a = (xpi+x) + x3k). (i + x5 + x3k) = 212 + x,% + x52
~lal>=a.a=49,|b|> =b.b =16
=>(a+b).(a+b) =49+ 16+ 16 =81
(a—b).(a—b)=a.a—2a.b+b.b
=aa—2a.b+b.b=49-2x8+16 =49
From |a|? = a.a = |a+ b|?> = (a+b).(a+b)
~la+bl=\/(a+b).(a+th)=+81=9
Also |a—b| =,/(a—b).(a—b)=/49=7
Task
Given that |x| =5, |y| = 10 and x.y = 22, calculate |x + y| and |x — y]|
Answer: 13,9
Vectors a, b and ¢ are such thata.c = 3, b.c = 4. Given that the vector
d = a + Ab is perpendicular to c, find the value of A.
Solution
d is perpendicularto c if d.c = 0 [see properties]
d=a+2b=(a+Ab).c =a.c+ Ab.c =0 [seeproperties]
53+41=0 2 A=—>
Given thata = 2i + 6j and b = 3i + Aj. Find the value of A such that a and b
are perpendicular.
Solution
For a and b to be perpendicular a.b =0
= (2i+6§).3i+4)=0
=26+61=0-1=1
Find the angle between vectors
a) 8i—j+4kand2i+2j—k
b) j+7kand —5i+4j+ 3k
c) 2i—3j+8kand6i—4j—3k
Solution
Leta=8i—j+4k,b=2i+2j—k
From dot product, a.b = |a||b|cosf
ab=8i—j+4k).(2i+2j—k)=16—-2—-4=10
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lal =82+ (-1)2 +4%? =9, |b| =,/224+224+(-1)?=3

~ 10 =9 X 3cosf or cosf = %

=6 =cos™! (g) = 68.3°

b) Leftasan exercise Answer: 60°

c) Leta=2i—-3j+8k,b=06i—4j—3k
From dot product, a.b = |a||b|cos8
a.b=2i—-3j+8k).(6i—4j—3k)=12+12-24=0
~ 0 = |a||b|cos® or cosd =0 = 6 = cos~(0) = 90°

Proofs involving dot product
1. Given that|a| =3,|b| =8 and |a — b| = 7, show that the angle between a and
b is 60°.
Solution
By dot product, a.b = |a||b|cos8
But |a|? = a.a,|b|?> = b.b and |a — b|?* = (a — b)?
From [a—b|* =49 = (a—b).(a—b) =a.a—2a.b+b.b
=49=32-2a.b+82=73-2a.b
= —24=-2a.b ~a.b=12
a.b = |a||b|cos6 = 12
= 12 =3 x 8cosf 0rcost9=%
s cos™! G) = 60°
2. The points A, Band C have p.vs a =5i+ 3j+ 2k ,b = 2i— j+ 3k and
¢ =7i—3j + 10k respectively. Show that < ABC is a right angle.

Solution
C NOTE: indicated vectors originate from B
Given: 0OA=a,0B=b,0C = ¢
BA=d=04-0B
B 6 A = (5i+3j+2k) — (2i —j +3k)
=3i+4j—k
BC=e=0C—0B = (7i—3j+10k) — (2i — j + 3k)
=5i—2j+7k

For d and e to be perpendicular, d.e = 0, by dot product d.e = |d||e|cos6
>de=Gi+4j—k).(5i—2j+7k)=15-8—-7=0
~d.e=0=cosf =0 =0 =90°

3. Thevertices of aA are P(2,—1,5),Q(7,1,-3) and R(13,-2,0). Show that<
PQR = 90°. Find the coordinates of S if PQRS is a rectangle. (Uneb 2002)
Solution

R S (7) <2>
! LetPQ=p=0Q—-0P=|1 |—|-1
p ' -3 5

()
- = 2
Q . R ‘8
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For p and q to be perpendicular,p.q = 0

5 6
:>p.q=(2>.(—3>=30—6—24=0
-8 3

orp.q= (5i+2j—8k).(6i—3j+3k)=30—6—-24=0
~cos® =0 or § =90°

For a rectangle, Q_R’) =PS

=>q=ES‘)—O_P) ﬁ=q+0_P)

/6 2 8
=08 = (—3) + (—1) = (—4) ~ S(8,—4,8)

3 5 8
ABCD is a quadrilateral with A(2,-2),B(5,-1),C(6,2) and D(3,1). Show
that the quadrilateral is a rhombus.

Solution
For a rhombus

y
A = All sides are equal
N R * Diagonals meet at 90°

I P — = All opposite angles are equal but
A X not right angles
as=08-0i=(")-(%)=C)

nc=0c-05=(5)-(3)=()

|4B| = |DC| = V32 + 12 = V10

ap=0p-0i=3)-(%)=()

sc=0c-08=(3)-(2)=(})

|AD| = |BC| = V32 + 12 = V10
Hence all sides are equal= V10 units
Now diagonals are BD and AC

=051~ () (%) = ()

1/ \-1 2
ac=0c-0d=(5)-(%)=(3)

For BD and AC to be perpendicular, BD.AC=0

BD.AC = (_22) . (i) =8 — 8 = 0. Hence diagonals meet at 90°

Now angles are as in the figure.

ﬁ ; < 6, = angle between AD and AB
4

/ = AD .AB = |ﬁ||ﬁ|cos€1
Ag]_ (é) . (i’) = /10 x V10 cos@

cosf, = % =6, =53.1°

< 8, = angle between CB and CD
= CB.CD = |E?)||ﬁ))|c0592
But CB = —BC,CD = -DC

- |cB| = [5¢] = [¢B] = [5C] = V10
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~CB.CD=BC.DC = |R‘)||ﬁ|cosez

= (;)G) =+/10 X v/10 cos6,

.6 =6, =531°
< 63 = angle between AD and AB
= BC .BA = |BC||B4|cos6;
= (2).(23) = V10 x V10 cost; |- [BA| = [4B]]
3/ \-1
—3 -3 =10cosf; or 10cosf; = —0.6 - 0; = 126.9°
< 05 = angle between DA and DC = 126.9°
Hence this is a rhombus.
The points P(4,-6,1),Q(2,8,4) and R(3,7,14) lie in the same plane. Show

that the angle formed between PQ and QR is cos™ ( \/20;4702).

Solution

L 2 4 -2
PQ=0Q—0P=(8>—(—6>=(14)
4 1 5
L 3 2 1
i (0)-)-()
14 4 10

Using dot product PQ.QR = |PQ||QR|cos6

-2\ /1

ﬁ.ﬁ=(14>.(—1)=—2—14+30=14
5/ \10

|PQ| = \/(=2)? + 142 + 32 = 209

|QR| = /12 + (-1) + 102 = V102

" c0sf = («/le 102) = (x/ZO?W) =0 =cos™! (\/zogw)
Show that A, B and C with p.vs respectively are vertices of a triangle of a
AABC
a) 2i—j+k,i—3j—5kand3i—4j— 4k
b) 4i—5j—2k,8i—5j+ 6kandorigin
c) 7i+3j+k,i+5j+2kand3i—j—k
Solution
Let A(2,-1,1),B(1,-3,-5),C(3,—4,—4)
For A, B and C to be vertices of a AABC, then
AB+BC+CA=0 (for a closed figure)
or
Sum of angles at A, B and C is 180°
Considering the first case

o 1 2 -1
AB=0B—-0A= (—3) - (—1) = (—2)
-5 1 )
o 3 2 1
AC=0C—-0A= (—4) - (—1) = (—3)
4 1 -5
o 3 1 2
BC=0C—-0B= (—4—) - (—3) = (—1)
—4 -5 1
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-1 1 2
Now from AB + BC + CA = (—2) + (—3) + (—1) = 0. Hence the vectors are

-6 -5 1
vertices of a triangle. A
Now considering secild cai / 03 \
< 61 = angle between AC and AB
By dot product AC .AB = |AC|.|AB|cos6, A/H"‘ N\ B
1 -1
> (—3) . (—2) =12+ (=3)2 + (-5)2./(-1)% + (-2)2 + (—6)? cosb,
-5/ \-6

35

—1+6+30 = V35 x V4l.cosd) = cosfy = ——

50y = 22.49°

< 8, =angle between BA and BC
= BA.BC = |B4||BC|cos6, ,but BA = —AB

1 2
= (2).(—1) =12 422 + 62 x /22 + (—1)% + 12.cos6,
6 1
=2—246=+/41x6.cos8, = cosh, =

< 03 = angle between CA and CB

But CA = —AC and CB = —BC

= (~AC).(-BC) = |AC.|BC] cosbs [+ |AC| = |=AC| [B¢]| = |=BC]]
= AC.BC = |AC|.|BC| cosbs

1 2
(—3) . (—1) =12+ (=3)2 + (=5)2 X /22 + (=1)2 + 12.cos0;
=5 1
2+3—5=+/35x+6.cos0; orcosf; =0 -0 =900
Now 6; + 6, + 0; = 22.49° + 67.51° + 90° = 180° , which satisfy the condition.
Hence points are vertices of a triangle.
b) Leftas an exercise
c) Leftas anexercise

_6 g _ 0
e - 02=6751

NOTE

The question can also be done using AB+BC+CA=0
Other Scalar Product Proofs

1. The points A and B have p.vs a and b with respect to the origin O. show that
the area of a triangle OAB is given by

A =§\/m , where a = |a|,b = |b|

Solution

Area, A =%>< |ﬁ3’| x AP

From dot product, a.b = |a||b| cos6
From AOAP, AP = |0A|sin6 = asind

WA= % X b X asinf = %absinﬁ

B

) :l"""'

b
But sinf = V1 — cos26 [+ cos?*0 + sin?0 = 1]
From a.b = |a||b|cos® = abcosf

a.b
= — = cosO
ab
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. N 1
=>sinf=_[1-— (Z—b) =— a?b? — (a.b)?
« Area, A = *absin® = Lab x ~ JaZb? — (a.b)?
2 2 ab
A= %‘/{azb2 — (a.b)?} Asrequired

In a AABC with vectors AC = b,AB = c and BC = a,then a? = b? + ¢ — 2bc. cosA
, the cosine rule where a = |a|,b = |b|
Solution
¢ a*=aa=((b-c).(b-rc)
=b.b—-2b.c+c.c
= b% —2b.c + c?

b a
But b.c = |b||c|cosA = bc cosA
A J B ~a? = b% —2bc.cosA + c?
c

or a? = b? + ¢ — 2bc. cosA As required

Note: the figure is very important in the derivation.

Show that any angle inscribed in a semi circle is a right angle.
Solutior

Y Let O be the centre of the semi circle,
PO =OR = a and
00=h
/]\ b Required: QP.QR = 0.i.e.< POR = 90°
> R Q_P)=ﬁ—w=—a—b=—(a+b)
P a a QR =0R—-00=a—b

Now QP.QR =—(a+b).(a—b)=—(a.a—b.b)

But a.a = a?,b.b = b? and a® = b? = radius

=>QP.QR=—(a?-=b?) =(a?—a?) =0 ~< POR =90°

In AABC, the altitudes through A, B and C intersect at point O. show that if
04 =a,0B=band0C =c, thena.b = a.c andb.a = b.c. show also further
thata.c = b.c

Solution

From the figure, points A, O, F; B, O,
D and C, O, E are collinear.
=>ﬁ=lﬁ,ﬁ=uﬁand0—ﬁ= kOC s
where A, u and k are either

positive /negative constants. Since

AF ~BC,then AF.BC =0 ..ccovvvvneeeaannnn.. (1)
B AD+AC , then AD.AC=0.............. )
CE+4B ,then CE.AB=0 ........... 3)

From eqn. (1)
AF.BC=0,BC=0C-0B=c—b
= A0A.(c—b)=0ora.(c—b)=0
~ac—ab=0>=>ac=ab

From eqn. (2)
E.A’)CZO,A’)CZO’C)—ﬁzc—a
=>u0OB.(c—a)=0o0orb.(c—a)=0
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~b.c—b.a=0=>b.a=b.c

From ac=ab=>ac—ab=0.......cccceeveiiniin. 4)
From b.a=b.c 2b.a—b.c=0 ....cc..oceeviiiiinin.. (5)
Eqn.(4) + eqn.(5)

ac—b.c=0 ~b.c=a.c

AREA OF A TRIANGLE, BY DOT PRODUCT
Consider A, R and C be vertices of a triangle ABC

C LetAB=a,AC=b
|AC| = Ibl, |AB| = |a|

b —_— =
Area, A = % X base X height = % x |AB| x |AC]|
o B But CP = |AC|sin6 = |b|sin®
a P Now finding sinf
By dot product, AC.AB = |TC||E|0050
= cosh = 22
" Ibllal

= Area, 4 = % X |a| x |b| X sinf = % x |a| X /(1= cos20) [+ cos?8 + sin?6 = 1]

b.a

=xlalx Il x |(1-(2%)") = 2 aPBF - @by

» Area, A =2 \/{lal?[b] - (a.b)?}

Examples
Find the area of the triangle with vertices
a) A(4,-5,-2),B(8,-5,6)andorigin
b) OA=i—j,0B=5i—2j—k,0C=i—-2j—k
¢ A(0,-2,1),B(1,-1,-2)and C(-1,1,0)
Solution 0(0.0,0)

A4 —5 =2\ 0 - R(R —5 _A)
Area, A =%>< |ﬁ| X |ﬁ’)|

. . /8 4 4
AB = 0B - 04 = (-5) - (—5) = (0)
6 -2/ \8
|AB| = V4% + 0% + 82 = V80
|OP| = |40|sing; |[A0| = /42 + (=5) + (-2)2 = V45

From dot product, 40.4B = |A0||AB|cos6

o 4\ /4
AO.4B = —(—5).(0) =—(16+0-16)=0

-2/ \8

~AO.AB =0 = cosf =0 =6 =90°

» Area, A = > x |AB| x [OP| =  x V80 x V45 x sin90°
:%x 16><5><\/9><5=%><60=305q.units
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b) 22 sq.units
c) Answer: /30 sq.units

VECTOR/CROSS PRODUCT
For two vectors a and b, the cross product of a and b is such that

a x b = |a||b|sinf.7i ,where 0 < 0 < 360°

Consider the figure below

axb

n b

«
0 5@
H+ve —ve

a

1 = Normal unit vector - a,b and is resultant of a X b
Properties of cross product
1. axb#bxal[-axbisinanticlockwisewhile a X b is in clokwise direction]
m(axb) =maxb=axmb
3. From the definition a X b = |a||b|sinb.1
a) For@=0%axb=0.i.e.aand b are parallel. Thus for a and b to be
parallel or collinear, | gxp =0

N

b) For6 =90 ax b = |a||b].7i, a~b. Thus for perpendicular vectors
atb

axb =|a||b|l.n

»

axa=bxb=cxc=0,sinced =0
ax(bxc)#=(axb)xc

o

MULTIPLICATION OF UNIT VECTORS i,j , k

ixj=k
k jxk=i Crossed in Anticlockwise
+ve\ —ve kxi=j
jxi=-k
m| > j ixk=—j Crossed in Clockwise
kxj=-i
i
Examples
Given that a =i+ 2j+3k,b=4i+5j—6kand c="7i+8j+ 9k, find;
a) axb
b) (axb)xc
Solution

a) axb=(i+2j+3k)x (4i+5j — 6k)
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=4ixi+5ixj—6ixk+
8j xi+10jxj—12jx k+
12k xi+ 15k xj— 18k x k
=0+5k+6j+
—8k+0—12i+
12j—15i—-0
=-27i+18j -3k
b) (axb)xc=(-27i+18j —3k) x (7i + 8j + 9k)
=186i +222j — 342k Leftasanexercise
NOTE:
The same results can still be obtained using multiplication of vectors
using Rectangular Components.

MULTIPLICATION OF VECTORS BY RECTANGULAR COMPONENTS
Consider a = a1i+ ayj+ azkand b = byi+ b,j + b3k
i -

.|d2 4z a1 a3 a a
saxb=|a, a, a3 =l|b b |—]|b b |+k b b |,wherethe
2 b3 1 03 1 02
by b, b3
elements in | | give a matrix whose determinant is of a 2 X 2 square
matrix
Example

Referring to the above example
a=i+2j+3k,b=4i+5j—6kandc=7i+8j+9%k

i —j k
.2 3 13 1 2
a) axb=(1 2 3 =l| _|—]| _|+k| |
4 5 —6 5 -6 4 —6 4 5
=(-12-15)i+ (-6 -12)j+ (5—-8)k
= —27i+ 18j — 3k As before
i —j k B B 3 B
b) (axb)xc=|-27 18 -3 =i|18 3|_]-| 27 3|+k| 27 18|
7 8 9 8 9 7 9 7 8
= 186i + 222j — 342k As before
NOTE:

Using Rectangular Components in multiplication of two vectors is easier to
handle to handle than the first method.

GEOMETRIC INTERPRETATION OF VECTOR PRODUCT

The magnitude of a vector product of two vectors a and b is the area of a
parallelogram whose adjacent sides are represented by a and b.

From the definition;

ax b =|a||b|sin6. 1,
where fi is a unit vector -
toaandb

~laxb|= ||a||b|sin6.ﬁ ;since || =1

R = |axb| = |al{|b|sin6}

From APQT,h = |b|sin@ = height of
parallerogram

= |lax b| = |a| X h , where |a| = base of parallelogram
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~ |lax b| = base X height = Area of parallellogram
But 4s PQS andQRS are equal

~lax bl =2xAreaof APQS or Areaof A =%x |a x b|

Examples
Find the unit vector perpendicular to each vectora = 2i —2j + 4k and b = 3i +
j + 2k . find also the angle between a and b

Solution

] i ~ A axb
Using a X b = |a||b|sin.7t = n = — 7 =

But |a X b| = |a||b|sin8 [+ |7i| = 1]

=7 =22 — ynitvector perpendicularto aand b
laxb|
i —j k
_ _ =2 4.2 4 2 =2 _ _ai.ai
axb= -2 4—l|1 2| ]|3 2|+k|3 1|— 8i+8j+ 8k
3 1 2
lax b| =+/(—8)2+82+82 =283
~ _ —8i+8j+8k L.
- _% \/_(——l+]+k)
Now finding 6
|lax b| = |al|blsind, |a| = 2% + (—2) + 42 = V24, |b| = V32 + 1% + 22 = 14
g laxbl _ 8V3 3 _ 8
= sinf = lallbl — VZAxV1E (24><14)_ 112
s 0= cin-1(-8 )= 410
~ 0 =sin (m)‘“

Find the unit vector perpendicular to vectors a = 6i — 3j — 14k and b = 3i + 2j —
3k. Hence also find the angle between them.

Solution
i -j k 2 _ _ _
axb=l6 -3 —14|=1i| Wi T k]S 3| =37i- 245+ 21k
2 2
3 2 -3
la x b| = V372 + 242 + 212 = /2386
Lo _axb _ 1 . .
sl == (371 24]+21k)
lal = /62 + (=3)% + (-14)% = , |bl =/32+22+ (=3)2 =22
From sing = 1221 — V2386
" lallpl T v2AIxv22
-0 =267

Find the area of the triangle with vertices
a) (3,-1,2),(4, 5,3)and (-2, 4, 6)
b) i—2j+3k,-3i—2j+kandorigin
¢ (1,-1,2),(2,1,-1)and(3,-1, 2)

Solution
Let A(3,-1,2),B(4, 5,3)and C(=2. 4. 6)
B(4,5,3)
9 o
A(3,-1,2) - C(-2,4,6)
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o 4 3 1
Leta=AB=0B—0A=<5>—<—1)=(6)
3 2 1
o -2 4 -5
b=AC=0C—0A=(4)—(5>=<5)
6 3 4

AreaofA =% |a x b|

i -j ok 6 11 .11 1 1 6 L
ax _15 g i s 4| ’|—5 4|+ |—5 5| =95+

la x b| = /192 + (=9)2 + 352 = V1667
« Area = % x V1667 = 20.41 sq. units

b) 3+/5sq.unitsLet
c) Left as an exercise Answer: V13 sq.units
4. Calculate the area of a parallelogram having diagonals;
a) AC=3i+j—2kandBD =i—3j+4k
b) AB =2i+ 4j— 6kand DC = 4i — 2j + 8k
Solution D
a) Let O = midpoint of AC and BD
Now there are 4 — triangles of the same area
~ Areaof ABCD = 4 X area of one triangle
Consider 40CD A B
A 0B = —B0
Let OC=cand OB = b
But BO = >BD = (i — 3j + 4k)
0 = 0B = b =3 (—i+3j — 4k)
0 = B Also OC = ¢ =3 AC = 3(3i +j — 2k)
bxc=%(—i+3j—4k) x%(3i+j—2k)
=1[(=i+3j— 4k) x (3i + j — 2k)] [+ (am) x (bn) = mn(a x b)]

T4

i —j k
=il 3 A o e

=§(—2i+14j—10k) =§(—i+7j—5k)
Areaof A =% |b X c|
bxc| =2 (=1)2+ 72+ (=5) = 3V75 = - X 5V3

~ Areaof A =% |bxc|= % X%X 5v3 = ;x/isq.units

~ Area of parallelogram = 4 X ;\E = 5v3 sq. units

b) Leftas an exercise. Answer: 30 sq.units

Task
Find the unit vector perpendicular to vectors;
a) a=i—jandb=1i; Answer:g

b) a:i—j+kandb:i+2j—k;Answer:g
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VECTOR EQUATION OF A STRAIGHT LINE
a) To find the vector equation of a line passing through a given point A
and parallel to a given vector.

OP=0A+AP;butAPis//to d
d_ Pkxyz B « AP = 3d
s>P=r=a+d

~r=a+id

, which is in parametric form of equation of a line

b) To find the Cartesian equation of a line through a given point
A(a, ,a,,a3) and parallel to the given line whose direction cosines are
directly proportional to B(b, ,b,, b3)

d (‘ Given line with d. v d given
o - o ° Z . .
A ® - * ° < Reauired line
D P B

From (a) above, the required equation is
~r=a+kd

Butdis // D =D =ud

~ r=a+kpd, replacing kp with A

| >r=a+id |
a bl
Where a = (az> ,d = (bz)
as b3
X a b1
-(2)=(c) ()
z as b3

x—a
:~x=a1+lb1 /1=b—l
1
y—az
b,
z—as
LK

~ The Cartesian equation of a line is

=>y=a2+)lb2 “A=

=>Z=a3+lb3 wA=

C

To find the equation of a line passing through two given points A and B
Let A(ay ,az ,a3) and B(b; ,b; , b3)
OP = OA + AP ;but AP is /| AB

— Ae

~ AP = AAB

bl al
AB=0B—-0A= (b2> - (az)
b3 as

P

~OP=1=0A4+ 1AB

| Y

P(x,y,z) B
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a; by a;
as b3 as

VECTOR EQUATION OF A LINE IN NON-PARAMETRIC FORM

Let A(a1 , Ay ,a3) and B(bl ,bz ,b3)
A [ L

P B
ﬁis//ﬁ:ﬁ X AB =0
AP=0P—-0A=r—a,a=04
AB=0B-0A=b-a=d

(r-a)yxd=0

General examples

Find the vector equation of a line through a point 4i + 2j — 3k and parallel to

the vector —2i+ j+ 6k. Express the equation in;
a) Cartesian form
b) Non-parametric form

Solution

-2
Let the point be A(4,2,-3),d = ( 1 )
6

A [ o @
d P(x,y,z) B
APis//d,AP = Ad

s s 4
2

ﬁ=0P—0A=r—( )
-3

y=2+222=""-

z=-3+61 >1="2

x—4 -2 z+3 .
L= yT = ,cartesian form
Now expressing in Non-parametric form

AP is// d = AP x d = 0 [For parallel vectors]
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AP=0P—0A=r—<2>, d=<1)
-3 6
-2
x(1>=0 or [r—(4i+2j—3k)x(=2i+j+6k) =0

(2

2. Find the equation of a straight line through points;
a) A(1,-1,-1)and B(3,4,2)
b) i+ 2j+3kand4i—3j—5k
c) A(1,2,5)andorigin
Express the equation in Cartesian form
Solution
a) A(1,—-1,-1)and B(3,4,2)

A e - TS °
L = d P(x,v,z) B
APis [/ AB = AP = \AB
OF — 04 = A(0B — 04)
= OP = 04 + A(0B — 04)

e (3)ea()-(3)
r= ()04 (3

Now expressing in Cartesian form

0)-(5)6)

Sx=1+20=1="2

Sy=-1+51=>4=""
Sz=-1+3121=""

Cx=1_ y+1 _ z+1

T2 5 3
b) Left as an exercise. ANSWER: 963;1 = % = %
c) Leftasanexercise. ANSWER: % = % = %

3. Given the points A(-3,3,4),B(5,7,2) and(C(1,1,4). Find the vector equation
of a line which joins the midpoints of AB and BC.
Solution
Let M and N be the points of AB and BC respectively.

—3+5 3+7 4+2) _
M(=52 50 5) =Mas,3)

541 147 4+2) _
NS ) =NG4S

®

M e - .
. d  Pxy2) N
MP //MN = MP = AMN

MPzOP—OMz(}/)—(S)Z(y—S)
z 3 z—3
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w-ar-n-()-()-(3)
(-~

Given thatA(1,2,3),B(4,3,2),C(—1,-4,-5) and D(-5,-2,—1). Find the

vector equation of a line joining points M and N such that M is the midpoint of
AB and N divides CD in the ratio —4: 1.

Solution
A M N c D N
M5 ) =m(3)

Finding the coordinates of N

Ratio of division: CN:ND = —4:1
o
ND
ON - 0C = —4(0D — ON) = —40D + 40N

=—?:C_)N=—4N—D)

—30N=0C—40D = ON = —+

(=)= ()
w23

M P N

BLURTACTAR

13

? 6
13
g
N 2.5 53
Let - = =k,>r-— (2.5) k<23> orr = (2.5) +k<23)
2.5 13 2.5 13
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EQUATION OF A PERPENDICULAR AND PERPENDICULAR DISTANCE
OF A POINT FROM A GIVEN LINE:
Dot or vector product may be used.

2
Find the equation of perpendicular line from point A = (—1>0n to the liner =
4
1 2
(0 +1 (1 . Find also perpendicular distance of A from r
2 2
Solution

1 2
The line r = (0) +1 (1) passes through the point B(1,0,2) with direction
2 2

2
vectord = 1
2

A(2.—-1.4)

A [ - 2
B(1LO.2Y  pryy d= (1>
2
Finding the equation of perpendicular AP:
Vectors AP L d
=>AP.d=0

. X 2 x—2
AP=0P—0A=(y>—(—1)=(y+1)
z 4 z—4

x—2 2
=><y+1>.(1>=00r 2x—4+y+1+2z—-8=0

z—4 2
2x+ Y+ 22 =11 (i (1)
But P(x,y,z) lies on the line

X 1 2
:~r=(y>= 0)]+4(1

z 2 2
Sx=14+21,y=24,2=24+21 cciciiiiiiiiiiii 2)
Eqn.(2) into eqn.(1)
52(1+21) +1+2(2+21) =11
S2+41+A+4+41=11 2 A=

10 5 10 19 5 28

P(x,y,z)zP(1+2/1,/1,2+2/1)=>P(1+?,5,2+—)=P(?,5 —)
Now finding equation of AP

. . ° 19 5 28
I A TR
AQ =2AP=0Q - 04=2(0P-C
-(3)- ( 1) =4[50+ 20 - i )

Z

=A(Gi+5 - Sk) =5+ 14— 8k);let 5 =p
X 2 1
=>(y>— —1)=pl 14
z 4 -8
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() ()

Now finding |ﬁ | = perpendicular distance

WP )+ () + (-5) = Famie

Alternative method of finding perpendicular distance of a point from a
line:

|AP| = |B4|sin6

n i A(2,-1,4) By cross product,
d x BA = |d||BA4|sin6.7
a - - 2 |d x BA| = |d||BA]|sin6 [+ |7t = 1]
BUOD  payn | d- (1) « A7) = Biing = 2
o 2 I
BA=0A—-0B=|(-1]|- 0) = k_l)
4 2 2
ik
dxBA=|2 1 2|=4i-2j—3k|[See crossproduct above how toget this answer ]
1 -1 2

|d x BA| = /42 + (—2)2 + (-3)2 =29;|d| =V27 + 12 + 22 =3
~ |AP| =gunit5

Find the equation and length of perpendicular drawn from a point

R(—2,2,—-3)to the linex —3 = yzi= %
Solution

Expressing the equation in parametric form
Letx—3=y2i=%=l

>x-3=1,x=3+1
S y=-1+21

:%/1,2=2—4/1

()}

This line passes through point A(3,—1,2) and has a direction vector
i+2j— 4k
R(=2,2,-3)

] [ - 1
A(3,_1,2) P(x:y,z) d B ( 2 )
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Finding the equation of perpendicular PR:
Vectors PR -1 d
=>PRd=0

o -2 X —-2—x
PR=0R—0P=(2>—<y>=(2—y)
-3 z —3—-z

—2-x 1
=>|2-y ). 2 |=00r —2—x+4—-2y+12+4z=0

—-3-z -4
X =2V FAZ = =14 e (1)
But P(x,y, z) lies on the line

()6

Sx=34+21,y==1421,2=2=40 ceeiiiiiiiiiiii e )
Egn.(2) into eqn. (1)

=B+ —-2(-1+21)+4(2—42) = —14

=2 -3-142-424+8—-16A=—-140r—211=-21 ~1=1

P(x,y,2) =P(3+1 ,—-1+21,2—4)=>P(3+1,-1+2,2—4) =P(4,1,-2)
Now finding equation of RP

RC2.2—3) s * P4.1,-2)

GO
O-()- () 0-())
"'”(_23)”(11)

Now finding |PR| = perpendicular distance

. 6
PR=|-1
1

|ﬁ| =/(6)2 + (-1)2 + (1)2 = V38 units

<

Alternative method of finding perpendicular distance of a point from a
line:

|ﬁf| = |ﬁ|sin9
il 1 R(=2,2,-3) By cross product,
d x AR = |d||4R|sin6. 7
- - _ . |d x AR| = |d||AR|sin6 [+ 7] = 1]
AB-12 po d= ( 24)
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e (0)-(3)-() (1)

i -k
dxAR=|1 2 —4|=2i+25j+13k
-5 3 =5
|d x AR| = /22 + (25)2 + (13)2 = V798 |d| = \/12 + 22 + (—4)2 =21
- |AP| = W = V38 units
NOTE:

A student must know how to identify the point through which the line is
passing If the equation is in Cartesian form. This can easily be deduced

from the parametric form.

Examples

Express the following equations in parametric form.
—1= y—2 _z-1

x T o0 T 3

x=1_ 4y _3-z
2 7 3 T o0

2x+1="2=22

Solution

x—1= y=2 _z-1

0

3

Let x—1=A=2>x=1+1
For*=2,y—2=0=y=2=2+01

T—A

>z=1+31

0)-()esB)-r-))

sl _ 4y |3z

2 3 7 0

Let 71_/1:,«_1+2,1
1Y o asy=4-31

For %,3—z=0:~z=3=3+0,1

-

Zx+l="m =

Let 2x+1=/1=>x=—§ %/1
Y2 sy =2+42
32 _)=z2=3-21
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INTERSECTION OF TWO LINES
Let the lines be;

a; b, (&1 d;
= (az> + A(bz> and ry = (Q) + y(dz)
as b3 C3 d3

For two lines to intersect,

r=r;
a; by &1 dy
- (1) +2()-(5)++(2)
as b3 3 ds
Sa+Ab; = U] e (1)
Sa+Aby =+ Udy e 2)
Saz+Aby=c3+Uds coiiiiiiie, 3)

Solving for the constants 1 and y in any two equations, the values should
satisfy the third equation .i.e. the three equations must be consistent for
Aand u.

Examples
Show that the pair of lines intersect, and find the coordinates of point of

intersection.
x—4 _ y+3 _ z+1 d x—=1 _ y+1 _ z+10

1 —4 7 an 2 -3 8

o

xl;l = yT—z = 23;1 and the line passing through A(2,2,5) and B(1,2,3).
Solution
x4 _y43 _zil, xol_y+41 _ 7410

1 -4 77 2 -3 8

=) G-

For intersection r; =1,

<)) (3)

S4+A=14+2po0r A—=2pu=-3 .c.cciiiiiininn. (1)
=>-3—-41=-1-3por —4A+3u=2......... @)
=-14+71=-10+8u or 71—8u=-9 ....... 3)

Solving eqn. (1) and eqn. (2) simultaneously

4 x eqn.(1) + eqn. (2)

= 41-8u=-12

= —4A+3u=2

Fromeq o _ _ 4=1
.-./1=1,,A_§’.i..f.....1.9.'..‘f.f.% ................................ @)
subst.eqn. (4)into eqn. (3)

7 —16 = —9 = RHS. Hence lines intersect.

X 4 1
From r; = (y) = (—3)+/1(—4-) ,forA=1thenx=5,y=-7,z=6
z -1 7
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~ (5,-7,6) is the point of intersection.

o e ofeer 3o
604

S 142A=34+2p0r 21 =20 =2 cicveiiiinnannns (1)
2245A=7+p 0or51—pU=5.iiiiiinan, )
=2342A=5+4+2u0r 21 =20 =2cccciiiriniiann.n. )

Solving eqn. (1) and eqn. (2) simultaneously
eqn. (1) —eqn.(2)

= A—-u=1

= 5A—u=5

—4l=—-4,1=1
Fromeqn. (1) A—pu=1,1=1=>pu=0...c.c........ 4)
Eqn. (4) in to eqn. (3) = 2 — 0 = 2. Hence lines intersect.

- -6

~(3,7,5) is the point of intersection of the lines.

x—1 y—2 z—1 X 1 1
°) T=T=T=>T1=<§>= i +ug

. . e B(1,2,3)
A(2.25) . P

AF = AAB
— OP — 04 = A(OF — 0A)

2 1 2 -1
-r-(2)6)- G- ()

5 3 5 -2

2 -1
Ty = (2) + /1( 0 ) Is the equation through the two given points.

5 -2
For intersection of lines, r; =1,

1 1 2 -1
-(2)+u(0)=(2)#(0)

1 3 5 -2
S1+pu=2—-orp+A=1. it (1)

=1+3u=5-210or 3u+2A=4 ....cceiiiiinl. (2)
Solving equations simultaneously

2 X eqn.(1) — eqn.(2)
2A+2u=2
2A+3u=4

—U==2=>u=2
Fromeqn. (1), 1=1-2=-1

o () For) o000

~ (3,2,7) is the point of intersection.
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Alternative approach to these questions:

Expressing the equations in Cartesian form;
x—4 _ y+3 _ z+1

I (1)
x=1_y+l _ 2410
kLY )

Splitting the equations in to two other equations;

For eqn. (1) x—?:{—f,{—f:#
For eqn. (2) %=% ,%=Z;10
:?:% or —4x+16=y+3
SAXH Y =13 e (3)
SYE =0 or Ty +21=—4z-4
STy +4z = =25 4)
=>"T_1=y_—+31 or —3x+3=2y+2
D32V =1 (5)
=>X =22 or8y+8=-32—30
2 BY432= =38 it 6)

Solving any three equations simultaneously for point of intersection,;
Solving eqn. (3) and eqn. (5)
2X[4x+y=13=>8x+2y =26
3x+2y=1= 3x+2y=1
Subtracting the equations; 5x =25=>x =5
From 4x+y=13;x=5=220+y=13 ~ny=-7
Fromeqn. @4); 7y+4z=-25,y=-7=—-49+4z=-25:.2=6
~ (5,-7,6) is the point of intersection.
This must satisfy the fourth equation if the lines intersect.
8y+3z=-38;y=-7,z=6
= 8(—7) + 3(6) = —38 = RHS. Hence lines intersect at (5,—7,6)

1 2 x—1 y=2 z—
T=(2)+A(5>ﬁT=T=T ........................... (1)

3 2

3 2 s - B
r=(7>+u(1>=>"7=yT=ZT ........................... )

5 2

From eqn. (1): XT_lzyT_2=>5x—2y= Lo 3)
ﬂ:?:Zy—sp—n ................ 4)

From eqn. (2): XT_3=YT_7=>x—2y=—11 .................... (5)
E=Z;=>2y—z=9 ......................... (6)

Solving any three equations simultaneously for point of intersection;
Solving eqn. (3) and eqn. (5)

_ Sx—=2y=1
x—2y=-11
4x =12=x=3

From x—-2y=-11,x=3=23-2y=-11~y=7
Fromeqn. 4): 2y —5z=-11,y=7=2>14-5z2=-11.2z=5
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~ (3,7,5) is the point of intersection.
This must satisfy eqn. (6)

2y —z=9= 14 -5 =9 = RHS. Hence lines intersect at (3,7,5)

Prove that the lines fo4 = yjf = % and xz;l = % = Z+810 intersect. Find the
point of intersection of the lines.Answer: (5,—7,6)

Find the equation of a straight line perpendicular to both lines

fo1 = 3'771 = Z3ﬁ and xzi = ny = Zzﬁ and passing through their point of
intersection.
Solution

x—1 y—1 z+2 1 1
T T T L )HA2
-2 3
x+2  y-5 743 —2 L
=R U R et
-3 2

For intersection to occur, ry =1,

() ) (2) ()

S14+A==24+200r 1—=2U==3 (it (1)
S14+2A=5—p or2A+pU =4 .o @)
=2 —-2+4+31=-34+2por 31 —-2pu=—1.c.c.ccceceien.... )

Solving (1) and (2) simultaneously
2 X eqn. (1) — eqn.(2)
20— 4u=—6
20+ pu=4
Su=-10=>u=2
Fromeqn. (1) 1 —2u=-3,u = 2solving A=1
[Confirming, from (3),31 — 2u = —1 = 3 — 4 = —1, hence lines intersect]

1 1 X 2
Frornr=(1 >+/1(2>,forl=1=>(y>=<3)
-2 3 z 1

~(2,3,1) is the point of intersection.

Required line

2

LINE 2
P(2,3,1)

Required line is // to 1 and perpendicular to direction vectors of the given
lines.

o _ diXxdy

"=, xa]
i —j k

dyxd,=|1 2 3|=7i+4j-5k
2 -1 2

Lo dixdy _ 7i+4j-5k

M axdyl T V90
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7i+4j—5k
V90

~d=d.vof required line = ¥ [~ fordandTitobe d=yn) //

Required line: r=a+ad

2 o 7 2 7 @
:r:(i +\/T_0'(45> 0rr=(:i>+/3’ 45),Where\/7_0=ﬂ

NOTE:

To avoid over manipulation of constants when finding the direction vector of
the required line after crossing d;and d, , then d; = 7 since for parallel
lines the ratio of direction vectors for both lines must be the same.

(see notes on parallellines)

Find the equation of the line through the point (1,3 ,—2) and perpendicular to
the line passing through points A(0,0,—-8), B(1,2,-3)andr =4i+j+ 3k +
M=2i+3j—k)

Solution

Equation of line through A and B;

. . *  B(1,2,-3)
A(0.0.—8) P

AP = uAB,AB = OB — 04

( : ) ( 0 ) (1)
=l 2 |—-{0]=[2 . .
_3 _g 5 Required line
L T — 0
AP=0P—-0A=r—-| 0
d,

(D)l Nl
=)0 w5

8 5
For rl,d1=(0>.f07”7‘2'd2=k2)

-8 5
Direction vector or perpendicular is
i —j k
dixd, =1 2 5|[=-17i—9j+4k
-2 3 -1

1 —-17
Required line: r = ( 3 >+u< -9 )
-2 4

Given the two lines are parametrically given by:
ry=—i+2j+k+t(i—-2j+3k)and
r, = —=3i+pj+7k+s(i—j+2k)
If the lines intersect, find the
a. the value of t,s and p.
b. Coordinates of the points of intersection.
Solution
For lines to intersect, r; =1,
> —i+2j+k+t(i—2j+3k)=-3i+pj+7k+s(i—j+2k)
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“(2)+)-(2) )

S =14+t ==345 0" t—S= =2 ittt (1)
S22t =P =S 07 2L =S =2 =D ettt 2)
D143t =T7+25 073t =25 =06 cereiiiiiieieiiei e @)

Solving eqn. (1) and eqn. (3) simultaneously

2X|t—s==-2=>2t—2s=—-4
3t—2s=6=>3t—2s=6

Subtracting; -t = -10 ~ t =10

From t—s=-2,t=10=>s+10+2 =12

~s=12,t=10

From 2t —s=2—-p=21-12=2—-p ~p=—6

-1 1 x -1 1 9
Fromr1=(2>+t(—2>,t=10:<y>= 2)+10(—2)=<—18>
1 3 z 1 3 31

~(9,-18,31) is the point of intersection.

p 1 2 1

Given that the linesr, = (2) +u (5) andr, = (12) + A(O) intersect, find the
1 3 5 p

value of p. hence find the point of intersection.

Solution

For point of intersection, ry =1,

-(G)++()-(2) ()

SPHU=T2+A i (1)
2450 =12 3U=2 oottt 2)
S1+H3U=54AD o 3)
eqn.(2) into eqn, (1)
:~1+6=5+/1p,/1p=10rl=% ........... 4)
eqn.(2),(4)into eqn. (1)

SPpH+2=24+A,Pp=2 ceiiiiiiii (5)
eqn.(5) into eqn, (4)

.'.p:il

3 1 1 2
Show that the linesry; = (5) +m (2) andr, = (2) +n (3) do not intersect

7 1 3 5
and not parallel. [i.e.are skew]

Solution
For lines to intersect, ry =1,

)r=(G)-(e) )

S34+mMm=1+4+2n0r M—2n=—2 ...cccciiiiiiiiiiiiiii (1)
S54+2m=243n0r 2m—3n=—=3 ..ottt 2)
S7+m=34+5nor m—5n=—4 ... (3)

Solving eqn. (1) and eqn. (2) simultaneously

MM = 0,7 = L e 4)
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eqn. (4)into eqn. (5)

0 —5 # —4 . Hence lines do not intersect.

Considering a case of parallel lines

For parallel lines, the direction ratio values are similar.

3 1
For r{ = (5) +m (2) ,directionratio:1:2: 1

7 1
1 2

For r, =2 |+n| 3], directionratio:2:3:5
3 5

Since the direction ratios are not the same, lines are not parallel. Thus are
skew.
Show that the lines are parallel

1 -2 3 2
a) r = (2>+A( 1 ) and r, =<5)+,u<—1)
3 5 1 -5
3 2 1 -2
b) ry= (5>+A(—3> and r, =<0)+/4< 3)
3 -5 7 5

Solution

1 -2
Forry = (2) + A( 1 ) ,directionratio: —2:1:5

3 5

3 2
For r, = (5) +u (—1) ,direction ratio: 2: —1: =5, dividing through by — 1
1 -5
= directionratiois —2:1:5
Since the direction ratios are the same the lines are parallel.

3 2
Forry = (5) +1 (—3) ,directionratio:2: —3: =5
3 -5

1 -2
For r, = (0) + u( 3 ) ,directionratio: — 2:3:5 ,dividing through by — 1
7 5
= directionratio is 2: —3: =5
The ratios are the same, hence lines are parallel.

NOTE:
Also for parallel lines d; X d, = 0 can be applied.
Given the equation of the lines in the form

’[3;2 = %4 = 22;7 , show that (8,14,11) lie on this line.
Solution
22 _y4_ 27 _ 4, L x2_ gyt gz 7
Let P —/1,=>3 —/1,5 —/1,2 =1
For (8,14,11),A must be consistent
x—=2 _ 8-2
—=—=2=1
3 3
-4 14—4 . _
5 -5 —2=4
2 2

Since A = 2, consistent for (8,14, 11), hence point lies on line
Given the equation of line: r = (24 31)i+ (4 + 51)j + (7 + 2A)k. Show that
(—4,-6,3) lie on the line.
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Solution

r=xi+yj+zk

Sxi+yj+zk=2+3D)i+ @ +50)j+ (7 +2Dk

Equating unit vectors,

x=2+4+3A, y=4+51, z=7+2A

Point (—4,-6,3) must give the same value of 1 in the equations
formulated.

2>—-4=24+31 ~1=-2

2>—-6=44+51 ~1=-2

=23=7+21 ~A=-2

Since A = 2, consistent for(—4,—6,3), hence point lies on line

ANGLE BETWEEN A VECTOR AND A LINE
Consider the line r = a + Ad and the vector r = xi + yj + zk

T

d
The angle betwe... a line and a vector is the angle between vector and
direction vector of the line. i.e.
By dot product, d.r = |d||r|cos8

a dl
Leta = (az> and d = (dz)
as d3

a dl
dr= <a2>.(d2> = aldl + azdz + a3d3

as d3
|d| = /dlz +d,% +dy?|r] = X2 + y2 + 22
. _ dr
* €056 = T
Example

1. Find the angle between

1 1

a. Vector r=2i+3j+kandliner=<3 +A1 2)
5 3
4

b. Vector r =3i—2j+ k and linexz;l=;y=

1
3 -2 -3
c. Vector r = (0) andliner=|( 1 |+4| 1
5 5 1

Solution
a. By dot product, d.r = |d||r|cos@

2 1
Letr=(3> and d = (2)
1 3
2 1
r.d=(3>.(2>=2+6+3:11
1 3
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ldl = V12 +22 +32 =14 ,|r| =22+ 32 + 12 = V14
dr 1111 _ 0
lalir ~ T a0 = 382

- cosf =

b. r=3i-2j+k,d=?

x-1_ 4y _3-z _
Let =T T, =1
"7’1=/1=>x= +21
D odsy=4-2
32 1o z=3-221

e (3)e4(21) = (3)
<ra=(2) (1) =oraz=0

= ldl =22+ ()2 + (-2)2 =9 =3 ,|r| = /37 + (-2)2 + 12 =14

dr 6 11 0
= = — = = .
\d||r| 3x+/14 14 o 57.7

c. Leftas an exercise
2. Find the value of 1 if

~cosf =

3 1
a. Vector r =2i+ Aj+ 3k and liner = (1) +k (2)are perpendicular
5 3

1 1
b. Vector r =i+ Aj+k and liner = (2) +u (—2) make an angle of 60°
3 1
Solution

2 3 1 1
a. r=2i+/1j+3k=(,1>, r=<1>+k<2)=>d=<2)
3 5 3 3

By dot product,
d.r = |d||r|cos8 , but 8 = 90° [ vector is perpendicular to line]

2\ /1
.-.r.d=0=><,1>.<2)=0 or 2+2A4+49=0 s A1=—-2

2
3 3

1 1 1 1
b. r=i+/1j+k=(/1>,r=(2>+ﬂ<_2)=>d=<_2)
1 3 1 1

By dot product, d.r = |d||r|cos8, but 8 = 60°

= d.r = |d||r|cos60° = |d]|r| x5 [ c0s60° = %]

1 1
(—2).(/1) =124 (-2)2 + 12 x V12 + 22 + 12 x%
1 1
S5 1-21+1=LxV2+ 722 or 4— 42 =12+ 612
squaring both sides
16 — 321+ 164% =12 + 64% = 104> =321+ 4 =0
Solving, A =3.07,0.13
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ANGLE BETWEEN TWO LINES r
Consider the lines;

a by € d; 0 o
T =(az +A(b2 and 1, =(C2>+/4 dz) o
as b3 C3 d3 T2

The angle between two lines is the angle between the direction vectors of the

lines.
b, dq
For ry, directionvectord, = (bz) and for r, ,direction vector d, = <d2>
bs ds
dl dz |d1||d2|C0$0
Examples

1. Find the angle between the pair of lines

X+l y—2 _ z+43 4 -3
a) T=T=T and T—(g)-i—ﬂ.(—lz)

3 2
b) r=0+20)i+B+1)j+ (G +20)k and r=(1)+u<0>

16 5
10—x 4—y 8—z 7 -1
C) T=T=T andr=<—34)+l<23)

Solution

1
a) 96%1:3%2:@:)1-_( ) ().-.d1=<2)=i+2i+3k
3
4
r=<>+/1( ) ( ):—3i—2]’+k
2

From dot product d;.d, = |d||d,|cos6
di.dy=(i+2j+3k).(-3i—2j+k)=-3—-4+3=—-4
|di| =V12+22+32 =14, |d,| = /(-3)2 + (-2)2 + 12 = V14

. 0
s cosf = \/_\/_ﬁe—1066

b) r=1+20i+G+)j+ (5 +20)k

1 2 2
5 2 2
3 2 2
16 5 5
di.d,=Qi+j+2k).(2i+0j+5k)=4+0+10=14
|d1|=\/22+12+2 =3,|dy] =v22+0%2 +52 =29

% c0s0 = — r:>9 =29.90
c) Left as an exercise
Task
1. Find the angle between the lines:
a) x—1=y-3=z—7and xz;s=y3i=§

ANSWER: 8 = 120°
b) x=2—-4t,x=1+5t
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y=1-2t,y=-2-t
z=1+2t,z=1-2t
x=3 _y-3 x4l _ y+2

c) =2—,z=0; == ,z=0 ANSWER: § = 35°
2 5 3 1

[HINT:d; = 2i +5j+ 0k, d, =3i+j +0k] ANSWER: 6 = 50°
Prove that the vectors a = 7i — 3j + 6k ,b = 3i + 3j — 2k and ¢ = 6i — 16j — 15k
are mutually perpendicular.
a) Find the equation of the line through A(2,2,5) and B(1,2,3)
b) If the line in (a) above meets the line xl;l = yo;z = 23;1 at P, find
i. coordinates of P

ii. angle between the lines (Uneb 2004)

2 -1
ANSWER:r = (2) + l( 0 ) ,P(3,2,7),0 =171.9°
5 -2
Show that vector 2i — 5j + 3.5k is perpendicular to the liner = 2i — j +
A(4i + 3j + 2k)
(Uneb2000)
Find the equation of a line through points A(2,2,5) ,B(1,2,3)and €(0,2,1)
[HINT: 15t check whether A, B and C are collinear, if not dif ferent equations must be formed)
Show that the linesry = (14+40)i+ (1 —A)j + 24k and
r1=(G+3wi+2uj+ (2—-5u)k cut at right angles. Find the position vector
of point of intersection. ANSWER:5i + 2k
The points A, B, C and D have coordinates
(3,-2,0),(-1,2,4),(0,1,-1) and (5,—4,4) respectively. Find
a) The point of intersection of the lines AB and CD
b) The angle between the lines in (a) above
ANSWER: (2,-1,1); 70.5°
The points A, Band C havep.vs a=3i—j+4k,b=j—4kand c = 6i+ 4j +
5k respectively. Find the p.v of a point R on BC such tat AR is perpendicular
to BC. Hence find the perpendicular distance of A from BC. Answer: 4i+ 3j +
2k; AR =+/21
The points A, Band C have p.vs 3i+2j—k, i+ 2kand 4i+j -3k
respectively. Find the vector perpendicular to both vectors AB and AC.
ANSWER: i-3j+2k
Show that the linesry =2i—3j+ (A—2)k and r{ = A+ i+ 2—-p)j+
(2u — 5)k do not intersect.
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VECTOR EQUATION OF A PLANE
a) To find the vector equation of a plane through three non-collinear
points A, Band C

Let the p.vs of A,

B, C and P be
a,b,candr
________ P(x,y,z) respectively.
AP = 4D + DP . But
2 B AD//AB,DP//AC

« AP = AAB + uAC

c r T
But AP = 0P —
AB=0 007(=b—a

AC=0C-0A=c-a

sr—a=Ab—a)+pu(c—a)

cr—a=Ab-a)+u(c—a)

NOTE:
If A is the origin, then the equation of a plane will be given by
AP = AAB + uAC = OP = 0B + u0C

~r=Ab+puc

~1r=24b+ uc

This equation represents an equation of a plane passing through the origin
and parallel to two given vectors b and c.
If given two vectors, then the equation of plane containing the two vectors is
of the form above.

b) To find vector equation of a plane passing through a given point A and

parallel to two given vectors band ¢

Let p.vof Pber
and A be a

From AP = AE +
ﬁ;Butﬁ=lc,
ﬁ=ub
=>H5=/1c+ub

ﬁﬁ—m=lc+ub

~r=a+ub+Ac

If A is the Origin.i.e.A(0,0,0), then the equation of the plane containing two
vectors b and c is

~r=ub+ Ac
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c) To find the vector equation of a plane through two given points A and
B and parallel to a given vector c.

Let the p.v of P, A
and B be
r,a andb
________ P(x,y,z) respectively.
As above, the
equation of the
B plane is
AP = A4B + uc

c r
~r—a=AiAlb—a)+uc
a b
o | wr=a+A(b—a)+puc
0

NOTE:
The above rectangular enclosed equations are called parametric equations of
a plane.
When parameters A and u are eliminated from the equation of a plane, the
resulting equation of a plane is called Cartesian equation of a plane of the
form Ax+ By + Cy+D =0.
Examples

1. Find the Cartesian equation of a plane

a) Passing through the points A(—1,1,2),B(1,—-2,1)and C(2,2,4)

0 1
b) Containing vectors (3) and (0)

0 2
¢) Passing through point (1,2,3) and parallel to vectors i — 2j + 3k and 2i — 3j + k

Solution
LetOP =71
AP = AE + EP
But AE // AC and EP /] AB
« AP = JAB + pAC

o 2 -1 3
e (-1
4 2 2
o 1 -1 2
- )-(5)-()
1 2 -1

(D)L

Expressing the equation in Cartesian form
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-6

2 = LA B 2 e (1)

YV L b = B et 2)
Z = 2 2 e 3)
Considering (1) and (2), eliminating A and pu

From (1) X 41 =324 20 ceee i 4)
From (2) ¥ = 1 = 4 = Bl et (5)

Eqn.(4) x 3 —eqn.(3)
3y—3=31-9u
x+1=31+4+2u

x—3y+4

3y—x—4=-11u zﬂ:T .............................................. (6)

en.(6)into eqn.(4)
Sl=y-1+3u=y-1+3]
. _ 3x+2y+1

B T
eqn.(6),(7)into (3)to conclude the Cartesian plane equation

_ 3x+2y+1 _ x—3y+4
=>Z_2+2( 11 ) ( 11 )

11z=22+6x+4y+2—x+3y—4
“5x+7y—11z+20=10

0 1
b) Let OP =7, a—<3> andb=<0>
E 0 2
__________ P
. *.¥.2) /" 5B - 00 +DF,00 // band DP // a
=>r=Ab+ua
0
b 1 0
=>r—/1<0)+ll<3)

0

x—3y+4] _ 11y—-11+3x-9y+12
11 - 11

Expressing this equation in Cartesian form

SR

DX = A e (1)
S Y = B e (2)
D Z =20 e 3)
eqn (1)in to eqn. (3)

~z=2x or 2x —z = 0 is the required equation of plane.
Note: The eqn. (2) cannot be used in any way to find the required equation
of plane.
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0

AP = AD + DP = Ab + uc
ﬁ:O_P)—O_A)=r—a=Ab+,uczr=a+Ab+,uc

-G

Sx=14+A4200r x =1 =242l ceoviiiiiiiiiiiiiiininene.
Sy=2=21=-300r y—2==21=3U .ccviiiiiiiiiriiiiiiinns
=2z=34+31+por z—3=31+U cciiiiiiiiiiiiii

Considering eqn. (1) and eqn. (2)
eqn. (1) X 2 + eqn. (2)
2x—2=21+4u

y—2=-21-3u

2X =24y —2=u>U=2x+Y =4 (it

eqn. (4) into eqn. (1)
x—1=A42u=>A=x—-1-2u

2A=x—=1-22x+y—4)==3x—=2Y 4+ Teeriiiiiiirerienennn

eqn.(4),(5)into (3)to conclude equation of plane
=57z-3=3(-3x—2y+7)+2x+y—4
z—3=-9x—-6y+21+2x+y—4=-7x—5y+17
~7x+5y+z—-20=0

Find the Cartesian equation of a plane passing through

Let b=
P(x,y,z) r=0P
. 1
and OA =a = 2)
B

A(0,3,-4),B(2,-1,2)and C(7,4,—1). Show that Q(10,13,—10) lies on the

plane
Uneb (2001)
Solution

Let the p.vs of A,
B, C and P be
a,b,candr
respectively.

AP = 4D + DP . But
AD//AB ,DF//AC

- AP = 4B + yAC

But 4P = 0P — 04
=r—a
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—_— —

AB=0B—-0A=b—-a AC=0C-04A=c—a

r—a=Ab—a)+ ulc—a)

x 0 2 0 7 0
=0 =[G4

z —4 2 —4 -1 —4

X 0 2 7
- ()-(2)++(2)++()

z —4 6 3
DA T 2AF T e (1)
Sy=3—-4A4+puor y—3=—4AF U cceiiiiiiiiiie @)
=272=—4+6A4+3p0r z+4=061+3U .eeriiiiiiiiiiann 3)
Considering eqn. (1) and (2)
eqn. (1) X 2 + eqn. (2)
2x = 41+ 14u
y—3=—41+yu

2x+y-3

22X+ Y =3 = AU o U = T s 4)

15
eqn. (4) into eqn. (1)

x=22+7u=>1="7"

c1= “7(22) sy 1ax—7y421  x—7y421 5
LA = > = 20 Ty e (5)
eqn.(4),(5)into (3)to conclude equation of plane

©ramo() 3 ()

Sz+4= (x—7351+21) + (2x+5y—3)

=5z2+20=x—-7y+21+2x+y—3

~3x—6y—5z=2

For Q(10,13,—10) to lie on the plane, it must satisfy the equation
= 3(10) — 6(13) —5(—10) = 2 = RHS , hence point lies on the plane.

VETOR EQUATION OF A PLANE IN NORMAL FORM i.e. Non-
parametric/Scalar/Dot-product form
Consider a plane which passes through a point A with p.va and which is
perpendicular to vector n. Let p.v of point P(x,y, z).
ﬁJ-n,:. AP.n=0
AP=0P-0A=r—a - (r—-a)n=0
>rn—-an=0

n sSrn=an,

let a.n = d (scalar)

~rmn=d

—e P(x,y,
- wuich is the equation of a plane

perpendicular to vector n.

NOTE:
From vector = |vector| X unit vector > n = |n| X °,n = unit vector.
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o “ d
sr.m=rn|n|=d or r.n=D ,where D = ek scalar.

. r.7i=D | alsorepresents equation of a plane perpendicular to n.

CARTESIAN EQUATION OF A PLANE

. X A
From r.n=d,r=0P=<y> ,letn=<B)

0@~

The Cartesian equation of a plane is | ~Ax+By+Cz=d

Examples:
Find the equation of a plane through the point (1,2,3) and perpendicular to
r=4i+5j+k

(Uneb2004)
Solution
, , X 4
n=4i+5j+k Letr=0P=<y>,letn=(5>
| z 1
APLn, ~APn=0
| N X,y ,2) L 1
A(1,2.,3) AP=0P—-0A=r—a=r—|2
3

=

-0l
w(

=>T.

S

4
—(4+10+3)=0 or r.(5)=17
1

x
( > ( >=17 ~4x+5y+z=17

Show that the equation of the plane through point A with p.v —2i+ 4k
perpendicular to vector i + 3j — 2kisx + 3y — 2z + 10 = 0.(Uneb 2000)
Solution

Usingr.n=d

1 X
:~r.(3>=d Butr=<y>
_2 YA
x 1
=><y>.(3>=d orx+3y—2z=d
z/ \-2

But A(—2,0,4) lie on plane

=2(-2)+3(0)-24)=d ~d=-10

~x+3y—2z+10=0

Find the equation of the plane through point A with p.v 5i—2j+ 3k
perpendicular to vector 3i + 4j — k. (Uneb 1998)

4
5
1
4
5
1

/_\
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Solution
Usingr.n=d

1 X
:»r.(3>=d Butr:(y)
_2 Z
x 3
=>(y>.(4>=d or3x+4y—z=d
z -1

But (5,-2,3) lie on plane

=305)+4(-2)-3)=d ~d=4

“3x+4y—z—4=0

Given thata=1i—-3j+3kandb=—i—3j+2k. Determine the equation
containing a and b.

Solution

Since only two vectors are given
, and no other point is given, taking
the point as the origin through which
the plane passes, then finding
the unit vector normal to the vectors,
By cross product,

using n = bxa
|bxal|
i —j k
bxa=([-1 -3 2|=-3i+5j+6k
1 -3 3

|bx al =9 + 25 + 36 = V70
PSR TP
~ M =—=(3i+5j +6k)

. - 1 m: | s
Using r.n=D =>1'.\/%(3l+5]+6k) =D

3
ST (5) =+/70D = k (scalar)
6

x\ (3
(y>.(5>=k,—3x+5y+6z=k
z/ \6

But (0,0,0) lies on the plane

= —3(0) +5(0)+ 6(0) =k

& =3x+5y+6z2=0

Find the Cartesian equation of a plane through;
A(0,3,-4),B(2,-1,2) and C(7 ,4,-1)
c(-1,1,2),D(1,-2,1) and E(2,2,4)

Solution
~ LetATEf=a,fTé=b
n = _ axb
b c n_laxbl
AB=0B—-0A=|-1|—-| 3
B
A a 2 _4

)
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o 7 0 7
AC=0C—0A=(4 -1 3 =1
-1 —4 3

i —j k
axb=|-1 -3 2|=-18i+36j+ 30k
1 -3 3

la x b| = /(—18)% + 36% + 302 = v/2520
= (—18i + 36j + 30k)
(—18i + 36j + 30k) = D

1
V2520
. o~ 1
Using rn=D=>r. NeToT)
—-18

r.( 36 ) =+/2520D = k (scalar)
30

x\ [—18
<}’>< 36 >= k,—18x + 36y +30z=k
Z 30

But A, B and C lie on the plane. Using point A(0,3,—4)
= —18(0)+36(3) +30(—4) =k ~ k = —12

& =18x+36y+30z=—-12 ......c....c.... +(-6)
~3x—6y—52—-2=0

LetCE=a,CD=b

~ axb

n_laxbl b D
a=CE=0E-0C

AN =
(- (3)-()

S

i —j k
axb=[3 1 2|=5i+7j—-11k
2 -3 -1

la x b| =/(5)2 + 72 + (—11)2 =195

fi=_L (i i
n—m(51+7] 11k)

i fi= L (si+7i— -
Using r.n—Dﬂr.m(51+7] 11k) =D

5
= r.( 7 ) =+/195D = k (scalar)
—-11

x 5
<y>( 7 >=k,5x+7y—1lz=k
z —-11

But C,D and E lie on the plane. Using point C(—1,1,2)
=2>5(-1)+7(1)-112)=k ~ k=-20

~5x+7y—-11z=-20

Find the equation of a plane passing through point (1.2,3) and parallel to
vectors

i—2j+3kand2i—-3j+k.
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Solution
Leta= i—2j+3k,b=2i-3j+k,C((1.2,3))

A_axb

- n_laxbl

n i —j k
b D axb=|1 -2 3|=7i+5j+k

2 -3 1
C a E lax b| =/(7)?+ (5)2+ (1)? =75

5 = T 7, o
Using r.n=D:r.ﬁ(7l+5]+k)=D

7
> 7 (5) =+/75D = k (scalar)
1

X 7
<}’>-<5>=k,7x+5y+z=k
z 1

But A,B and C lie on the plane. Using point C(1.2,3)
>7(1)+5@)+3=k k=20

~7x+5y+z=20

Deduction from Cartesian equation of a plane Ax+ By + Cz=d

A X
From rm=d,n= (B) T = (y)
I z

x\ (A
=>(y>.(B>=d, Ax+By+C(Cz=d
z/ \C

From the Cartesian equation of a plane, there exists a NORMAL VECTOR to
plane whose direction ratios are obtained from coefficients of x,y,z in the

A
equation of plane. i.e.n = (B)

C
Example

State the normal vector to the plane;
a) 2x+3y+5z=7

1 4 7
b) r=(2>+/1(—5>+u(0>

3 6 5
o) r=@+41-3wi+24+ G -3wWk

Solution

2
a) 2x+3y+52=7,n=<3>
5

1 4 7 i
b) r=<2>+/1(—5>+u<0> b D
3 6 5
4 7
Leta=(—5>,b=(0) C a_ E
6 5

axb

Using n = Taxbl
i —j k

axb=|4 -5 6|=-25i+29j+ 35k
7 0 5

lax b| = J(—ZS)Z + (29)2 + (35)2 = a (Scalar)
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> 7 =§(—25i +29j + 35k)

Direction ratio of normal vector is —25:29: 35 in simplified form
-25
35
c) r=@B+41-3w)i+24+ B3 -3wk
3 4 -3
:r=(0>+1(2>+u( 0)
3 0 -3
4 -3
Leta=(2>,b=(0>
0 3

i —j k
axb=[4 2 0]|=-6i—12j+ 6k
-3 0 -3
Normal vector ratio is —6: —12:6 = 1:2: -1
1
~ Normalvectorisn =i+ 2j—k= ( 2 )
-1

Alternative approach of obtaining normal vector to plane expressed in
the form r = a + Ab + uc

Find in scalar product form the equation of the plane
r=04+32+2wi+ A +A1+4pj+ u—-Ak

Solution

)2

A
Let the normal vector n = (B)
C
Since n is perpendicular to a and b, then by Dot product

na=0= (Ai+Bj+Ck).(3i+j—k) =0

2BAFB =C =0 oo (1)
nb=0= (Ai+Bj+Ck).2i+4j+k) =0
SD2A4FAB 4 C =0 oo, 2)

Expressing B and C in terms of A only

eqn. (1) + eqn. (2)

D5445B=0 2 A==B coceoiiiiiiiiiiiiiiiiii (3)
eqn.(3) into eqn. (1)

=234—-A—-C=0 ~C=24

A
Nown = (B) ,Directionratio: A: B: C

C
A:—A:2A=1:-1:2

1
an=(-1)=i-j+2k
2

X 1
From rm=d= (y).(—l) =d. But (1,1,0) lies on the plane
z 2

1 1
z(l).(—1>=d ~d=1-1+0=0
0 2
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Equation of plane in dot product form is r.(i—j+2k) =0

NOTE:

The above approach can also be used to determine the normal vector to two
given vectors.

INTERSECTION OF A LINE AND A PLANE

aq dl

Consider the line r = (az> +1 (dz) and plane in Cartesian form
as d3

Ax+By+Cz=d

X aq dl
From the line, r = (y) = (az) +4 (dz)
A as d3

=>x=a1+ld1,y=a2+ld2 ,Z=a3+/1d3 ............................. (1)
Substitute eqn.(1)in to eqn. of plane
A(a1 + Adl ) + B(az + /ldz) + C(a3 + /1d3) =d

| = (Aa« + Ba, + Ca=) + A(Ad:+ + Bd> + Cd-) =0

From which the value of A can be obtained. The point of intersection of the
line and plane can be obtained from egn. (1)
dee.[((ag +2dy), (az + Ady) . )(az + Ad3)]

Deduction from the rectangular enclosed result
The result above is true for every value of 2 hence it is an identity. i.e.

Aa1 +Ba2 +Ca3 =0

Ad1 +Bd7 +qu =0

, which are the conditions for a line to lie on a plane.
Remark:
The condition Ad; + Bd, + €Cd3 = 0 shows that the line is perpendicular to
the normal of the plane, hence parallel to the plane.
The condition Aa; + Ba, + Caz = 0 shows that the point (a, ,a,,as3) lies on
the plane.
Conclusion
For a line to lie in a plane the line must be parallel to the plane and one
point on the line must also be on plane.
Examples
Find the point of intersection of the given line and plane.
a) r=Qi—k)+A({+3j),plane:r.(5i—j+7k)=9
2
b) r=2Ai-2j+ 21— 1)k,plane:r.< 1 ) =5
-3
o T2=2=T0 axt4y-5z-3=0
Solution
2 1
a) r=Qi-k)+A0+3j)) :( 0 )+/1<3) ;r.(5i—j+7k)=9 ~5x—y+7z=9

-1 0
From the line, > x=24+1,y=31,z=—-1 ..c.ccccceeeiiininnnn. (1)
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Substitute eqn. (1)in to eqn. of plane
52+0)-BA)+7(-1)=9=>10+54-31-7=9

“A=3

From eqn. (1), point of intersectionis;
x=24+3=5,y=33)=9,z=-1

(5,9,—-1) is the point of intersection of the line and plane.

0 1 X
b) r=li—2j+(21—1)k:r=(—2)+1<0)=(y)
-1 2 z

S x=4,y==2,2==142 it (1)

2
r.<1>=5:2x+y—3z=5 .......................................... ()
-3
eqn.(1)into eqn. (2)
=22+ (-2)-3(-14+21) =5 ~21-2+3—-61=5
L A=-1
From eqn. (1),point of intersectionis;
x=—-1,y=-2,z=-1-2=-3
(-1,-2,-3) is the point of intersection of the line and plane.

) Let 2=2Z=22)
=2 x=3+4+21,y=44+31,2=54+41 it (1)
= —4x+4y—-5z—-3=0
eqn.(1)into eqn. (2)
= —4(3+21)+4(4+31)-5(5+41)—-3=0
= —-12-81+4+16+121—-25-201—-3=0 or — 161 =24
sd==3
From eqn. (1),point of intersectionis;
1

—32_13— =4-2=_1,_-_
x=3-3=0,y=4 =502 1

(0 , —% ,—1) is the point of intersection of the line and plane.

2. Prove that the line(s) lie on the given plane(s)

x—3 y—4 z—5
a) T=T=T,4—x+4—y—52—3=0
2 -1
b) r=(0 +A 1>and2,1+2y+z=5
1 0
Solution

w3 _v_zs (D) af3) s a3
a)2—3—4,r—5 4 _4

4
Plane:4—x+4—y—52—3=0=>n=<4)
-5
For a line to lie in a plane,
o The line is perpendicular to the normal of the plane .i.e.n.d =0
e One point on the line lies on the plane
=>nd=(4i+4j—5k).(2i+3j+4k)=8+12-20=0
From the line (3,4,5) lies on the line
=:4(3) +4(4) — 5(5) — 3 = 0, which satisfies the plane. Hence point lies
on the plane.
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2 -1
b) r=(0>+l(1>=>d=—i+j
1 0

2x+2y+z=5=>n=2i+2j+k
=>nd=(=—-i+j+0k).(2i+2j+k)=—-2+2+0=0. Hence line is parallel
to the plane .i.e. normal 1 plane.

From the line (2,0,1) lies on the line

= 2(2) +2(0)+ 1 =5, which satisfies the plane. Hence point lies on the
plane.

EQUATION OF A PLANE CONTAINING A GIVEN LINE r =a + Ad AND
SATISFYING ANY OTHER GIVEN CONDITION

Let the line be expressed in the Cartesian form X;al =2 ;az = Z;i and let the
1 2 3

plane be Ax + By + Cz=d.
Since the plane is to pass through the point on the line .i.e.(a; ,a;,a3), then

AX F BY FCZ = A oo (1)
Aa; +Bay +Ca3 = d cooviiiiiiiiiiiiii @)
eqn. (1) — eqn. (2) give the equation of a plane without d
SAx—a))+By —a)+C(z—a3) =0 ceiiiiiiiireen (3)

NOTE:

Plane in equations (3) and (1) are the same.

Equation of plane contains the line if;

Ad; +Bdy 4 Cd3 =0 cooiniiniiiiiiiiii e (4)
Case I:

From equations (1) and (3)

Let the other condition satisfying the plane be that it also passes through
point (a,a,y)

From eqn. (3),

Al —a))+B(B =)+ C(r—az) =0 oo (5)
Eliminating constants A, B and C from the zeroed equations

.x_al y_az Z_a3
d, d, ds =0
a—a f-a y—as

Case II

Let the given condition be that the required plane is perpendicular to plane
ax+by+cz=k

Planes Ax + By + Cz = d and ax + by + ¢z = k are perpendicular if their
normal are perpendicular

S AAFBDHCC =0 e (@]

Now eliminating constants A, B and C from the zeroed equations (6) , (3)
and (4), the required equation of plane is;

x_a1 y_az Z_a3
d1 d2 d3 =O
a b c
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Example

Find the equation of a plane containing the line r = (2i + k) + A(—i + j) and
passing through the point with position vector i + 3k.

Solution

Let the equation of the plane be Ax + By + Cz=d.......c..cceeoveiiviiiiniinn.. (1)

2 -1

From the line: r = (0) + A( 1 ) ,(2,0,1) lies on the plane.
1 0

=24+B(0)+C=d

eqn. (1) — eqn. (2) to obtain a zeroed equation
SAX=2)FBI—=0)FC(Z=1) =0 et )
Plane (3) passes through (1,0,3)

>A(1-2)+B0—-0)+CB—-1)=00r —A+0B+2C =0 ............ @)
Also eqn. (1) contains line if n.d = 0

A -1
:(B).(1>=00r—A+B+0C=0 ...................................................... (5)
C 0

Eliminating constants A, B and C from the zeroed equations (3), (4) and (5)

x=2 y z—1
>(-1 0 2 (=0
-1 1 0

0 2 -1 2 -1 0| _
> @x-2)| 0|—y|_1 0|+(z—1)|_1 1|_o
5 -2(x-2)-y2) +(z-1)(-1)=0
n2x+2y+z=5

Alternatively
Let A(2,0,1),B(1,0,3)
AB=a
. 1 2
AB=0B—-0A= (0)—(0)
n 3 1
a B -1
(5)
-2
A E Finding normal vector to
plane
o~ _ dXa
n = laxal
i —j k
dxa=|-1 1 0|=2i+2j+k=|dxa|l=v22+22+12=3
-1 0 2
= dxa 1 . .
= =§(21+2]+k)

But normal vector direction ratio is 2:2:1
~n=2i+2j+k

Usingr.n=d

=>1r.(2i+2j+k)=d or2x+2y+z=d

This equation is satisfied by either A(2,0,1) or B(1,0,3)
=24+4+1=d ~d=5

The equation of plane now is 2x + 2y +z =15
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x+1 _ y+2 z+3

Find the equation of a plane through the line —= === ==~ and
perpendicular to the plane x — 2y + 3z = 4.

Solution

Let the plane be AX + By + CZ = d.eueuienininiiiiiiiiiii e (1)

=>n=Ai+Bj+Ck
Plane contains the line if the point (=1,—2,—3) on line lies on it

D A1) F B(—2) F C(73) = dneniiniieee e 2)
eqn. (1) — eqn. (2) to obtain a zeroed equation
AXH D) FBH2) FC(Z4H3) =0 o (3)
Also eqn. (1) contains line if n.d = 0
A 2
:(B).(3>=Oor2A+3B+4C=0 ...................................................... @)
Cc 4

For planes to be perpendicular, their normals are at right angles.

From eqn.(1), n; = Ai+ Bj + Ck

From x—-2y+3z=4,n,=i-2j+3k

SN Ny =02A—2B+3B=0 oot (5)
Eliminating constants A, B and C from the zeroed equations (3), (4) and (5)

x+1 y+2 z+3
=] 2 3 4 |1=0
1 -2 3

=>(x+1)|_32 g—(}’+2)|i g|+(z+3)|i —32|=0

=217(x+1)—-2(y+2)+ =7(z+3)=0
~17x—-2y—-7z=18
x—2y+3z=4

Alternatively
n, =i-2j+3k

[] PR B A
n, n2=<B>

c
I
- Ax+By+Cz=d

1 -
A(-1.-2.-3)  d=2i+3]+4k

From the figure, n,//d and n, is perpendicular to the line and n,

Finding n, using cross product

i —j k
>n,=2 3 4|=17i—-2j-7k
1 -2 3

Using r.n = k(scalar)

x 17
<y>. 2=k, 17x-2y—-7z=k
z -7

But (—1,-2,-3) lieson the plane
=>-17+4+4+21=k ~ k=8
~ 17x — 2y — 7z = 8 as before.
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Find the equation of a plane which passes through the point (4,5,—6) and
is;

a) Parallel to the plane 2x + 3y +5z+6=10

b) Parallel to the line joining points (5,2,3) and (1,6,4)

c) Perpendicular to planes3x+5y—6z=0and7x+y+2z=8
Solution
Let the plane be AX + By +CZ =d ....cevveviiiniiiiiiiiiiiiiiiiiicenene, (1)
Eqn. (1) passes through (4,5, —6)
DAAFEB =60 =d e )
eqn. (1) —eqn.(2)
Ax —4)+B(y =54+ C(Z4+6) =0 ererieeiiieeiieeceeeeeee e, (3)
Plane (1) is parallel to 2x + 3y + 5z + 6 = 0 if their normals are parallel

A 2
=>n| = (B) , N, = (3) SNy = /1",2
C 5

22

n = <3A> = Directionratio of ny is 2A:3A:54 = 2:3:5
51

My =20+ 3j+5k=Ai+Bj+CKk ..o 4)

eqn.(4) into eqn. (3)
2—=4)+3(y—5+5(z+6)=00r2x+3y+5z+7=0
Direction vector of line joining (5,2,3) and (1,6,4) is

()-()-(z)-<

Plane (1) or (3) above is parallel to the line (.i.e. Direction vector d) if the
normal of plane and d are parallel

—4A —42

>n=Ad= ( 42 ); (4/1 >=Directionrati0 of nis—41:41: 1 = —4:4:1
A A

M =—4i+ 4+ R=Ai+Bj+Ck cccoveeniiiiiiiiiiiiiii (5)

eqn.(5) into eqn. (3)

—4(x—4)+4(y—-5)+1(z+6)=0o0rdx—4y—2z+2=0

ng+-n;,n;-+-ng

= (3i+5j—6k).(Ai+Bj+Ck) =0

2BAFEB =6C =0 oo (6)
= (7i+j+2k).(Ai +Bj +Ck) =0
2BAFEB =60 =0 .eccioeeeieeeeeeeeeeee (7)

Eliminating A, B and C from (3), (6) and (7)
By cross product,

x—4 y—-5 z+6
=] 3 5 -6 |=0

7 1 2

sa-9) F-o-9[ Fl+e+of 3|=o0
=16(x—4)—48(y -5+ —32(z+6)=0
wx—3p2z=1
Find the equation of a plane which passes through points
(6,2,—4)and (3,4,1) and is;
Perpendicular to the plane x + 5y —2z =6
Parallel to the line joining (1,0,3) and (—1,2 ,4)
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Solution

Let plane be: Ax + By +Cz=d ....c.coooviviiiiiiiiiiiiiiiiin, (1)
For (6,2,—4),6A+2B —4C =d ..cceoveeeeeeeeeeeeeeeeeeeee . 2)

For (3,4,1),3A+4C+C=d ..cccoovviiiiiieiceeeeeeeeeeen . 3)
eqn. (1) —eqn.(2)

Ax—6)+B(y —2)+C(Zz4+4) =0 e 4)
eqn.(2) —eqn.(3)

BAH 6B =5C =0 cooeeeeeeeeeeee e (5)
For planes to be perpendicular, their normals are also perpendicular
= (Ai+Bj+Ck).(i+5]—2k)=0

S AFEB =20 =0 e 6)
Eliminating A, B and C from (3), (6) and (7)

By cross product,

x—6 y—2 z+4
=1 3 6 -51=0
1 5 -2

Simplifying, the plane is
~13x+y+9z =44
Direction vector of the line is;

(1)-0)-()-

For a line to be parallel to the plane, the normal vector to plane and
direction vector of the line must be perpendicular.

A\ (-2
>nd=0 .-.(B>.(2>=0,—2A+23+c=0 ............. (7)

C 1
From (4), (5) and (7), eliminating constants A, B and C
By cross product,
x—6 y—2 z+4
3 6 =5
-2 2 1
Simplifying, the plane is
~16x+ 7y + 18z = 38
NOTE:
The above question can be done using another alternative as in example (2)
above.

ES =0

Find the equation of a plane containing the line % =23 # and the

)
point (0,7 ,—7). Prove that the line % = % = Zzi also lies on the plane.
Solution
Letplane be: AX+ By +Cz=d ..c.ccovvviviiiiiiiiiiiiiiiiiineiane, (1)
(0,7,—7) lies on the plane

DA+ BT+ C(=7) =d oo 2)
eqn. (1) —eqn.(2)
Ax—0)+BY =7 +C(Z+7) =0 o (3)
eqn. (1)containsline if
“BA T 2B A C =0 o e 4)
The point on line also lies on the plane (3)

5 A(-1-0)+BB-7)+C(-24+7)=0
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A= ABH 50 =0 i (3)
From (3), (4) and (5), eliminating constants A, B and C
By cross product,

x y—2 z+4
=|-3 =2 1 |=0
-1 -4 5

Simplifying, the plane is
“3x—=7y—5z+14=0

Alternatively
Let AB =a = 0B — 04
A(-1,3,-2),B(0,7,-7)
fi — _2i_ 9}
a B Letd 3i—-2j+k
A E

L 0 -1 1
=>a=AB=OB—0A=(7>—(3)=<4)
=7 -2 -5

Finding normal vector to plane

~ _ dxa

n=1aal
i -j k

dxa=|-3 -2 1|=6i—14j—10k=|dxa|=,/62+ (—14)? + (-10)2 =
1 4 =5

V332

Lo dxa 1 ces a4

SR = = s (61— 14) — 10k)

But normal vector direction ratio is ——: — ——: — —— = 3. -7: -5

V33Z' Bz VAR
“n=3i-7j-5k
Usingr.n=k
= 1.(6i — 14j — 10k) = k or 6x — 14y — 10z = k
This equation is satisfied by either A(-1,3,-2),B(0,7,-7)
=2-3-21410=-14=k=d ~d=5
The equation of plane now is ~ 3x =7y —=5z+14 =0

COPLANAR LINES
Aare lines which lie on the same plane. They can meet/do not meet or
parallel.

Consider =8 =228 =20V e, (1)

l ,om n

e _Yy=P _ZV

T T T T e (2)

Let the planebe Ax+By+Cz=d ......ccevvvviriiviiniiinninnnan.. 3)
Eqn. (3) contains (1) if (a, 8 ,y) lie on the plane
SAXHBLHCY =d oot 4)
eqn.(3) —eqn.(4)
Ax—a)+ By —B)+CZ—y) =0 oo (5)
Also Eqn. (3) contains (1) if direction vector of line is perpendicular to plane.
DSAIFBMACN=d e (©)
Now eqn. (5) contains (2) if
Ald =)+ BB =B +CH —=y) =0 i (7)
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Also Eqn. (5) contains (2) if direction vector of line is perpendicular to plane
SAL +BM +CN = d oo (8)

From (6), (7) and (8), eliminating constants A, B and C

By cross product,

a-a B-B v-vy
o m.on
l m n
be coplanar.

From (5), (6) and (8), eliminating constants A, B and C

=0 |, which is the condition for two lines to

e v- B z-vy , which is the equation of plane
ll' :: 7711 =0 containing the two
lines.
Example
Prove that the lines f = yT—z = Z3i3 and % = }'3;6 = ? are coplanar and lie in
the planex —2y+z+7=0

Solution
Equation of a plane containing the first line and parallel to the second line
is

x y—2 z+3
1 2 3 |=0.i.eex—2y+z+7=0, clearly this plane is satisfied by
2 3 4

the point (2,6,3) which lies on the second line.

Show that the lines xzj = y3i = % and x%l = ysj = % are coplanar and find
the equation of plane containing them.

Solution

Equation of a plane containing the first line and parallel to the second line

1S

x y—2 z+3
2 3 —3 | =0.i.e.6x —5y —z = 0. This plane passes through point
4 5 -1

(—=1,-1,-1) on the second line so that it contains the second line. Thus the
two lines are coplanar and the equation of plane containing them is 6x —
5y —-z=0.

CONDITION FOR 4-POINTS TO BE COPLANAR
Four points will be coplanar if the plane passing through any 3-points
passes through the fourth point.

Example

Show that the points below are coplanar
0,-1,0),(2,1,-1),(1,1,1)and (3,3,0)
,1,3),(1,0,-4),(1,1,-1)and (1,2,2)

Solution

Let A(0,-1,0),B(2,1,-1),€(1,1,1)and D(3,3,0)
Finding the equation of plane through A, B and C
Usingr.n=d
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L 2 0 2
Leta=AB=0B—0A=<1)—(—1)=<2)
-1 0 -1
L 1 0
b=AC=0C—0A=(1)—(—1>=<
1 0

i -j k
axb=[2 2 -1|=4i-3j+2k
1 2 1

Ratio of normal direction vector = 4: —3:2 = Normal vector n = 4i — 3j + 2k

X 4
<y>.<—3>=d ordx —3y+2z=d
z 2

But 4, B and C lie on this plane

For A(0,—1,0),4(0)—3(-1)+2(0)=d ~d =3

The equation of the plane is 4x — 3y + 2z =3

Now for D(3,3,0),4(3) —3(3) + 2(0) = 3 = RHS . Hence points are coplanar.
Let A(0,1,3),B(1,0,—4),C(1,1,-1)and D(1,2,2)

Finding the equation of plane through A, B and C

Usingr.n=d

o 1 0 1
Leta=AB=OB—0A=(0)—(1)=<—1)
—4 3 =7
L 1 0 1
b=AC=OC—OA=(1)—(1)=<0)
-1 3 —4

i —j k
axb=|1 -1 -7|=4i-3j+k
1 0 -4

Ratio of normal direction vector = 4: —3:1 = Normal vectorn = 4i — 3j + k

X 4
(y>.(—3>=d ord4x—3y+z=d
z 1

But 4, B and C lie on this plane

For A(0,1,3),4(0)—3(1)+@B)=d ~d=0

The equation of the plane is 4x —3y+2z=10

Now for D(1,2,2),4(1) —3(2) + (2) =3 = RHS . Hence points are coplanar.

COPLANAR VECTORS
Vectors lying in the same plane are coplanar vectors.
Let vectors a, b and c lie on the same plane.

For coplanar vectors a(bxc)=0

Examples

Show that the vectors are coplanar
a=i—4k,b=i—-j—T7kandc=i+2j+2k
a=2i+2j—k,b=i+2j+kandc=3i+4j

Solution
i —j k

axb=|1 0 -—4|/=-4i+3j—k
1 -1 -7
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c.(axb)=(+2j+2k).(—4i+3j—k)=—4+6—2=0.Thus vectors are

coplanar.
i —j k

axb=12 2 -1|=4i-3j+0k
1 2 1

Now c.(ax b) = (3i +4j + 0k).(4i —3j+ 0k) = 12— 12+ 0 = 0 . Thus vectors
are coplanar.

NOTE:

A correct combination of vectors can reduce on the unnecessary
calculations to satisfy the condition for coplanar vectors.

ANGLE BETWEEN A LINE AND A PLANE
Consider the line r = a + Ad and the plane Ax+ By + Cz=d

B
r=a+2d n=Ai+Bj+Ck

Y
i Ax+By+Cz=d

Required angle=6 =90 -

Finding angle g between the line and the normal vector to plane
n.d = |n|.|d|cosf

Butf =90-6

= n.d = |n|.|d|cos(90 — 8)

=>n.d = |n|.|d|sinf [ cos(90—0) = sind]

.0 =sin? (del)

In general the angle between a line and a plane is the complement of the
angle between the normal vector of plane and direction vector of the line.
Examples

Find the angle between the following line and plane
r=(i—3j)+AQ2i—j—k),plane:r.(i — 2j — 7k) = 10

4
r= (2+/1)i—3j+(1—/1)k,plane:r.< 1 )=6
-1

=202y -2y +4243=0
¥ =32i+21j — 61k, r.(4i—3k) =20

Solution

r=>{-3)+AQi—j—k)>d=2i—j—k

plane:r.(i—2j—7k) =10=>n=i—-2j—- 7k

Using n.d = |n||d|sin6

nd=Qi—j—k).(i-2j—7k)=2+2+7=11

In|=v1+4+49=+54, |d|=V4+1+1=+6
nd 11 11

. cinf — _ _1u _ 0
"Smg_lnlldl_«/ﬁm/ﬁ_m 6 =377
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4
r= (2+A)i—3j+(1—l)k,plane:r.< 1)=6
-1

2 1 1 4 4
r=(—3>+1(0> zd=(0),plane:r.<1)=6:n=<1>
1 -1 -1 -1 -1

nd=4i+j—k).(i+0j—k)=4+0+1=5
In|=vi6+1+1=+18, |d|=VI+0+1=+2

. . _ nd _ 5 _E _ 0
”Slng_—|n||d|_\/ﬁ><\/7_6 =60 =544

0 4 4
E:%—% :r=(1>+l(—1)9-d=<—1), x—2y+4z+3=0=>n=<
-3 -5 -5

nd=(4i—j—5k).(i—2j+4k)=4+2—-20=—14
In|=v16+1+25=+42, |d| =vI+4+16 =21

n.d 1 59 =-2810 - 0 = 28.1° (Numerical value)

|n|ld]  V21xV42
. . 6
Left as an exercise Answer:sinf = 7 - 6 =59°

~ sinf =

ANGLE BETWEEN PLANES Ayx+Byy+Ciz=dy

4 Ay x+ By +Cz=d,

The angle between planes is the angle between their normals.
sty oo )

1-N2 11Nz [nqlIna|
Example
Find the angle between the pair of planes
ri—-j)=4andr.(j+k)=1
r.(i—2j—2k) =5 andr.j=0
r.(i+j+k)=1landr.(i—j+k)=0
2x+3y—5z=1landx—2y—2z=0
Solution

1
-2
4

r(i—-j)=4=>n=i—j=i—j+0k; r(j+k)=1=>n,=j+k=0i+j+k

Using dot-product

ny.n, = |nq||n,|cosd

ny.n, =({—j+0k).(0i+j+k)=0—-1+0=—1
ng | =V0+1+1=vZ;|ny|=v0+1+1=v2

%0 =cos™! (I::I'::ZI) =cos~! (ﬁ;lﬁ) =120°

In terms of acute angles, § = 180 — 120 = 60°
r(i—2j—2k)=4 >n,=i—2j—2k; r.j=0=>n, =0i+j+0k
Using dot-product

ny.n, = |nq||n,|cosd

nyn, = (i—2j—2k).(0i+j+0k)=0—2+0=—2

Ny =vi+4+4=3;n,=V0+1+0=1
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%0 =cos! (M) =cos~! (_?2) =131.8°

Inq|Ing|
In terms of acute angles, 6 = 180 — 131.8° = 48.2°
r(i+j+k)=1=>n=i+j+k; r(i—j+k)=0=>n,=i—-j+k
Using dot-product
ny.n, = |n,||ny|cosd
nn,={+j+k)(i—-j+k)=1-1+1=1
Ingl = VIFI+1=3;[ng| =vIF 1+ 1=v3

%6 =cos™! (ﬁ) = cos™! (\/3—;/3—) = cos™! G) =70.5°

2x+3y—5z=1=>n1=2i+3j—5k; x—2y—z=0=>n,=i—-2j—k
ny.n, = |n,||ny|cosd
nyn,=Qi+3j—-5k).(i-2j—k)=2-6+5=1

Ing| =V4+9+25=+38;|n,| =vV1+4+1=+6

.0 — —1( mng \ _ -1 1 _ 0
~ 0 =cos (Inlllnzl) = cos (\/ﬁxvﬁ) = 86.2
CONDITION FOR PERPENDICULARITY OF 2-PLANES

If two planes are perpendicular, then their normals are also perpendicular.
Consider two planes A«x+ By + Ciz=d; and A,x+ B,y + (C,z=d,

Alx + Bly + C1Z = dl

A1X+Bly+c =d
>n.n;=u $A1A2+BlBZ +C1C2 =0

CONDITION FOR PARALLELLISM OF 2-PLANES
If two planes are parallel, then their normals are also parallel.

— %_A1X+B1V+C1Z=d1

ny | n,

. é—%— A x+ B v+ Crz=d»
=>n,=41n,

> Ay =24 > A="1
2
= B =1B,= 1=
2
> C0=1G=1=2
2

M_B_G_,

Az B3 C2

EQUATION OF A PLANE PARALLEL TO A GIVEN PLANE ax + by +cz=d
The required plane is generally given as

ax + by + cz = k(constant)
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, wherek = constant, that can be obtained from any other condition
satisfying the plane.

Example

Find the equation of a plane passing through point (1,2 ,3) and parallel to the
plane

4x —5y+6z=7.

Solution

Required plane: 4x -5y +6z=k

But (1,2,3) lies on the plane

=24-10+18=k ~ k=12

The plane is 4x —5y + 6z = 12

Find the equation of a plane parallel to plane 2x + 3y — 4z = 1 and passing
through (1,2,3). Answer: 2x+3y—4z+4=0

INTERSECTION OF PLANES
Intersection of two planes:
Consider two planes A;x+ By + C;z=d; and A,x + B,y + C,z =d,

Alx + Bly + C1Z = dl

G
F — /Q Aix+ By +Ciz=d;

Two planes intersect in a straight common line. FG is the common line of
intersection

Equation of a plane containing the common line of intersection of two
planes:

(A1X + Bly + Clz - dl) + A(Azx + Bzy + CzZ - dz) =0

The equation is of the form U + AV = 0 where U =V = 0 and 1 = constant to
be obtained from the other condition satisfying the plane.

Equation of the common line to 2-intersecting planes:

This is obtained as below.

Al.x + Bly + Clz = d1

d; = d.vof common line

Azx + Bzy + sz = dz

Direction vector, d is perpendicular to n; and n,
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~d=n; X n,

Using vector equation of a line r = a + Ad

This line intersects at least one of the xy,xz or the yz — plane. Thus one point
on this line has a zero x — or y — or z — coordinate.i.e. Let x=00ory=00rz=0
Now solving for x and y if z = 0 in the equations of planes, yields the
coordinate on the common line. Hence, equation of line FG is of the form;

X
r= (y>+l(n1 X ny) forz=0
0

Example

Find the equation of a plane passing through the line of intersection of planes
x+y+z=6and 2x + 3y + 4z = -5, and is perpendicular to the plane

4x + 5y — 5z = 8. Find also the equation of line of intersection of the planes
x+y+z==6and2x + 3y + 4z =-5.

Solution

2x+ 3y +4Z = =5 e 2)
Required plane: (x+y+2z—6)+A(2x+3y+4z+5)=0
=2>x(1+2)+y(1+30)+z(1+41)+ (51—-6)=0
This plane is perpendicular to 4x + 5y — 5z = 8 if:
41+ 20)+ 51 +30) - 5(1+41) =0
=24+4+81+54+15A-5-20=00r31+4=0 ~A=—
Equation of plane: :x(1—§)+y(1—4)+z(1—13—6)+(—23—0—6) =0
—5x—3y—13z—-38=00r5x+3y+13+38=0

Now finding the equation of the common line:
x+y+z=6n=i+j+k,and 2x+3y+4z=-5,n, =2i+3j+4k
Direction vector of line: d = n; X n,

4

w |

i —j k
d=1 1 1|=i-2j+k
2 3 4

Finding a point on the required line:

Fixing z=0

Sx+y+z=6becomesx+y =6 ..cccccceeiiiiiiiiiiinininn.. 3)
= 2x+ 3y +4z=—-5becomes2x+3y=-5............. 4)
Solving eqns. (3) and (4) simultaneously,

x=23andy = -17

= (23,-17,0) is the point on the required line.

(50

Find the parametric equations of the line which is the intersection of x + 2y +
3z—8=0and 3x + 3y +z+ 3 = 0. Find the equation of the plane containing
this line and perpendicular to the plane 2x + 3y — 4z = —2.

Solution
Fixing z = 0 and solving the equations of planes simultaneously,
X+2Y+3Z2—8=02x+2Y =8 it (1)
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3x+3y+z+3=0=>3x+3y=-30orx—y=-1........... 2)

Solving eqns. (1) and (2) simultaneously,

x=2andy =3

= (2,3,0) is the point on the required line.

Direction vectors of the lines are respectively n; =i+ 2j+3k,n, =3i—-3j+k
Direction vector of line: d =n; X n,

i —j k
d=[1 2 3|=11i+8j-9%
3 -3 1

The required line is;

e

Required plane:
(x+2y+3z—-8)+k(3x+3y+2z+3)=0
x(1+3k)+y(2—-3k)+z(3+k)+3k—8=0
This plane is perpendicular to plane 2x + 3y — 4z = -2 if:
2(1+3k)+3(2—-3k)—4(3 +k) =0[~n, .n, = 0]

4

=224+6k+6—-9%—12—-4k=0 .'.k=—;

~ Equation of plane is:

(1) ey(242)+2(a-2)-E-am0
& =5x+26y+17z+68=0
Task
Find the equation of the plane which contains the line of intersection of the
planes
6x+4y—5z=2andx—2y +3z =0 and;
Perpendicular to the plane3x — 2y +z =5
Parallel to the line with direction cosines proportional to (1,3 ,2).
Answer:11x+ 10y —13z2—-4=0,2x — 20y +29z2+2=0
Show that the lines; (x +4) =z (y+6) = —>(z—1);3x — 2y +z+5=0=2x +
3y + 4z — 4 are coplanar. Find also the coordinates of their point of
intersection and the equation of the plane that contains their line.
Answer: (2,4,-3);45x — 17y +25z+53 =0

x+5 _ y+4 _ z—7

ShowthatthelinesT T = 3x+2y+2z-2=0=x-3y+2z—3are

coplanar and find the equation of the plane in which they lie.
[HINT: Required: (3x + 2y + z — 2) + A(x — 3y + 2z — 3) = 0]. This plane is
parallel to the line if its normal is perpendicular to d.v. of the line. i.e.3(3 +

D+(Q2=31)-2(1+21)=0 -'-/1=%=> (=5,-4,7),21x — 19y + 22z —125=0

DISTANCE OF A POINT FROM A PLANE
Consider a point P(a,b,c) and the plane Ax + By + Cz+ D = 0.

Let QP=d  pg p,c) ¢ n=Ai+Bj+Ck

' Ax+By+Cz+D =0
Qx,y,z)
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VectorQ_P)is// ton
=>QP=1n

. . . a—Xx
BthP:OP—OQ:(b—y)

c—z
a—x A

:»(b—y):l(B)
c—z C

Sa—-x=AA orx=a—-14

=>b—y=Abory=b—AB

>c—z=AMorz=c—-AC

~Q(x,y,z2) =Q(a—A4,b —AB,c — AC) lies on the plane Ax + By +(Cz+d =0

=2>A(a—214)+BMb—-AB)+C(c—AC)+d=0

_ 2 2 2N . _ Aa+Bb+Cc+d
orAa+Bb+Cc+d=AA"+B"+C%) ~A=—5 o (1)

But QP = perpendicular distance = |@| = An|

G QP =AXVAZ B2 4 C2 oot
(2)

subst.eqn. (1) ineqn. (2)

= Perpendiculardistance = d = AatBbrCetd o VA + B2 + (C?

A2+B2+(?
Aa+Bb+Cc+d . . .
ad= Tt =Pperpendicular distance of point P(a,b,c) from the plane

Ax+By+Cz+d=0
This distance can sometimes be negative, thus the absolute value
(numerical value) is taken to ensure +ve distance.

Let Ax + By + Cz+ d = 0 be the plane and P(a,b,c) be a
point. The distance d from the point is given by;

a+Bb+Cc+d|
VAT B2+ C2 |

|A
d=|

Rule to find perpendicular distance of a point from a plane with
equation given in general form Ax+By+(Cz+d=0(R.H.S=0)
“Substitute the coordinates of the point in the equation of plane with
RHS = 0 and divide the result by

J(coeff.of x)% + (coeff.of y)? + (coeff.of z)2 ©

Examples

A plane passes through 3 —points A(0,1,3) ,B(1,0,—4) and €C(1,1,-1). Find
its equation and length of a perpendicular to it from (2,4,-3).

Solution

Equation of plane is left for the student as an exercise. Answer: 4x — 3y +
z=0

Using the formula,

4@)-3®-3 _ 7 _ 7 icall

\/W = _\/% = \/ﬁ (numerlca _’y)

Show that the distance between the parallel planes 2x — 2y +z+3 = 0 and
4x —4y+2z+5=0is %.

Perpendicular distance =
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Solution

Find any point on any plane.

Let x =y = 0, now finding z

For 2x —2y+z+3=0=>2z=-3

~(0,0,-3) lies on this plane.

Now perpendicular distance of (0,0,—3) from 4x — 4y +2z+5 =0 is;

_40)-4(0)+2(-3)+5 _ 1 _ 1 .
d= B v v S (Numerically)

Find the equations of the planes parallel to the planex —2y +2z—-3 =0
whose perpendicular distance from (1,2 ,3) is 1 unit.

Solution
Given plane: x —2y+2z—3=0
Any plane parallel toitis: x =2y + 224+ k=0 ..coeoieiiiiiiiiiininiiinenennen. (1)

Since perpendicular distance of eqn. (1) from (1,2,3) is = 1 unit
1(1)-2()+23)+k _
=>4 VI+4+4 -

[use complete formul whenever perpendiculardistance is given|

>+ =10or£(3+k)=3 2k=0,-6

From eqn. (1), the required planes are;
wx—2y+2z=0,x—-2y+2z—-6=0

A plane contains the points A(—4,9,—9) and B(5,-9, 6) and is perpendicular
to the line which joins C(4,—6,k) and B. Evaluates k and find the equation of
the plane.

Solution 4 B

BC //n =n=1BC 1

o 4-5 -1
BC=0C—OB=(—6+9)=( 3 ) Yn

k—6 k—6
Also 4B is perpendicular to BC
8 -on-ai=(3-2) (1) C
AB=0B—-0A=|-9-9|=(-18
6+9 15
=>AB.BC=0 -~ —1(9) +3(—18)+ (k= 6)(15) =0 ............ (=3)

= -5145k=0k="2

Directionratio of normalis—1:3:k—6,k = 55—1

= n has directionratioof —1:3: (55—1— 6) =-5:15:21
Using r.-n=d

=5
r. (15) =d, this plane contains A and B.

21

-4\ /-5
For A(—4,9,-9),d = ( 9 ).(15) =34
-9 21

-5
& =5x+15y+21z—-34=0 01"1‘.(15) =34
21
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COMPLEX NUMBERS
Introduction:
A complex number is that can be expressed in the form:
z = (Real part) + i(Imaginary part) .i.e.
z=a+ib;a,b €R
Examples
z=3+4i ,z=4i=0+4i,z=4=4+0iwherei=+-1
Origin of symbol i =+-1
This originates from finding square root of negative numbers.
Consider
a) V4
b) V-4
Solution
Vi =12
V=4 =+v-1Tx4=+/-1x4 [Bysurds:\/(ﬁ=\/ax\/lﬂ
=ix+2=42i [LetvV—1=i(Mathematical notation)]
Note:
There is no exact square root of a negative number that yields real numbers
that are negative or positive.
Algebra of i = /-1

Simplify
a) i? b) i3 c) i® d) i*
Solution
2 172

i2 =[] = [V=1]" = [(-1)7] =-1
wit=-1
B=i?xi=—1Xi=—i

i3=—i
P=i2xi3=—1x—-i=1i

i4 — (iZ)Z — (_1)2 =1

wit=1

Note:

P2=ixi=vV-IxVy-1#/-1x-1=1

The result i? = —1,i% = —iand i* = 1 are important in the algebra of i =
V-1

Simplify

a) iZO b) i39 C) i40 d) L'lS
Solution

i20 = (iZ)IO — (_1)10 =1

- iZO =1

39 = (iIHB = (=)B = [-1 x ] = —[i]'3

=—[i*Pxi=—[1P xi=~i
i3 =
40 = [(4]10 = [1]10 = 1

. i40 =1
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Trial questions

Simplify

a) i b) i® c) i’ d) i’
Answer:

=M@ =1x-1=-1

8=[i*12=1

i7=HE) =i
iV =[i**i =i

OPERATION IN COMPLEX NUMBERS
The following shall be considered:

i) Addition

ii) Subtraction
iii) Multiplication
iv) Division

Methods used
e Analytical method
e  Graphical method

ADDITION OF COMPLEX NUMBERS
Analytical method

Given that z; = x, + iy, ,2z; = x; + iy, and z3 = x3 + iy3
Find:i) z+2z, i) z1+2z;+ 23
Solution
21+ 2, = (x +iy1) + (2 +iy2)

= (0 +x2) +i(y1 +2)
21+ 23 +z3 = (0 +iy1) + (2 +iy2) + (03 + 1y3)

=00 +x2+x3) iy +y2 +¥3)

Deduction
When adding complex umbers, add the real parts and imaginary parts
separately, and write the result in complex number form.
Examples
Given thatz, =4+1i,z, = -3 —iandzz3 =3 + 2i
Findi) z+2z, @) z1+2z,+ 23
Solution
Z1+zZ;=4+i+ 31

=(4-3D+i(1-1D=1+0i=1
Z1+zZy+zz3=4+i+ -3—-i+3+2i

=(4-3+3)+i(1-1+2)=3+2i

Giventhatz; =4, z, = 3iand zz3 = 3 + 2i
Findi) z1+z, 1) z+2z,+2

Solution
Z1 + Zy = 4 + 3i
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Zl+Zz+Z3=4‘+3l+3+zl=7+51

Graphical method

Before we look at this method, let us first look at Argand diagram.
Argand diagram

This is a graph having two axes.

i.e.Real (Re) axis as x — axis and Imaginary(Im) axis as y — axis

Cartesian graph

!

)

y — axis

A

Argand diagram

Im — axis

™ Re — axis

= x — axis 0

Representation of a complex number on Argand diagram
Given that z; = x; + iy, ,z has a point (x;, y;) in general form. Plotting
(x1, ¥1)

From the figure, a complex number is represented using an arrow from
the origin to the point representing complex number.
“Im — axis

Vi VA

= Re — axis

X1

Example

Given thatzy =4+3i, zp=—-3—2i, zz=5and z, = 2i
Represent the complex numbers on different Argand diagram.
Solution

z; =4 + 3i has a point (4,3) z3 =5+ 0i has a point(5,0)

Alm Aim

N
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) T T T T ) )
-5 —4 -3 -2 - 1 2

‘Im

_Z4

2) Represent the complex numbers on the same set of axes on Arrond diagram
7y =342 ,2,=-2+3i, zz=1—iand z, = -2 —1i Im

Trial questions

Represent the complex numbers on the Argand diagram —*

1, 3,1, .
Zl=3—51,zz=—+—1, zZ3=4-3i

2 2

N |

Now adding complex numbers by Graphical method

Two complex numbers are added using a parallelogram. Each complex
number is represented on the Argand diagram, and the two complex
numbers form the adjacent sides of a parallelogram. The addition result is

given by the diagonal of a parallelogram.
Consider 7. = x; + iy, and z; = x, + iy,

szi+q M +xp) + iy +2)

= Re

Addition of complex numbers by graphical method

(z1+ 2, +23)

324

Re



1)

Mathematics for an A-level student

Three complex numbers are added as a continuous chain .i.e.z; + 2z, + 23 =
(z; + z;) + z3. First add any two .i.e. z; + z, to get the result and this result
with z; give a diagonal of a parallelogram which is the required result.
Example
Giventhatz; =4+1i, zg=—2+1i, z3=—-3—-2iand z, =5+1
Find:
a) z1 + 2z, + 73
D)z, + 23+ 2,
Solution
Z1+ 2+ 73 =(z1+2) + 23
Adding z; + z,

z1+2z;+2z3=—-1+0i
Zz+Z3+Z4=(Zz+Z3)+Z4 1 2 3

Adding z, + z3 4

NOTICE:
The diagonal for a parallelogram from z, and z, + z3 is just a straight line
whose midpoint is (0,0).i.e. Parallelogram cannot be drawn.

Aim

Z3 i Zy+23+2z,=0+0i

Trial questions:
Given thatz, =3+ 4i, z, = -1+ 2iand z3 = —3i+ 2. Represent the complex
numbers clearly on the Argand diagram.

a) z+2

b) z+2z3

Cc) zy+2z,+2z3
Given thatz; =4 +3i, zy =—4—3i, zz3 =5 and z, = 2i . using Argand
diagram find;

a) z+2

b) z,+2z3

c) z1+z,+2z3
Note: z3 =5=5+0i,z, =2i — 0+ 2i

325



ii.

ii.

2)

ii.

Mathematics for an A-level student

SUBTRACTION OF COMPLEX NUMBERS
Analytical method
Given that z; = x1 +iy1 ,2; = X, + iy, and z3 = x3 + iy;
Find:i) z1—2, 1i) 2z —2,— 23
Solution
71 + 2, = (% + iyy) — (% +iy2)

= (x; —x) +i(y1 —y,) (collecting like terms)

71— 23 — 23 = (%1 +iy1) — (% +iy,) — (x3 +iy3)

=(x; —x; —x3)+i(y1 —y2 —¥3) (collecting like terms)
Deduction
When subtracting complex umbers, subtract the real parts and imaginary
parts separately, and write the result in complex number form.
Examples
Given thatz; =3+ 2i,z; =4 —3iand z3 = 4+ 3i
Findi) z+z, 1) z+2z,+ 23
Solution
Z1+zy,=4+i+ —-3—-i
=(4-3)+i(1-1)=140i=1
4z +zz=4+i+ -3—i+3+2i
=(4-3+3)+i(1—-1+2)=3+2i
Given thatzy =3+2i, zy=4—-3iandzz3 = 4+ 3i
Findi) z1—2z, 1) z—2,—23
Solution
72—z, = (3+20) — (4—30)
= (3—4) +i(2—3) (collecting like terms) = —1 + 5i
21 —2y—23=(B+2))—(4—-3i)—(4+30)
=@B-4-4)+i(2—3-3) =-5+2i

Task

Given that z; =4+ 3i,z, =3 —iand zz3 = —4 — 3i. Find:
a) z;1—2 Answer:1 + 4i
b) z,—2z3 Answer:7 + 2i
c) z1 — 2y —z3 Answer:5+7i

Graphical method

This is done using the Argand diagram just like in addition.

Consider two complex numbers z; = x; + iy; and z, = x, +iy,. To find z; — z,
, proceed as follows.

71 — 2z, = z; + (—z,) [Note this]

Adding using Argand diagram the complex numbers z; and — z,
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Ifz; =x3+1iys, find z; —zp — z3 if zy = x; +iy; and z, = x, + iy,
Solution

71 =2 —23=21 —(Z+ Z3) or 21 — 2, — 23 = (21 — 2;) — 73
Consideringz; —z, — 23 = z; — (2, + z3)

7 — 7y)

Considering second alternative z; —z, —z3 = (21 — 2,) — 23
Dealing with z; — z, = z; + (—z,) and then dealing with (z; —z,) —z3 =

(z1 —22) + (—23) 2z, —2z, — 2, Im

Re

Note:

Two complex numbers are subtracted by addition of the negative of the

second complex number being subtracted from the first.i.e. z; —z, = z; +

(—z;). A parallelogram diagonal gives the result, and the answer must be

expressed in complex number form.

Example

Using the Argand diagram simplify given thatz, =3+ 4i,z, =2 +iand z3 =

6—2i

i) z1—2 i) z;—z3 i) z; —2z, — 73

Solution
21—z =21+ (—2)

Im
S Z1— 2y =1+4+3i

Z1 — 2y

ii.

ii.

z; —z3 =23 + (—23)
o Zy — Z3 =—4-3i
— T
71—z —zz3=21— (2 +2z3) " ;T
nzy—2y—23=—5+51
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-5 —4 -3 —2 -1
-1
B e Z3
-3

Trial questions:
Given thatz; = 3 —2i , z, = 4 and z3 = 2i. Using the Argand diagram find;
i) z—2 i) 2z — 73 W) zy+2z;—23 W) z1—2;—23
Answers:i) — 1 —2i (ii) 4 —2i (iii)7—4i (iv) —1—-4i

MULTIPLICATION OF COMPLEX NUMBERS
Analytical method
Given that z; = x; +iy; and z, = x, + iy,
To find z.z, proceed as follows:
21.2; = (%1 +iy1 ). (xz + iy2)
= X1. %X + X1V, + iy1. %5 + 219,
= (x1.02 = Y1.¥2) + (e, +y1.22) [7 12 = —1]
Deduction
When multiplying complex numbers, open the brackets just like in
expansion of binomials, simplify the expressions and write the result in
complex number form.
Examples
Given thatz, =3+2i, z, = =14 2i z3 =4—3iand z, = —3 — 4i. Find:

l) Z1.2Zy ll) Zy.Z3 lll) Z3.Zy lU) Z1.2.23 lU) Z).Z3.2Z4

Solution
z1.2y = (3+ 20).(—=1+2i)
=3(=1+ 2i) + 2i(—1 + 2i)
=-3+46i—2i+4i?=-3—-4+4i [+i*=-1]
=-7+4
z3.23 = (—1+ 20).(4-3i)
=—1(4-3i)+2i(4—3i)
=—4+43i+8i—6i°=—4+6+11i [+ i?=—1]
=2+11i
23.24 = (4 —30).(—3 — 4i)
= 4(=3 — 4i) — 3i(=3 — 40)
=—-12—-16i+9i+ 12i® = 12— 12— 7i [+ i®* = —1]
=-24-17i
71.2.23 = [21.2,].23 . But from (i) above, z;.z, = =7 + 14i
=[-7 + 14i]. (4 - 3i)
= —7(4—3i) +4i(4—3i)
= —28+ 21i + 160 — 12i?
=-28+12+37i
=-16+37i
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Zy.73.24 = [25.23).24. Butzy,.z3 = 2+ 11i
=[2+11i]. (-3 — 40)
=2(=3 — 4i) + 11i(-3 — 4i)
= —6 — 8i — 33i — 44i?
=—6+44—41i
=38—-41i
Note:
Graphical multiplication of complex numbers requires Demoivre’s theorem
which has not been tackled. Graphical multiplication of complex numbers
shall be handled later.
Trial questions
Given thatz; =2+1i, zp =—2+41i and zz = 3 — 2i. Find:

i) 7.2y i) zp.23 i) z3.24 W) 2.2;.73
Given thatz; = 1+iV3 , z, =V3+i andz; = 1 ++2i. Find:

i) 7.2, i) zp.23 i) z3.24 W) 2.2;.273
Answers:

DIVISION OF COMPLEX NUMBERS

Before we look at this, let us first look at a conjugate of a complex number.
Conjugate of a complex number

If z=a+ bi, then conjugate of zisz=a —ib

If z=a—bi, then conjugate of zisz=a+ib

Example

Findzif i)z=2+3i
ii)z=—3—2i

Solution

i) z=2+4+3i;z=2-3i
i) z=-3-2i;z=-3+2i
Thus when two complex numbers are to be divided, multiply the numerator
and denominator of the quotient being divided by the conjugate of the
denominator. In simple terms rationalize the denominator.
Consider z; = x; + iy, and z, = x, + iy,
z1 _ x1+iy; x (x2—iy;)
By T iy, s R
_ (eatiy1)-(ep—iys)
(x2+iya).(x2—iy2)
— X129 +iX1 Yo iy Xp+i%y1.y)
X1.X2=1%1.Y2+iy1.X2—1%y1.Y2
— (1xp=y1y9)+ix Yo +ysx5)

x22+y22

Note:
j—l , has now a real denominator
2
Example
Giventhat z; =2+4+3i, z=4—-3i andzz =1+1
Find i) 2 i) 2

Z2 Z3
Solution
zy _ (2+30) (4430)
By (gl e @+3i)
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_ (2+30).(4430) _ 8+6i+12i+9i?
T (4-30).(4430)  16+12i—12i—9i2

_8-9+18i __ —1+18i
T 1649 25
Lz 1,18,
o Z =— El
z, _ (4-30) a-i
Z —_ (1+L) .................................... (171)
_ (4-3D.(1—-) _ 4—4i-3i+3i?
T oA+).(-0) ~ 1+4i-i—i?
_4-3-7i _1-7i
T o141 T 2
Lz 1 7.
T 2 2

Given thatz, = 1+iV3 , z, = 1—2v3i and z; = —1 + /3i. Find:

) orou 2k i R

Z17Z) zZq
Solution

7 (1+iV3)

Z _ (1—2\/51) ....................................

_ (A+iv3).(142v3i) _ 1+2v3i+V3i+2V/9i?

T (1-2v30).(142V3i) T 1+2v3i-2v3i—4V9i2
_ 143V3i-2(3) _ 1-6+3V3i

1+4(3) 1412
.4 5 +i§i
z 13 13
z _ (1-2v3i)
p —(—1+\/§i) ....................................

_ (1-2v3i).(-1—/3i) _ —1-V3i+2V3i+2V9i?
T (-1+VB).(-1-V3i) T 1+V3i—V3i—oi2
_ T1-2@)i+y3i _ —7+V3i

143 4

N N A T

Tz 4 + Pk

73 (-1+v3i) _ (—1+v3i)

721z, (1+iV3).(1-2v3i)  1+iV3—2v3i—21/9i2
= ((_713/;;) .Now rationalizing the denominator
_ (—1+v3i) (7+v3i)
SIEE e 713

_ (=14VB0)(7+V3i) _ —7—Bi+7V3i+\0i?

T (7=VE).(7HVBI) T 49+7V3i-T7V3i—Oi?
_ —7-3+6+3i _ —10+6V3i

4943 52
10 |, 6V3 . 5  3V3
=+ i=— s
52 ' 52 26 ' 26
LZ_ 5 33,
z12; 26 26
7323 (1-2v30).(-1+V3i) _ —1+y3i+2v3i—-29i?
7 (1+iv3) (1+iv3)

_ —1+42(3)+3V3i _ 5+33i
T (1+iv3) T (1+V3)
Now rationalizing the denominator
zpz3 _ (5+3V30).(1-iV3) _ 5-5V3i+3v3i—39i?
7 (1+iv3).(1-iv3) 1—iv3+iV3—9i2
_ 5+3(3)—i2y3 _ 14—i2y3
1+3 4

(1+2v3i)
(1+2v3i)
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1237 V3. zmm 7 V3,
T4 4 T2 27 T g4 T2 2
Given thatz; =1+1i, zp =2 —1i and z3 = 3+ 2i. Find:
. zZ1+z .. z1% ... Zy+z . z1+zy+z 2132
) Atz i) i) 2% ) Adntn ) hn
Z3 Zp%.23 z1+2; Zy—273 z1+23
Solution
z1+z . .
%; Zl+ZZ=1+l +2—-10 =3
3
z1+2; . P .
TR rationalizing the denominator
Z3
z1+z; 3 3(3-2D)
73 3+20  (3+2i).(3-20)
__9%6L __9=6i  zmtzm _ 9 _ 6,
T 9-6i+6i—4i2  9+4  z3 13 13
o’
2,223

z2=z1.z0 =(1+D.A+D)=1+i+i+i>=2i
22 =2,.2,=2—-0).2—0)=4—2i—2i+i*>=5—4i
w2223 = (5—40).(3+2i) =15+ 10i — 12i — 8i®> = 23 — 2i

z* 20 2i(2342i)
zp2zy  (23-2i)  (23-2i).(23+2i)
_ 46i+4i% _ —4+460 _ —4+46i
T 529+446i—46i—4i2  529+4 533
Cont 4 46 .
.. E — _g %
Zp+z3 _ 2—i43+2i _ 5+i | z;+z3 _ 5 1.
nim o Ltz 3 zam 373
atrptey | LAR-0HINAL 6421, rationalizing denominator
Zy—123 2—i—(3+2i) —-1-3i
_(6420).(—1430)) _ —6+18i—2i+6i2 _ —12416i _ 12 , 16,
T (C1-30.(-1430)  1-3i+3i-92 149 10 ' 10
Z1+2zy+2z3 — _6 +§i
Zy—273 5 5
s

et 73 =222, =2.(14+1)=-2+2i

vz, =(—2-20).2—i)=—4+2i—4i +2i*=-2-2i
L7tz (22-20) _ (=2-20).(4-30)

U zitzy | (4+30) (4+30).(4-31)

_ —8+6i-8i+6i® _ —14-2i _ 14 2.
T To-1zi1zi—oZ _ 1649 25 9t
Lot 12,
z1+z3 25 9

Trial questions
Given thatz =3 +i; find i) z* i) -
Given thatz = 3 + 4i, find the value of the expression z + ZZ—S

[Hint: 15t find% and add the result to Z]

The total impedance z in an electric circuit with branches z,and z, is given
by;i = i + i Given that z; = 3 +i4 and z, = 5 + i5, wherei = V-1, calculate
the total impedance in z in the forma + ib.

Hint: i = i + i = % Now proceed to find z, + z, and z,.z, then z.

o1 1 . N
Or find - and - by rationalisation and then z
1 2
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Given thatz, =3 —1i,z, = 3 + 1. find
) n’z’ b) 2 ) Z2Z1
z1+2; 71 Zy—21
Note:
Graphical division of complex numbers requires Demoivre’s theorem. This
shall be tackled later.

DIFFERENT FORMS OF COMPLEX NUMBERS
A complex number can mainly be expressed in three forms:
e Standard form.i.e.z =x +1iy
e Polar form.i.e.z = r(cos6 + isind)
e Exponential form.i.e.z = re*t
However the most commonly examined at A level are: standard and polar
form. Before we look at these in detail, let us first look at modulus and

argument of a complex number.

MODULUS AND ARGUMENT OF A COMPLEX NUMBER
Consider the complex number z = x + iy in standard form. Representing z
on the Argand diagram

A Im

N4 0

= Re

Argument, 0

Argument of a complex number is the angle the complex number makes
with positive Real axis

Denotion

Argument of z is denoted as arg(z)

From the triangle above,

tané =% + 0 = tan—1 G)

~arg(z) = arg(x +iy) = 6 = tan™" G)

Note:

When finding tan™! (f), there is no i ony from z = x + iy which is the

commonest mistake students make.i.e.tan™! (%), this is not correct.

The range of  is —180° <9 < 180°or —mr < w < m in

radians.i.e.principal argument

When 6 is being measured, it is done with respect to the+wve real axis and
6 is + ve if measurement is in anticlockwise direction where as - ve if
measured in a clockwise direction
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iv. Measurement of 6 = arg(z)requires the knowledge of trigonometry about
tangents of angles in the four quadrants.
If 6 is not in the interval - < m < 7 then expressing the angle in terms of
acute angles must be done to bring the angle in the required interval.
e.g.If8 = 210° then tan210° = +tan30°

s~ argument = 8 = —150° = —gn

210%

300

S_

Modulus /Magnitude /length of a complex number

From the right angled triangle above, applying Pythagoras Theorem,
x2+y?=r? _..r=\/m

Denotion

Modulus of z is denoted as |z| =1

Reauired areument

wlzl=r=x2+y?

Note:
In the formula, there is nouse of iony.i.e.: |z| =1 # /x2 + (iy)?
Examples
1. Giventhatz; =1+i,2, = —3+i,z3=-5-12iandz, =3 —i
Find i) arg(z) i) arg(z;) iii) arg(zz) iv) arg(zy)
v) zl vi) |zp| vii) |zs] Viii) |z
Solution

z1=1+1i From |z| = \/x2 +y?
Am “lz | = (D2 + (1)? = V2 units

i : K3 From arg(z) = tan™ G)
I 2 =tan~1(Y) =450 ="
E 1 ~arg(z)) =tan (1) =450 =7
0, ! > Re w7l = \/iunits,arg(zl) = 450 = %
|
|

7 =—V3+i From |z| = /x% +y?

A Im azy| = ’(\/@2 + (1)% = 2 units

N 17T arg(z,) = 180° — tan™1 G)
| _ 1LY _ 200
o 6, From 4, f = tan (ﬁ) =30
| ~arg(z,) = 6, = 180° — 30° = 150°
: N _sn

6

_ﬁ% & |zy| = 2 units, arg(z;) = 150° =%
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iii. 73 = —5—12i A m From |z| = {/x% + y?
L 5 azy] =/ (5)2 + (12)2 = 13 units
-5 | Re 9(z3)=16;= —(180° — )
. = Re 12
: a / From 4, a = tan™! (—) =67.4°
1 93 5
12 ! warg(z;) =0; = —(180° - 67.40) =
| -112.6°
vV . 1 12 o |zg| = 13 units, arg(z;) = —112.6°
iv.  z,=+3-1i,From |z| = /x2 +y? § fm

=
wzg] = f(\/ST)Z + (1)2 = 2 units p
4

=0, =—tan~1(L)=300= "
arg(z,) = 6, = —tan (ﬁ) =30"=-%
o |zy| = 2 units, arg(z,) = 30° = _%

I e —_—

2. Given thatz, =1+4+1i,z, = —1—1i,2z3 = 2 + 3i. Find the modulus and argument
of:
3

i) z.z, i) 2—1 iti)

3

4 . 4

L jy) 2 v) z?
zy.23 z1.23

Solution
i zz=(A+D.(A+D)=1-i+i—i?
=2+0i

& z1.25] =/ (2)2 + 02 = 2 units

arg(z,.z;) = tan™! (g) =0 > =
o |z1.2;| = 2 units ; arg(z.z;) = 0°
.. zpz3 _ (1-0).2430) _ 2+3i-2i—i%3
1. 2 A+) 1+i
243+ _ 5+i . - .
=-—— =-—— | rationalizing denominator
1+i 1+i
(5+i).(1—i) _ 5-5i+i—i® _ 5+1—4i _ 6—4i _ 3_2i
(A+D).(—-0) ~ 14+i—i—i2 141 2 t

2 A% 39

21
= /32 + 22 — /13 units
From the figure, tanf = g =337

Z1.23
z

=

leﬁ) = —33.7° [-ve = angle is measured in clockwise direction]
! A

s arg (
3

-2 |----------2 —

7?2 (A+D? 14—t 20
7323 (1-0).2+430)  243i-2i—i23  5+i
20 2i.(5-i) _ 10i-2i®%  _ 2+10i _ 2+10i

S+i (5+i).(5-i)  25-5i+5i—i2  25+1 26

ii.
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'212_1 5 .

223 13 13

J( ) +(&) —\/(é) [1+25] = Punits

Zz Z3
5/13 “1rey _ 70 70
arg( ) (1/13)—tan (5)=787
712 £ 0
i units; arg( )—787
“
i__Im .
13 '
' 5
: =
! 13
)
4 L = Re
1
<>
13
iv z? -0 (a-02a-) _ A-2i+i9).a-9)
T ozpzy (140).Q2430)  243i42i43i2  2-345i
_(=20).a-0) _ (=2i+2i%) _ (—2-20)
= Tlst T 1Sy C Ciesy ; rationalizing denominator m
(—2-2i) _ (=2-20).(=1-5i) _ 2+10i+2i+10i? ‘}
(=1450) ~ (=1450).(-1-5i) ~ 1+5i-5i—25i2 ] 6
. 70 2-10+12i _ -8+12i _ 4 | 6 . ) 3
C oz 1+25 26 13 ' 13 ol
7 —\/(i2+(i)2—\/(i)2[16+36] 13 E
21zl N \13 13) A \13 ! YA
_ VB2 _ VBTS2 ' \ ~ Re
T3 T T3 ymi 4 K o
L3 6 - 13
arg( 2 ) =180° — tan~! (%f—) 13I< >
Z1.23 =

=180° — tan~! ( ) =180° — 56.3° = 123.7°

7,3

= \/i_3umts arg( P ) =123.7°

’ z1.Z3
STANDARD FORM OF A COMPLEX NUMBER

A complex number of the form z = x + iy where x, yeR is said to be in
standard form.

.eg.z=2+3i,z=4-3i

POLAR/MODULUS-ARGUMENT FORM OF A COMPLEX NUMBER
This originates from the standard form. A complex number in the form z =
r(cosf + isinf) is in polar form.

Derivation
Consider 7 = x + iy lz| = /x% +y2
Im _ -1(¥
I\ arg(z) = tan (x)

x
Now cosf = CoexX= rcos0
sinf = % sy =rsind
Fromz=x+1iy

= z =rcosb + rsinf
~ z =7r(cosO + isinf)

& 9

= Re
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Note:
Expressing a complex number in polar form requires the knowledge of
finding modulus and argument of a complex number.
Examples
1) Given thatz =1+i,2z, = =3i, zz = —3—iand z, =3 —i . Express the
complex numbers in polar form.
Solution
7z =1+1i; |z|=V12+ 12 =2 units; arg(z) = tan™'(1) = 45°
= V2(cos(45°) + isin(45%))

Aim

61

1
NI
2, = —3i =0+3i; |z,] = V02 + 3% = 3units; arg(z,) = 90°
= 25 = 3(cos(90°) + isin(90?))

z3=—=V3—1i; |z =\’(\/§)2+12 = 2 units;

arg(z;) = — [1800 —tan™? (\/l—g)] = -150° A m
» z3 = 2(cos(—150°) + isin(—150°)) | /3
\/_! = Re
: @ 05
]
]
|
N oW -
[}
7y =V3—1i; |z| = (\/—) + 12 = 2 units; 3
_ —1(1) = _3q0 <>
arg(z;) = —tan (ﬁ) =-30 I -
0, .
L Zy = 2(605(—300) + isin(—300)) ! 1
|
)
-1 |----------1 U A

2) Giventhatz; =2+3i,z;=1+1i, andzz =1—i. Express the complex
numbers in modulus-argument form

i) Lz i) 22 i) 7z, + L2 v y) Atz
Z3 Z1 Z3 22:23 2223
Solution
. zpzy  (430.(140) _ 242i43i+3i% _ 2-345i
LT T T 1-i T 1
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lei = _11+5 rationalizing denominator
X _
2173 _ (—1+450)(1+i) — —1—i+5i+5i? [ (a + b)(a - b) = aZ — bz]
23 -0+ W?-®? in the denominator
— —1-5+6i - —6+4i =—3+72i
1+1 2

_VFFT =3

arg (21 Zz) 180° — tan~? (Z) = 146.3°
Z3

+ 222 = \T3(cos(146.3°) + isin(146.3))

- 2123

Re

\

723 _ (1+).(1-0) _ 1*—i® 141 _ 2
Tz 2430 2430 2430 (2+30)
z3.23 _ 2

7z (2+30) ;
225 202-30)  _  4-6i [ (a+b)(a—b) =a® - bz]
7 (430(2-30)  (2)2-(30)2 in the denominator

_4-6i _ 4 6.
=% 13 13t ‘r i

e (i)z + (2)2 = -2 units <>
6

ii.

rationalizing denominator

13 13 Vi3

2 N v% (cos(~56.3°) + isin(~56.37))

2

= 7 (c0s(56.3") — isin(56.3")) Il bbbt —

21.2 (2+31) (1+z) . 2+42i+3i+3i?

=1+4+i+ -

—1+l+2 3+51_1+ +1+51

(- 1+51)(1+z) —1—i+5i+5i%

1-)(A+i) =1+i+ @22 —— 37T

=14+i+ —1-5+61i =1+i+ —6+4i
1+1

=1+i+-3+2i 3 E
!

fii. 7+ = (140 +

=1+i+

. 2, +“2=—2+3i

|Zz +12 o =22 + 3% = V13 units _ 2
arg (zz +4 ZZ) 180° — tan™? G)

=123.7°
w7y + 222 = \13(cos(123.7°) + isin(123.7%))

. z1+z 243i+1+i 3+4i 3+4i 3 . -+ _
v, I 2R2=——F—=——— = =-+2i 2 A
zy.Z3 (1+40).(1-0) (12— 2 2

Zq +Zz

Z9.23 2

arg (Z;;—:) = tan™ () = 53.1° 4 V_ _ ge

= (3)2 + 22 =g units E 2
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LAt 2(005(53.10) + isin(53.1%))

z3.23

zitz; _ 2434140 _ 344D _ 3+4i _ (3+4D(=20) A
z-z3  (A+D-(-) 20 0420  (20)(-20)
_ —6i-8i* _ 8—6i _ 2_3; 2
=— =, =2—3i < _
1 -
.21“2_;2 EAG 0 '
i P 24+ (2) =3 units : 3
21+2 _ -1 {15\ _ _ 0 ! E
arg (—22723) = —tan (2 ) =-36.9 3 !
Lotz 5 _ 0 ce 0 _E ——————————— J A
=7 (cos(—36.9%) + isin(—36.9%))

=2 (c0s(36.9°) — isin(36.9%))

Trial questions
Given thatz; =4+ 3i,z, = —4—3i, and z3 =1 —i. Express the complex
numbers in polar form.

. .o cee Z1.Z . Z1.Z 3

i) 7.7 i) 21.25.23 i) z3+-——+ w) == v)
z1.23 Zy ’ :
PR

ANSWER:i)r = 25,0 = —-106.3° ii)r =35.4,0 = —151.3% iii)r = 19,0 = —60.1°
iv)r=312.5,0 =57.5° v) r=1.581,60 = 108.4°

MULTIPLICATION OF COMPLEX NUMBERS IN POLAR FORM
Consider two complex numbers z, = x; + iy, and z, = x, + iy, which can be
expressed in the polar form.i.e.
z; = r1(cosO; + isinb,) and z, = r,(cosb, + isinb,) respectively.
To find z;.z, , proceed as follows;
71.2 = [11(cos6, + isinb,)].[r, (cosO, + isinbd,)]
=r1.13[(cosO; + isinb,).(cosO, + isinb,)]
= 11.13[c056, c0s0, + icosB;sind, + isinb;cosb, + i%sinb; sinb,]
= 1;.13[(cos; cosB, + i%sinb; sinb,) + i(cosH;sinb, + sinb; cos6,)]
=1.13[(cosO;cosB, — sinb;sinb,) + i(cosb,sinb, + sinb;cosH,)]
=r.13[cos(0; + 6,) + isin(6; + 6,)]
In general when multiplying complex numbers in polar form, first multiply
their moduli, add their arguments and write the result in polar form.i.e.

If z, = r(cos 0; + isin6;)

z, = 1,(cos 6, +isin6,)
21,7y ... Zy =TTy eeenns T, [cos(01 + 0, + -+ 6,) + isin(6; + 0, + -+ 6,,)]
Deduction
When multiplying complex numbers in polar form,
arg(z,.z; ..... z,) =arg(z)) + arg(z)+..... +arg(z,)
|z1.25 ..... Zy | = 1211125 e e e e | 2]
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The sense of measurement of the argument must be the same.i.e.
clockwise/anticlockwise or just consider the principal argument of complex
numbers.

Example

Given thatz; = 1+iV3,z, =3 —1i, zz=—-1—iand z, = —1 +i . Express the
complex numbers in polar form. z,.z, , 73.z4 and z;.7z, . z3

Solution

7 =1+iV3; |z = /12+(\/§)2 = 2 units

arg(z) = tan'(v3) = 60°
~ 71 = 2(cos60° + isin60°)

Z,=V3—1i; |z,| = ’(\@)2+12 = 2 units

arg(z;) = —tan™? (\/%) = —30° [principal argument]
« 2y = 2(cos(—30°) + isin(—307))
23 =—1—1i; |z3] =V12 + 12 = V2 units

arg(z;) = — [1800 —tan™! (%)] = —135° [principal argument]

= z3 =V2(cos(—135%) + isin(—135%))

2y =—=1+1i; |z3] =V12 + 12 = V2 units

arg(z;) = 180° — tan~1(1) = 135° [principal argument]
= z4 =2(cos(135°) + isin(135%))

21.2; = [2(c0s60° + isin60%)].[2(cos(—30°) + isin(—30%))]
= 4[cos(60° + —30°) + isin(60° + —30°)]
= 4(cos(30°) + isin(307))
23.24 = [V2(cos(—135°) + isin(—135))]. [V2(cos(135°) + isin(135%))]
= 2[cos(—135° + 135%) + isin(—135° + 135%)]
= 2[cos0° + isin0°]
2.2, .23 = [2(c0s60° + isin60°)]. [2(cos(—30°) + isin(—30))]. [V2(cos(—135°) +
isin(—135%))]
= 44/2[cos(60° + —30° + —135%) + isin(60° + —30° + —135%)]
= 4-\/?[(cos(—1050) + isin(—lOSO))]

Given thatz; =2+1i,z, =—2+1i and z3 = 2 — 3i . Express the complex
numbers in polar form. z,.z, , z3.z, and z,.z, .23
Solution

|z| = V22 + 12 =/5;arg(z) = 26.6°
|z,] = V22 +12 =5 arg(z,) = 153.4°
|z3] = V22 + 32 =13 ; arg(z3) = —56.3°
w72y = [\/g[(cos(26.6°) + isin(26.6°))]] V5[(cos(153.4%) + isin(153.4%))]
= 5[cos(26.6°+153.4%) + isin(26.6°+153.4%)]
= 5(cos(180°) + isin(180°%))
Z3.24 = [\/g[(cos(153.4-0) + isin(153.40))]] ~V13[(cos(—56.3%) + isin(—56.3%))]
=/65[cos(—56.3°+153.4°) + isin(—56.3°+153.4%)]
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=65(c0s(97.1%) + isin(97.19))

Z1.2y .23 =
[\/g[(cos(26.60) + isin(26.60))]] 5[ (cos(153.4%) +
isin(153.4%))].V13[(cos(153.4%) + isin(153.4%))]

= 5v13[c0s(26.6°+153.4° — 56.3%) + isin(26.6°+153.4° — 56.3%)]

= 5vV13[(cos(123.7°) + isin(123.7%))]
Trial questions
Given thatz; =2,z = —1+i and z3 = 2i.
Expressz,, z;, 73, 71.-22 ,Z; - Z3 and 7,.2, .Z3 in polar form.
ANSWER:r=2,0=0;r=+/2,0=135%r=2,0=-90°;r =22 ,0 =
135%;r = 4v2,0 = 45°

DIVIDING COMPLEX NUMBERS IN POLAR FORM

Consider two complex numbers z; = x; + iy; and z, = x, + iy, which can be
expressed in the polar form.i.e.

z1 = 11(cosO; + isinb,) and z, = r,(cosh, + isinb,) respectively.

To ﬁndj—; , proceed as follows;

zy __ ri(cosOy+isinBy) _ 11 (cos@;+isind,)

=—. ; rationalizing the denominator
Z ry(cos @,+isin@,) 1y " (cosB,+isinfy) ’ g

zy _ 11 (cos@y+isinBy).(cos §—isinb,)

z; - 7y " (cos B,+isin@,).(cos O,—isin 6,)
__ 11 cosBicos 6,—icos 015in0,+isin 01 cos O,—i%sinOysin, |- (a + b)(a — b) = aZ - bZ

- (cos 83)?—(isin 6;)? in the denominator
_ 11 (cosBicosBy+sinysinby)+i(sinfycos 6,—cosb;sinby)

) c0s 20, +sin20,
_ 11 cos(81—6;)+isin(6,—63)
ry 1

21

at= ;—1 [cos(6; — 8,) + isin(8; — 6,)]

2 2
In general when dividing complex numbers in polar form, first divide their
moduli, subtract their arguments and write the result in polar form.
Deduction
When dividing complex numbers in polar form

arg (2) = arg(z) - arg(z)
2
z| _ lzl
) |z2]
Note
The sense of measurement of the argument must be the same.i.e.
clockwise/anticlockwise or just consider the principal argument of complex
numbers.

Example
Given thatz; = 1+1i,z, = —1+1i ,z3 = —i and z, = 2. Express in polar form;
i 2 i 2 i) =
Z Z3 Z
Solution

7y =1+ i =V2(cos(45°%) + isin(45°))
z, = —1+1i=+v2(cos(135°) + isin(135°))
73 =—i =0—1i=1(cos(—=90°) + isin(—90))
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7, =2 =2+ 0i = 2(cos(0°) + isin(0°))
[Expressing complex numbers in polar form is left as an exercise]

7 _ V2(cos (45 +isin (45°)) 0_ 0 .. 0 _ 0
2 = V2(eos 35O sim (1Y) cos(45° — 135%) + isin(45° — 135%)

2 = [cos(=90°) + isin(—90°)]
Z2

.. zz _ VZ(cos (135%)+isin (135%)) _
1. z3 1(cos (=90%)+isin (—900))
=/2[cos(225°) + isin(225%)]

Expressing angles trigonometric ratios in terms principal arguments

V2[cos(135% — —90°) + isin(135° — —90°)]

Angle 225 lies in the 3" quadrant. Thus the angle nearest to +ve real axis
is135°. Hence principal argument is—135°

+ 22 = \2[cos(—=135°) + isin(—135°))]

Z3

oozy _ 2(cos (00)+isin(09) 2 0 _ 00
. = o los G350+ isin (135%) — ﬁ[cos(O 135) + isin(0° — 135)]
2i= % [cos(—135°) + isin(—135°)]
Summary of rules in complex numbers
Complex number Modulus rules Argument rules
Z1.2y |z1]. 12, | arg(zy.2;) = arg(z;) + arg(z;)

Z1 _ |Z1|

[z21

Z1
22

arg (%) = arg(z) - arg(z)

22

Note:
i. arg(z) xarg(zy) #arg(z; + z;) # arg(z;) + arg(z;)
.. arg (zq) _
i #+arg(z;) —arg(z;)

2. Giventhatz; =2+3i,2,=1—1i,23 = —/3+iandz, = —1— V3. Express the
complex numbers in polar form. Hence express the following in polar form:

Z1.Z
a) 1-42
Z3
z1 c Z1.Z
Zy.Z3 Z3.Z4
Solution

7, = 2 + 3i = V13[c0s(56.3%) + isin(56.3°)]
2, =1 — i =+2[cos(—45°) + isin(—45°)]
23 = =3 +i = 2[cos(150°) + isin(150° )]
24 = —1 — i3 = 2[cos(—120°) + isin(—120°)]
[To express the complex numbers in polar form see notes on polar form of a complex number]
a) % = r(cosf + isind)
_ Izl _ lallz] _ VIBxXZ _ V26
73 |23 2 2
0 = arg (2) = arg(z,.2) - arg(z3) = arg(n) + arg(z) - arg(z)
=56.3% + —45% — 150° = —138.7°
212 = B 005(~138.70 ) + isin(~138.7°)]

zZ3

— |41-22
Z3

b) 2 =r(cosh + isind)

zy.23
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— & | =

T lallnl Va2 2
0 = arg (=) = arg(zy) - arg(z.23) = arg(z) — [arg(z,) + arg(zs)]
=56.3% — [—45° + 150°] = —48.7°

R % }(12—3) [cos(—48.7°) + isin(—48.7°)]
2.23

2

lzl V131 (13)

z3.23

4% — r(cosH + isind)
Z3.24
r= |7z2| Z lz1llzs] _ VI3xvZ _ V26
23.24 1231124 2x2 4
6 = arg (22) = arg(z,) + arg(z;) - larg(z;) + arg(z,)]

=56.3% + —459 — [150° + —120°] = —18.7°
DL ? [cos(—18.7°) + isin(—18.7°)]

Z3.Z4
Given thatz; = 1+1i,z, =1—1i,z3 = 2 + 3i. Express the complex numbers in
polar form. Hence express the following in polar form:

. Zp.73 cer Z1.Z)  ees 1 . Zq Z.23
- Zy.Z9 +— = +—=
i) m it) 23 i) 7.2, p ) -
Solution

7z, =14i=+2[cos(45°) + isin(45°)]
2z, =1—i=+2[cos(—45°) + isin(—45°)]
23 = 2 + 3i =13[c0s(56.3%) + isin(56.3°)]

Zp.Z P
% = r(cos@ + isind)
1

— |%2:23
ol

_lzpllzsl _ VZXVI3 _
= lallal 2T _ 7

1211

6 =arg (%) = arg(z,) + arg(z;) — arg(z)

21
= —450 4+ 56.30 — 45°0 = 33,70
& A2 — \[13[cos(—33.7° ) + isin(—33.7° )]

Z3.24

A% — p(cosh + isinf)

z3
_lzillzl _ VZxVZ 2

|31 VI3 VI3
6 =arg (212322) =arg(z;) + arg(z;) —arg(z;)

=45% + —45° — 56,30 = —56.3°
L Z1Zy 2 _ 0 fi 0
. =5 [cos(—56.3°) + isin(—56.3" )]

— |Z1-22
Z3

Z3
z1.2y + i = r(cosO + isinh)

Dealing with z;.z,

52z.2,=(1+DA-i)=12-i?=2
1 1 1.(2-31) (2-30) 2 3.
=5 — = = = [ ———
73 2430 (2+30).2-3i) (2)2-@3i)? 13 13
1 2 3. 28 3.
S Z1.2y +g— 2+E_El _E_El
1 282 3\2 793
r= |Zl'ZZ+Z - (E) +(E) T 13
_ ER —1(3/13) _ _ 10
0 =arg (zl.zz + 23) = —tan (2/13> =-6.1
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nzzy = [ 5(—6.1%) + isin(—6.1°)]
23
2 L r(cos@ + isinf)
2z z

zp _ (1+) _ Q+D.(1+) _ 1+2i+i% _ 2i
7z, (=) (A-D.(1+i)  12-i2 2
zy.z3 _ (1=0).(2+30) _ 2+43i-2i—-3i®> _ 2+i+3 _ (5+i)

7 a+i (140) T+ 14D
(5+) _ (5+D).(1—-i) _ 5-5i+i—i® _ 5—4i+1 _ 6-4i
A+~ a+d).a- 12—z 2 2
e i

21
AR 1 3-2{=3—|

Zy Z
ﬁr:j—l 428 - 32112 =1

2

>0 =arg (— ﬂ) = —tan™! G) =-18.4"

Z1

2B 25 — \[10[cos(—18.4°) + isin(—18.4°)]

Z2
Task
Given thatz; = 1+1i,z, = 2i,z3 = —1 4+ i. Express the complex numbers in
polar form. Hence express the following in polar form:

) ;oW i) o W) ﬂ+z3 iv) %+ zg v) A2 2

Zq Z z3 Zq
. 1 g_ _4re0 =2,0=- 0 _1 p_ _q2c0

Answer:i)r = \/_ ,0 45%ii)r ,0 90° iii)r 7 ,0 135

ivy)r=—=,0=-135" ) r=+2,0 =45° vi)r=2.236,0 = 26.5°

\/_— )
DEMOIVRE’S THEOREM
This is derived from multiplication of complex numbers in polar form.
Consider z; =1 (cos, + isinb;)
z, =1,(cos8; + isinb,)
z3 = 13(c0s03 + isinbs)
= 71.2y.23 =11.175.13[cos(0; + 60, + 03) + isin(0; + 6, + 03)]
If z=2 =2z, =23 =r(cosf + isinb)
> z.z.z=r.1r.r[cos(0+0+0)+isin(6+ 6+ 06)]
23 =13[cos36 + isin36]

=73 = 1r3[cos30 + isin30]

& z" =r"[cosnf + i sinnf |
= [r(cos¥ + 1sin¥)|"™ = r“[cosnd + L sinny)
= r"(cos@ + isinf)" = r"[cosn + i sinnd]

~ (cos0 + isin®)" = cos(n)O + i sin(n)O

This is Demoivre’s theorem.

343



ii.

Mathematics for an A-level student

Proof
The proof is based on induction.
(cos6 + isin@)™ = cos(n)@ + i sin(n)o
Forn=1
L.H.S = (cos@ + isinf)! = cosO + i sind
R.H.S = cos(1)0 + i sin(1)8 = cos6 + i sinf
Since L.H.S = R.H.S, the proof holds for n =1
For n=k
= (cosb + isind)* = cos(k)O + i sin(k)B .............oovuenn.... (1)
Let the proof hold forn =k
Now forn=k +1
L.H.S = (cosB + isinf)**' = (cos@ + isin@)*. (cosd + i sind)! ....... 2)
eqn.(1)into eqn. (2)
L.H.S = (cosf + isinf)**! = [cos(k)6 + i sin(k)B].(cosO + i sind)!
= [cos(k)O + i sin(k)0]. (cosB + i sin6)
= cos(k)BOcosO + icos(k)Bsind + i sin(k)Ocosh + i>sin(k)Osind
= [cos(k)BcosO — sin(k)Osinb] + i[cos (k)Osind + sin(k)Ocosb)
= cos[kB + 0] + i sin[k6 + 6]
=cos(k+1)0 +isin(k+1)6
R.H.S =cos(k+1)0 +isin(k+1)60
Since L.H.S = R.H.S, the proof holds for n =k + 1
Since the proof holds forn=1,2,3..........k ,k + 1, then the proof holds for
all values of n.
Deduction from Demoivre’s theorem
If z = r(cosB + isinf), then z" = r"(cos + isinB)" = r"[cosnb + i sinnf]
Arg(z"™) = nArg(z)
|z"| = |z|"
Properties of Argument
Arg(Az) = Arg(z) , where 1 = 0 and 1eR
Application of Demoivre’s Theorem
Simplifying powers of complex numbers in polar form
Proof of trigonometric identities
Simplifying complex number expressions
Expansions

SIMPLIFYING EXPRESSIONS
Simplify
cos 30+isin36
cosB +isind
3 . .3
cos 519 +Lsmg 6
cos EB +isin 56
cos 20 +isin26
cosB —isin®
cos 30 —isin36
cosnf +isinnf
Solution
cos 30+isin30 _ (cosf +isinf )3
cos6 +isind  (cos® +isind )1

= (cosB + isinf)? = cos20 + isin20
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3 3 3
cos= @ +isin= 0 c0s0 +isind )2 L 31 L. .
. A L (cosB + isinB)z 2 = (cosO + isinf)' = cosb + isind

1 .. 1 -
cos 30 +isinz0 (cosB +isinf )2

cos 20+isin20 __ cos 20+isin26 _ (cost +ising )? _ .. 3 _ ..
cos® —isind  cos (—1)0+isin(—1)6 - (cosO +ising )1 - (COSB + I.SlnG) = cos30 + isin30
cos 30—isin30 _ cos(=3)0+isin(=3)0 _ (cosf +isind )3 _ .. —3-n

cosn +isinnd  cos (n)0+isin(n)o - (cosO +isind )" - (COSB + I.SlnG)

= cos(3+n)B —isin(3+n)H
Express in the form a + ib

( cosB +isinf )
cos 20 —isin26

2
us P
(cos ;+Lsm —)

3
w
(cos 6+Lsm ) (cos T—isinm )3

2
us P s
(cos §+Lsm 3)(cos 3 —isin 3)

(cos 4m—isin4m)

Solution
1 1 1
( cosf +isinf ) _ [ cosf +isind ]E _ (cos® +isinf)2 _ (cosB +ising )2
cos20—isin20/) ~ lcos20—isin20] [(cos +isin9)’2]% - (cosB +isinf )~1

1
.. ——1 3 . .3
= (cosO + isinf)z = cosEB + lsmEB
(cos E+LSLTL;) _ [ COSTt +isinm ) ]

T yisin®) i d - 1
(cosz+LsmE) (cos m—isinm )3 [(cosrt +lSlnT[)6] [(cosm +isinm )~1]3

1
(cosm +isinrr )z

= : = (cosm+ Lsmn)s = cos + Lsmg
(cosm +isinmt )7 (cosm +tsmrr) §
T, T r . om\? Ty icinl 2
(COS §+len§)(605 E—Lsmg) _ (COS 5'“5["5) cos (__ +lsm _ (cos misinm )3 (cos m+isinm )~ 3
(cos 41r—isin41r) (cos (—4)m+isin (—4)m) (cos m+isinm)~*

11
. . 11 .11
(cosm + lSlTLTL’)3 3 4= (cosm + isinm)s = cos?e +isin= 0

Task

Prove that

(cos 30+i sin36)*(cos 46 —i sin40)° =1
(cos 40 +i sin40)3(cos 50 +i sin50)~*
(cos 50 —i sin50)%(cos 76 +i sin76)~3 =1

(cos 40 —i sin40)° (cosB +i sinb )5

Ccime )2
722‘;: :;z; ))5 = sin(4a + 58) — i cos(4a + 58)

P 4

cosB +i sing L.

(7) = c0s80 + i sin80
sinf +i cosf

EXPANSION OF cos n@ and sin n0
From Demoivre’s theorem (cos6 + isinf)"™ = cosnf + i sinnf, to
expand cos n0 and sin n0 the L.H.S (cos6 + isinf)" is expanded.

Examples

Express cos36 ,sin30 in terms of cos@ and sinf respectively. Hence find tan36
Solution

Forn = 3 in the Demoivre’s theorem

= (cosO + isinB)® = cos36 + i sin30
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(cosO + isinB)3 = 1(cos6)3 (isinB)°® + 3(cosH)?(isind)! + 3(cosH)! (isinf)? +
(isin@)3
= c0s30 + i3cos?0sin6 — 3cosOsin?6 — isin36
= (cos30 — 3cosBsin?) + i(3cos?Hsind — sin36)
~ 05360 = cos30 — 3cosOsin?0 = cos30 — 3cosB(1 — cos?6)
= c0s30 — 3c0s0 + 3cos360 = 4cos36 — 3cosH
0536 = 4cos36 — 3cosO
~ sin36 = 3co0s?0sinf — sin®0 = 3(1 — sin?0)sind — sin®6
= 3sinf — 3sin30 — sin6 = 3sinf — 4sin®6
~ sin36 = 3sinf — 4sin36
sin30 _ 3cosfsing —sin®6

~ tan36 = = —— , dividing Numerator and Denominator
cos30  cos30—3cosh sin?6
by cos36
3cos20sing  sin30 3 0 36
— 0530 cos3g __ 3tand —tan
= tan36 - C0339_3C039 sinZ0 1-3tan 26
cos36 cos36
3tang —4tan 30
s tan30 = ————
1-3tan 26
Show that;
4tand —4tan 36
a tand = ———
) 1-6tan?6+tan*6

5tang —10tan 30 +tan >0
b) tan56 =
) 1-6tan26+5tan*6
Solution
4tand —4tan 36
tand = —————
1-6tan?0+tan*6
sin40
L.H.S:tan46 = ——
cos 46

Forn = 4 in the Demoivre’s theorem
= (cosf + isinf)* = cos46 + i sin40
(cosB + isinB)3 = 1(cos0)*(isinB)° + 4(cosh)3 (isinh)' + 6(cosh)?(isind)? +
4(cos0)! (isinB)® + 1(isinf)*

= c0s*0 + i4cos30sin6 — 6cos?0sin®6 — idcosOsin®6 + sin*6

= (cos*0 — 6cos?sin*0 + sin*0) + i(4cos®0sind — 4cosfsin’H)
. cos48 = cos*0 — 6cos?sin*6 + sin*6
. sindf = 4cos®0sinf — 4cosOsin®0

sin46 __ 4cos 30sind —4cos0 sin30

~ tan46 = = . —— , dividing Numerator and Denominator

cos40  cos*—6cos Zsin20+sint0
by cos*6

4cos30sin®  4cosd sin30 4 0 —4 39
— cos*0 ___ cos?e — tand —4tan

= tan49 - cos48_ cos2sin26 | sint6 1—6tan20+tan 46

cos* cos o cos*o

4tanf —4tan 30
-~ tan40 =

1—6tan20+tan*6

Left as an exercise for the students
Prove that;

tan*@—6tan?60+1

a c0s40 = ————
) tan*6+2tan26+1
. 4tand —4tan 6
b sind = —————
) tan*9+2tan?0+1
Solution

From example (2) above,
cos40 = cos*0 — 6cos?sin®0 + sin*6
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sin40 = 4cos30sind — 4cosOsin30
cos40 = cos*0 — 6cos?sin®0 + sin*6
_ cos *0—6cos 2sin%0+sin*6
- 1
Dividing Numerator and Denominator by cos*8

cos*0 6cos?sin?g  sine

_ cos%8 7y Ty _ 1—6tan’f+tan*e
: 60540 = CoS COSI cos =

T sec %6
cos*0
_ 1—6tan?0+tan*e _ 1—6tan?6+tan*6
- (sec 26)2 T (1+tan20)?
tan*@—6tan?6+1 .
s €0540 = ———— Asrequired
tan*6+2tan26+1 q

sin46 = 4cos30sinf — 4cosfsin’0
__ sin48=4cos *@sing —4cosd sin
- 1
Dividing Numerator and Denominator by cos*8

4cos30sind  4cosd sin36

. _ Iy T, _ 4tang —4tan39
ﬁ Sln46 = cos T €os = -
— sec 0
cos*o
__ 4tand —4tan30 _ 4tanb —4tan30
- (sec29)? T (1+tan?0)?
. 4tand —4tan 36
ssindd = ———
tan*6+2tan26+1
Task

Use Demoivre’s theorem to show that;
)
i. cos20 = 1—t2 ;t =tanf
1+t

. . 2
ii. sin26 = —tz ;t =tanb
1+t

EXPANSION OF cos™0 and sin™0
This is based on z" + zi" and z" — zi" results.

Consider z = cosf + i sinf

=2z"=cosnO +isinng .......coooviiiiiiiiiiiiinnn, (1)
zh = zin = cos(—n) 6 +isin(—n) 0 = cosnB —isinn b
:fzin=cosn9—isinn9 .................................... (2)
Adding the eqns. (1)and (2)

z" +Zin= 2C0SNO iiiiiiii 3)
Subtracting the eqns. (1)and (2)

z" — zi" = U2SINNO e 4)
From eqns. (3) and (4), whenn =1

=z +§ = 2C080 i (5)

=z —3 = U2SIM0 e (6)

The above equations are important in this kind of expansions.
Example
Express
a) cos30 in terms of cosf and cos36
) sin36 in terms of sinf and sin36

o T

) cos*@ in terms of cos40 and cos26
) sin*6 in terms of sin4# and sin26

oL
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Solution

To expand cos38, z +§ = 2cos6 is used.

Cubing the equation to create cos36
3

= (z +§) = (2c0s6)® = 8cos30

22 +3.22.2 4321 + 1 = 8cos30
zZ zZ zZ

3L 1\ 3

(z + Z3)+3(Z+Z)—86‘OS 0

But from z" +Zin =2cosnb,forn =3,

z3 +i3 = 2co0s30

zZ

~ 8c0s30 = 2c0s36 + 3(2cos8)
= 2c0s360 + 6¢cos6

~ cos30 = %cos30 + %cos@
To expand sin36, z —% = i2sinf is used.
Cubing the equation to create cos36

3
= (z —1) = (i2sin6)3 = —i8sin®0

2 3
2 +3.22.(-2) +3z2.(=2) +(-2) = —i8sin’0
(-2)-3(z-3) = —8sin’0
But from z" —Zin =i2sinnf,forn =23,
2% — % = i2sin36
z
~ —i8sin®0 = i2sin30 — 3(i2sinb)
= i2s5in30 — i6sinf , dividing through by —i8

~sin®0 = —isin39 +%sin9
To expand cos*6,z +§ = 2cos#@ is used.
Quarting both sides

4
= (z +§) = (2cos0)* = 16cos*8
7'+ 4,232+ 622.% + 4z~ + = = 16c0s*6

z z z z
(z*+-)+4 (22 +5) + 6 = 16cos*
But from z" +Zin =2cosnf,forn=4and?2,
z* +% = 2c0s40 ; z* + iz = 2c0s26

z z
% 16c0s*0 = 2c0s46 + 4(2c0s20) + 6
= 2c0s40 + 8cos26 + 6 , dividing through by16

& cost = %cos39 + %COSZQ +§

Left as an exercise for students

Task

Prove that sin®6 = 11—6 (sin50 — 5s5in36 + 10sinf)

Prove that cos®8 = % (cos68 + 6cos6 + 15cos6 + 10)
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FINDING THE N"? ROOT OF A COMPLEX NUMBER
1
Consider z = r(cos8 + i sinf). To find \/z = zn , proceed as follows.
1 1 1 1
zn = [r(cosO + i sinf)|n = r=(cosf + i sinf)»
Since the result must also be in polar form, then let

r%(cose +i sinﬁ)% = R(cos + i singp)

Recall: From trigonometry,

cos(0) = cos(8 + 360°k)

sin(@) = sin(6 + 360%k) , where k = 0,1,2,3 ... ....

1 1
~ rn(cosB + isinf)» = R(cosg + i singp), becomes;

1 1
rn(cos(6 + 360%k) + i sin(6 + 360°k))" = R(cose + i sing)

= r% [cos (w) +isin (Miﬂ)] = R(cosp + i sinp)
Comparing

=>R= r% ..................................... (1)

5 =T e )

wherek =0,1,2,3 ... ccce. ... (n—1)

Taking values of k in to equation (2) yields the argument of different roots to

V.

Example

Given that zy =1++/3i,2, =2+1i,z; = 1 — i, find;
a) vz d Vz
b) Vz, e) {7z
o Jz h Vz

Solution

Expressing complex numbers in polar form first,
z; =1 +3i = 2(cos(60°) + i sin(60°))
1
Vz; = [2(cos(60°) + i sin(60°))]?
1
=2[(cos(60°) + i sin(60°))]?
60°+360°%k . . (60°+360%k
= V2[eos (2529 15 (22
Nowk =0,1[n=2 = ktakeson 0and 1]

For k=0

Root 1 = \/f[cos (60°+32600><0) +isin (60°+326O°><0)]
=1.225+ 0.707i

For k=1

Root 2 =2 [COS
=—-1.225-0.707i

s y/z; = £(1.225 4 0.7070)

7, =2+ i =/5(cos(26.6°) + i 5in(26.6°))

1
Vzz = [V5(c0s(26.6°) + i sin(26.6°))|*
_ 4\/§ [COS (26.6°+360°k) +isin (26.60+3600k>]

2 2
Nowk =0,1[n =2 . ktakeson 0and 1]

(60°+360°x1) 60°+360°x1)]

+isin(
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For k=0
Root 1 = \/_[ (W) +isin (M)}

2
= 1.455 + 0.344i
For k=1
Root 2 =4/5 [cos
= —1.455— 0.344i
w\Z1 = +(1.455 + 0.3441)
73 =1—1i=2(cos(—45%) + i sin(—45%))
1 1
Jz3 = 232 = [V2(cos(—45°) + i sin(—45"))]’
459+360%k . . (—459+360%k
= 2 [cos (F55) i sim (Z5)|
Nowk =0,1[+n=2 - ktakeson 0 and 1]

26.6°+360°><1)]

(26.6°+360°><1)
2

+isin(

For k=0
Root1 =142 [COS (w) tisin (w)]
2
= 1.099 — 0.455i
For k=1
Root 2 =12 [cos (%) +isin (%)]

= —1.099 + 0.455i
« Jz3 = £(1.099 — 0.455()

Yz = zﬁ = [2(cos(60%) + isin(60°))]§
_ \/—[ (60°+360°k)+l.sin (60°+360°k)]

3
Nowk =0,1,2[+*n=3 =~ ktakeson 0,1 and 2]
For k=0

0 0 0 0
Root1=13/2 [cos (W) +isin (w)]

3
=1.184 + 0.431i
For k=1

0 0 0 0
Root 2 = %/E [COS (60 +3360 xl) +isin (60 +3360 xl)]

= —0.965 + 0.810i
For k=2

Root 3 = \/—[ (M) +isin (M)]

3

=—-0.219 — 1.241i
&3z =1.184 + 0.431i;—0.965 + 0.810i ; —0.219 — 1.241i

1 1
323 = 233 = [V2(cos(—45°) + i sin(—45%))?

459+360%k . . (—45%°4360%
= \/— [co (7) +isin (—3 )]

Nowk =0,1,2[*n=3 =~ ktakeson 0,1 and 2]

For k=0
_6 —45%+360°x0 . . (—45%4360°%0
Root1 =132 [cos (f) +isin (f)]
= 1.084 — 0.291i
For k=1

—4594360%x1 . . (—45%°4+360°x1
Root 2 =32 [COS (%) +isin (%)]
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= —0.291 + 1.084i
For k=2

Root3 =32 [cos

= —0.794 — 0.794i
&3z =1.084 —0.291i; —0.291 + 1.084i ; —0.794 — 0.794i

1
Yz =%z = zli = [2(cos(60°) + i sin(60%))]*
_ 4\/2 [cos (60°+360°k) +isin (60°+360°k)]

4 4
Nowk =0,1,2,3[*n=4 ~ktakeson0,1,2 and 3]
For k=0

0 0 0 0
Root 1 = 4\/—2 [COS (60 +3;60 ><0) +isin (60 +360 XO)]

4
=1.149 + 0.308i
For k=1
_ 4 60°+360°x1 . . (60°+3607%1
Root2 =132 [cos (f) +isin (f)]
= —0.308 + 1.149i

(—45°+360°x2) —450+3600><2)]

+Lsm( 3

For k=2

Root 3 =132 [cos (M) +isin (M)]
= —-1.149 — 0.308i ’

Root 3 =132 [cos (W)ﬁﬂ) +isin (Wiﬂ)]
= 0.308 — 1.149i

~ 321 = 1.149 + 0.308i; —0.308 + 1.149i ; —1.149 — 0.308i; 0.308 — 1.149i

Task

Find the fourth root of:
5+12i

—4+3i

4-—3i

ANSWER:

EXPRESSING POWERED COMPLEX NMBER IN POLAR FORM

The rules of modulus and argument of complex numbers are employed.
Example

Express the following in polar form:

1+)?%(1+iv3) 1+2i
(1-iv3)’ ¢ Tma-
b (1-)?(3+4i)3 d (1+i«/§)12
(~5+12)2 G
Solution
letz = M =1r(cosf + i sinh)
(1-v3)
=z = [a+02(+iv3)| _ Ja+021[1+iv3]
I (1-v3)° |-iv3)]|
_ P1+ivE] _ (VIFD'(VIFR) _2x2 _ 1
I e ) A
. _ A+)%(1+iV3)
6 =arg(z) =arg (W)
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= arg(1+ )2 (1+ iv3) — arg(1 - iv3)’
[+ arg (£) = arg(a) — arg(a)]
=2arg(1+i) + arg(1+iV3) - 3arg(1 — iV/3)
[+ Arg(z") = ndrg(2)]
=2 x45%+60° — 3 x (—60°) = 330° or — 30° [Principal angle]
nz= %(cos(—BOO) +isin(—30%))
_ a-D*3+4)?

b. letz= NETTh r(cos@ + i sinB)
r=lz| = |(A—)?3+40)® _ [(1=0)?]|(3+4i)3|
[ (—5+120)2 [(=5+120)2|
_11=if?3+4i3 _ (mf(mf _2x53 _ 250
T -s+12i7 T (vzsria) 137 169

(A-?3+41)°
0 =arg(z) =arg (ﬁ)

=arg(1—1i)?.(3+ 4i)% — arg(=5 + 12i)?

=2arg(1—1i) + 3arg(3 + 4i) — 2arg(—5 + 12i)

=2x—45%+3x53.1° -2 x112.6° = —155.9° [Principal angle]
29 (cos(~155.9%) + i sin(~155.9%))

S Z = —
169
1420 1420 142
1-(1-i)2 ~ 1-(1-2i+i?)  1+2i

r=lzl=]140i=vit0=1

c. letz=

=1+ 0i =7r(cosb + i sinh)

6 =arg(z) =0
~ z = 1(cos0 + i sin0)
. 12
d. letz= ((1;:/;3))11 =r(cosO + i sinf)
|| _ |a+v®)] _ e
r=|z| = | = 1] — 1T
| (v3-0) |30 ~ V3l

_ (1)

T E)T 2t
_ _ (1+v3)"

0 =arg(z) =arg ( (ﬁ_i)ll )
=arg(1+ i\/§)12 —arg(vV3 - i)ll
= 12arg(1 + l\/?) - 11arg(\/§— i)

=12x60°—11x —30° = 1050%0r — 30° [Principal angle]
Nz = 2(cos(—300) +i sin(—300))

STATING THE PRINCIPAL ANGLE OF A COMPLEX NUMBER
The interval of a principal angle is -7 < 8 < wor — 180° < # < 180°
The knowledge of trigonometry of angles in quadrants is required.
Definition
The principal angle is the angle whose complex number (number) is nearest
to the positive Real axis.
Example
1) Given thatz;=~3—i,zg=-1+i andz;=1-iv3. Find the principal
argument of;

a) le
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b) z,’ c) z3®
Solution
arg(z°) = 5arg(z)

= 5x=30° = ~150° AW
A

|
arg(227) = 7arg(Z2) 94:’0
=7 x 135° = 945° ‘ ”\
But tan945° = —tan135° ?% -
warg(z,’) = —135° 450\& J/

arg(z;®) = 8arg(Z3)
But arg(z;) = —60°
~arg(z;®) = —60° x 8 = —480°
~arg(zs®) = —120°

0

-

Given thatz; =1+1i,z, =—1+i andzz; = —1 —i. Find the principal argument
of;
o z°
d) z° c) z° |
Solution
P 2250
arg(z”) = Sarg(z)

=5 x 450 = 2250
~arg(z®) = —135°

s

3p

arg(z,®) = 8arg(Z;)
But arg(z;) = 135°

~arg(z;®) = 135° x 8 = 1080° ﬁ;\\ -

—

warg(z:®) = 0° &y -

arg(z:°) = 6arg(Zs) 8102
But arg(z;) = —135°

~arg(z®) = —135% x 6 = —810°
~arg(z;®) = —90°

7N

Task
Given thatz; =5+4+12i,z,=-2+1i andz; =8—i4. Find the principal
argument of;

a) z°

b) z° o) z°

Answer:(a) —157.9° (b) —47.2° (¢) —65°

FURTHER EXAMPLES ON PROOFS BY DEMOIVRE’S THEOREM

The knowledge of trigonometry is applicable.

Example

If z; = cosa + i sina, z; = cosf + i sinf3, show that% [j—l - 2—2] =sin(a—B)
2 1

Solution
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z; _ cosa +i sina - _ .o _
7 = cosp +ising cos(a—B) +isin(a—p)
Z  oSBHsnp cos(B—a) +isin(B—a)

zZ1 cosa +i sina
LA 7

T n s cos(a—pB) +isin(a—B)—[cos(B—a) +isin(f—a)]
=cos(a—B)+isin(a —pB) —cos(B—a)—isin(B—a)
=cos(a— B) +isin(a — B) — cos[—(a — B)] — i sin[—(a — B)]
=cos(a—B)+isin(a —pB) —cos(a—pB) +isin(a—p)
w22 =2isin(a—p)

Z2 Z1_
a2l L gooisin(a — B) = sin(a —
o [22 Zl] =X 2i sin(a — B) = sin(a — B)
Ifz = cosd +isind , prove that— =1 — i tan and = = i cot 2
= cost + i sinf , prove that — = itan; and — = icot

Solution
2 _ 2 _ 2
1+z  1+cosd +isin®  2cos 2%+i Zsin%cos%

1 1 0, . . 6\t
=% 87 o — 7o COSE+lSlTlE
cos E(COS SFisin E) cos
1

1 4 .. [4 [4 . .6
= 5:COS -3 +1isin -3 = R COSE—lSlTlE
cos cosy

.0
2  sing .8
s—=1-i—,=1—-itan-
1+z cos> 2

1+z _ 1+cosf +isind _ (1+cos6 )+i sind

1—z  1—cosf —isinf (1—cosB )—i sinf

204 25inlcos? Yeos i sin]
_ 2cos 2+L Zsmzcas2 _ 2cus2 CUSz+l sing

- ZsinZ%—i Zsin%cas% - ZSin%[sin%—i cus%]
" .6 . 0 . .
Writing sin; — i cos > in the form cose + i sing

Recall: cos (900 - %) = sin% and sin (900 - %) =cos?

2
_ g [cus%ﬂ' sin%]
= O [eos (9002t sin (90°-2)]
- cot g [cus %+i sin %]

2" [eos {~(907=3)}i sin{~(s00-3)}
= cot%. [cos% +i sin%] . [cos (% - 900) +1isin (%— 900)]_1

— cor?.[eos (2) + t5in ()] eos [~ (2= 90°) )+ 1 sin{- (& - 90°))]

= cot%. [cos (%) + i sin (%)] . [COS (900 - %) +1isin (900 - g)]
= cot%. [cos (% +90° —%) +i Sin(%+ 90° — %)]

= cot%. [cos(90%) + i sin(90°)]

L4z

1z
. . nm . . nm

Prove that (sinf + i cos@)"™ = cos (7 - nB) +1isin (7 - nB)

, 0
=1icot-
2

Solution

(sinf +icosO)" =?

ind = 9 d cosd =sin(=—0
sin —cos(g— )an cos —sm(;— )

:>sin9+icos@=cos(§—9>+isin(g—9)
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~ (sinf +icosO)" = [cos (g - 9) +isin (g — 9)]n

= cos {n (g - 19)} +i sin{n (% - 9)}
. . nm . . nm
~ (sin@ + i cos®)" = cos (7 - nB) +isin (7 - nB)
(a) Find the modulus and argument of (a+ ib)?> where a andb are real
-1 2ab _ —1(b
numbers. Hence show thattan (aLbZ) = 2tan (Z)
(b) Two complex numbersz; and z, are such that|z; — z;| = |z; + z,|.
Show that|0; — 05| = g, wheref; and 0, are arguments of z; and z,

respectively.

Solution

let z = (a + ib)?

|zl = |a + ib]? = [VaZ + bZ]°

o |z| = a® + b?

arg(z) = arg(a + ib)? = 2arg(a+ib) = 2tan™! (S)
Also z = (a + ib)? = a® + i2ab + i*b?

=a? —b% +i2ab
— -1 (_2ab )_ -1 E)
= arg(z) = tan (az_bz = 2tan (a
|61 — 6] =g sz — z| = |z + 73]

Let z; = ry(cos6, + isinb,), z, = r,(cosO, + i sinb,)
z1 — z; = 11(cos0; + i sinby;) — r;(cosO, + i sinb,)

= 110801 + i T 5inB; — 1,050, —1,i sinb,

= (rycos6, —1,c050;) + i (r,sinf; — r,sinb,)
z1 + z; = 11 (cosO; + i sinby) + r;(cosO, + i sinb,)

= 110801 + i1 5inbB; + 1,050, + 150 sinb,

= (rycos6, +1,c050;) + i (r,sinf, + r,sinbd,)

71 — 73] = \[[(ryc0s0; — 15c050,)]% + [(rysinb; — 1y5inH,)]?

| 12c0s%6; — r1c0s0, 150560, + 1320526,
+71,25in20; — 1y 5in61,sinf, + 1,2sin%0,

112(cos%6, + sin?0,) — 211y (cosB; cosO, + sinb, sind,)
+71,2(cos20, + sin?6,)

wzy — 73| =n? + 12 = 2ryrycos(6; — 6;)
|z + 73| = /[(r1c0s0; + 1,c050,)]% + [(rysinb; + 135in6,)]?

_ | 12cos%6, + 21 cosBi1,c050, + 1,%c0520,
+71,25in20; + 2r;sinfrysind, + r,2sin?0,

|1 %(cos?0; + sin?6,) + 21 1, (cosO, cosBO, + sinb; sind,)
B +1,2(cos?8, + sin%6,)

sz + 7| = \/rlz + 1,2 + 2ryrycos(6, — 6)

Now |z; — z;| = |z + 2| ; squaring both sides;
1%+ 1,2 = 2rrycos(0; — 6,) =n 2 + 1% + 2ryrycos(8, — ;)
Simplifying
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—cos(0; — 6,) = cos(6; — 6,) or 2cos(6; — 6,) =0
™

cos(6;— 0,)=0 =260, — 6, =cos 1 (0) ==

2
201 B2 =7 orlf = 6y =3

Task

If z=14cos260+isin20 |, where—g <6< 72—[ Prove that|z| = 2cosf and
arg(z) =6

If x=cosa+isina,y=cosf+isinf,z=cosA+isinlandx+y+z=0, prove
that -+ +7=0

Ifarg (Zﬁ—zz) = %, show that |z;| = |z,|

21— 22

SOLVING EQUATIONS IN COMPLEX NUMBERS
Equations involving equality of complex numbers
Equality of complex numbers occurs if:

i. Ifa+ib=0,thena=0, b=0

ii. Ifa+ib=c+idthena=c, b=d
Example
Solve the simultaneous equations;
zZ1+ 2z, =8,42,— i3z, =26 + 81
Solution
Letz; =x; + iy, z, = x, + iy,
2>z1+ 2= (X1 +x) +i(y; +y,) =84+ 0i
SXLFX =8 (1)

4z, — i3z, =26+81i

= 4(x1 + iy) —i3(x, + iy,) =26+1i8
4x, + id4y; —i3x, —i?3y, =26+ 8
(4x, +3y,) +i(4y; —3x,) =26+i8

4x1 +3Y; =26 ciiiiiiiiiiiii 3)
4Y1 —3X =8 i 4)
From eqn. (1)

Xg =8 = X{ e (5)

eqn.(5)into (4)
4y, —3(8—x;) =8 =>4y, +3x; —24=8

4y; +3x; =32 i (6)
From eqn. (2)

2 I VL ettt e (7)
eqn.(7)into (3)

451 =31 =26 i ®)
Solving eqn. (6) and (8)

x=8,y1=2

From eqn. (2) and eqn. (5)
Y2=-2,x,=0
S Zq :8+2i,Zz =0—-2i
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3)

Alternatively
Z + Zy = < 2 (1)
4Zl—i322=26+8i ............................ (2)

eqn.(1) X 4 —eqn.(2)
4Zl+422=32+0i
47, — i3z, =26+ 8i

(4+3i)z,=6—-81i
_6-8i _ (6-801)(4-31)

T2 TR T @3 D@30
_ 24-18i-32i+i%24 _ 0-50i
16—(30)2 T 1649
S Zy = 0—2i

From eqn. (1)
2, =8-2,=8— —2i=8+2i
nz =842i
Given that (3 + 2z*)z =5+ 2z, wherez" is the conjugate of z. find z.
Solution
3z+4+2zz* =5+ 2z
=2z2z2"=5-12z
Letz=x+iy =2z"=x—-1iy
L2 +iy)(x—iy)=5—-(x+iy)
=202 - ((H=6-x)-iy
=>2x2+2y2=G-x)—iy
Equating Real parts and imaginary parts
O A R (1)
“0=—-y=>y=0
Fory=o0,x =7
=>2x2=5-—x or2x>+x—-5=0
~x=1351,-1.851
~z=13514+0i; —1.851+01i
P q

Given that z is a complex number such thatz = — +

ot o where p and q are

real.
Given thatarg(z) = g and |z| =7, find p and q.

Solution
A 1 _ - p(2+i) q(1-30)
2—i  1+43i 2-i)2+i)  (1+3i)(1-3i)
2p+2i q—3qi 2p 2. q 3q .
= =—+4+-i+———I
4—i2 + 1-i232 5 + 5 + 10 10

(@8 riC-)

— -1 (é_i_g) _ —1(2p=3q\ _
arg(z) = tan oy | = tan (—)_—

(F+5) e/ 2
. 2p—3q _ tan® = oo
4p+q
SAP+ G =0 o (1)

=7 = (2 +5) + (-2

Squaring both sides

= 49 = Upt)+@p-3¢)°
100
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24900 =(4p+ Q)2+ (2p—3q¢)% cooiiiiiieee )
Fromeqn. (1)

GQ=—4D it (3)
eqn.(3)into (2)

= 4900 = (4p — 4p)? + (2p — 3(~4p))’

= 4900 = (14p)?

Finding square root on both sides

+70=14p ~p =45

Forp=45,q =?

From eqn. (1)

q=—-4p =15 (—4) = £20
~p=5q=-20p=-5,9q=20

Given thatu = =10+ i 9 as a complex number,
Find the complex number v which satisfies the equationuv =-—11+i28.
Hence verify that |u + v| = 82.

Solution
W= —114i28> = —11+i28 _ —11+i-28
u —10+i9
_ (~11+i28)(=10-i 9)
T (=104i9)(-10—i 9)
_ 110+i99-i280—i?252 _ 110—i 181+252

(=10)2—(i9)2 T 100481
362 _ 181 _, . _9_;
=l o iTiev=2-d
[u+v|=|-1+i94+2—i] =82
=|-8+8i| =V82+82 =282
Find z ifarg(z + 1) =% and arg(z—1) = 2?”
Solution
Let z=x+iy, z+1=x+1+1iy
= -1y YT

=arg(z+1) =tan (x+1)—4
stant =2 =

4 x+1
y=x+1 (1)

z—1=x-1+iy
= arg(z—1) = tan™! (x%)=—

:tanz?n=i=—\/§
=B+ V3 =Y 2)
eqn. (1) = eqn.(2)
x+1=—/3x++3
x(1+v3) +1-v3=0 ~x =221
— V31 _ (B-1)(3-1)
X =B T B)EE-D

=3_§f+1=1—\/§ nx=1-43

From eqn. (1)
y=x+1=1-V3+1=2-+3
nz=(1-v3)+i(2-+3)
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IF(1+i3)z; =51 +1i), findz
Solution

(1+i3)z, =5(1+0) > 7 =%
_ (5+50) _ (5+5i)(1—i3) _ 5-i15+i5-i%*15
17 @a+3) ~ a+3)@-i3) 12—(i3)2
5+15-10i _ 20—i 10 .
149 10

Zl = 2 —l
Given that x and y are real, find the values of x and y which satisfy the
equation

2y+4 Yy

2x+y - x—i
Solution
2y+4 Yy
2x+y - E -

2y 4 yx+i)
2x+y  2x+y - (x=D(x+0)

2y 4 . xy Y i=0

i
2x+y  2x+y X241 x2+41
For equality of complex numbers

For real part: Zj—iy - % =0 e, (1)
For imaginary part: z;::y - x2y+1 =0 i ()

From eqn. (2)

4y T
vey = miy1 » Substituting in eqn. (1)

2y 4 _

2x+y  2x+y x=0
L 2y—4x _ —
” 2x+y =0 =>2y =0
BY 2K e 3)
Eqn. (3) in to eqn. (1)

2(2x)  x(2x) _ Lq 2t _

ez a0 71 =0
>x2-2x2+1=0o0r x*=1
wx =41

From eqn. (3)

y=2(x1) =+2
wx=1,y=2;x=-1,y=-2

Find the values of x and y in the equation

x y _ 6+2i

713 322 " 1ris (Uneb2006)

Solution

Expressing complex numbers in the form a + ib
X y _ 6421

24i3 3-i2  1+i8
x(2-i3) y(B+i2) _ (6+2D)(1-i8)

(2+i3)(2-i3) (3-i2)(3+i2)  (1+i8)(1—i8)
2x—i3x 3y+i2y _ 6—i48+i2-i216

449 9+4 1+64
2x—i3x 3y+ily _ 6+16—i46
13 13 65

2x . 3x 3y iZy _22 . 46

13 13 13 13 65 65
Equating real parts and imaginary parts

359



Mathematics for an A-level student

2x 3y _ 22

For real part: = 13713 T ogg e e i X 65

210X = 15Y = 22 e e (1)
For imaginary part: —i—: - % = —g v e e e X 65

SIS FL0Y =46 oo 2)

Solving eqn. (1) and eqn. (2) simultaneously
x=28,y=04

Alternatively

Making the equation linear
x .y 6421
24i3  3-i2 1+i8
x(3-i2)—y(2+i3) _ 6+2i

(+i3)3-i2)  1+i8
3x—i2x—2y—i3y _ 6+2i
6—i4+i9-i26  1+i8
Bx—2y)+i (=2x-3y) _ (6+21) .
2ais = aig) e X (12+i5)
, (642 )(12+i5)
> @Bx—-2y)+i(—2x—-3y) = e

_ 72+i30+i24+i% 10

1+i8
724i30+i 24+i210 _ 62+i54 _ (62+i54)(1—i8)
1+i8 T 1480 (1+81)(1-i8)
6240 54—i496—i% 432
- 1464
_ 494 Mz 38 34
% Y6 s 5
2 (Bx=2y) =% or15x—10y =38 .oocoooiriinrs (1)
(—2x=3y)= =7 0or 10x+15y =34 ccooorrirrrrrnnnn. 2)

Solving eqn. (1) and eqn. (2) simultaneously
~x=28,y=04

Task
Given that x and y are real, find the values of x and y which satisfy the
equation
x+4i _x+i
2x+y T
3z 3z
1-i i

Answer: (b) x =0.27 ,y = 0.53

=0

4
T 3—i

ROOTS OF A GIVEN EQUATION

It can be proved that if A + iB = x is a root of a quadratic equation ax? + bx +
¢ =0, then its conjugate is also a root.

Formulation of a quadratic equation with two given roots

The general formula used is:

x2 — (sum of theroots)x + product of roots = 0

Example

Find the equation whose one root is;

@) 2-3i (i) 1+ (i) 3+4i
Solution

Since x = 2 — 3i is a root, then the other root x = 2 + 3i is also a root.
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Sum of the roots: 2 —-3i+2+3i =4

Product of roots: (2 —3i)(2 +3i) = (2)? - (i3)’=4+9=13

2x?—4x+13=0

x=1+4+i =2x=1-iis also aroot.

Sum of theroots: 1+i+1—-i=2

Product of roots: (1 +i)(1—i)=(1)>—-()?=1+1=2

wx2=2x4+2=0

x =3+4i = x=3—4iis also aroot.

Sum of the roots: 3+ 4i+3—-4i=6

Product of roots: (3 + 4i)(3 — 4i) = (3)? — (i4)> =9+ 16 = 25

wx?—6x+25=0

Show thatz = 1 is the root of the equationz® —5z% + 7z—5 = 0. Hence solve
the equation.(Uneb 2003)

Solution

Let f(z) =23 —522+7z2-5=0

Forz=1

= f(1)=(1)>-51)>+7(1)—5=0. Hence z=1 is a root. Thus (z—1) is a
root of f(z). Factorizing f(z)

72 —47 45
z—1| z3—-522+7z-5

2

73—z
—4z2+92z—5
—4z% + 4z

5z-5

5z—5

2 f(2)=(z—-1)(Z*—4z+5)=0
z2—4z+5=0
7= 4£J16-4(5) _ 42V=4 _ 4420
2 2
nz=2%i
Show thatz = 2 + 3i is a root of the equation z* — 523 + 1822 — 172+ 13 =0
Solution
z=2+3i
22 =2 +3i)?=4+12i +i*9=—-5+12i
z3 = (=5+12i)(2 + 3i) = —10 — 15i + 24i + i*36
=-10+9i—36=—-46+09i
z* = (—=5+12i)? = 25— 120i + 144 = —119 — 120i
Let f(z) =z*—523+1822 - 17z+ 13 =0
f(z) =-119 — 120i — 5(—46 4+ 9i) + 18(—5+ 12i) — 17(2 + 3i) + 13
=(—119+4+230—-90—-34 +13) +i(—120—-45+216—-51) =0
Hence z = 2 + 3i is a root of the equation.
Since 2 + 3i is a root of the equation, also 2 — 3i is a root.
Quadratic factor in f(z) = z* — 523 + 1822 — 17z + 13:
Sum of roots: 24+3i+2-3i=4

5 =2+i
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Product of roots: (2 +3i)(2-3i) =(2)?-(3Bi)>=4+9=13
~ z? — 4z + 13 is a quadratic factor of f(z)
Factorizing f(z) 2741

72 — 47 —13| z* —52z3 41822 —-17z+13

z% — 473 + 1372

—z3 4522 -17z+13

—z3 +4z% -3z
z2—4z+13
z2—4z+13

Zf(@2)=(z2—-4z+13)(22—z+1)=0
z22—z+1=0
;= 1+VI=4 _ 1+V/=3 _ 1#iV3 | ;= 1+iV3

2 2 2 ; 2
Show thatz—1—i is a factor of the expressionz*— 6z° +23z% — 34z + 26.

Hence solve the equation z* — 623 + 2322 — 34z +26 =0
Solution
Ifz—1—i is a factor then the root of the equation f(z) = 0 must bez—1—
i=0or
z=1+i. Thus showing that z =1+ is a root of f(z) = 0.
Let f(z) = z* — 623 + 2322 - 342+ 26 =0
z=1+1i
zZ2=(1+i)?=1+2i+i*=2i
22 =QRDA+i)=2i+i%2=-2+2i
zt = (20)? = —4
From f(z) = z* — 62% + 2322 — 34z + 26
f(2) = —4 —6(=2+ 20) +23(20) —34(1 + i) + 26
= (—4+12—-34+26)+i(—-12+46—34)=0
Hence z=1+i is a root of the equation hence z—1—i is a factor of the
expression
z* — 623 +232° — 34z + 26
Since 1+ i is a root of the equation, also1 —i is a root.
Quadratic factor in f(z) = z* — 62° + 2322 — 34z + 26:
Sum of roots: 1+i+1—-i=2
Product of roots: (1+i)(1—i)=(1)*?-()*=1+1=2
~ z2 — 2z + 2 is a quadratic factor of f(z)
Factorizing f(z) 22 — 47+ 13

72 =2z 42 z* — 623 +232%2 — 342+ 26

z* — 223 4+ 222
—4z3 + 2122 — 34z + 26
—4z% + 8z — 8z
1322 — 26z + 26
1322 — 26z + 26
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Zf(2)=(22—-2z+2)(z>-4z+13) =0
z2—4z+13=0
;= AEVIETE2 _ 4bVTEE _ adi6

2 2 T =2 i 3i
wz=2%3i
Solve the equation z* — 622 + 25 =0
Solution

z* — 6224+ 25 =0 is an equation reducable to quadratic of the form au? +
bu+c=0

Letz? =u

su?—6u+25=0

u= 6+v36—100 _ 6+8i
- 2 T2

Butzi=u ~z=+u
Foru=3+4i;letz=a+bi
= (a+bi)>=3+4i

= a’+i2ab—b*=3+4i

=3+4i

282 =D =3 (1)
= 2ab =14 orab =12
A= e )

eqn.(2) into eqn. (1)
2
=>(3) -p=3="4-p=3
Let m = b?
SZ-m=3 .ml+3m—4=0
Solving the equation yields m = —4,1
=b=+vm.Now form=—4,b=+—4=+2i
Form=1,b=v1=+1
From eqn. (3)

2 2 . 2 .
a=t+-=>a=-.Forb=H2i=2>a=+—=+i
b b +2i

Alsoforb=il:~a=i%1=+2

~b=+1l,a=%2;b=22i,a= =i
=>z=12+1)

Task
Show thatz = 1 is a root of the equationz* — 323 + 4z> — 3z + 1 = 0. Hence find

the other roots. Answer: 1,1 % (1+iv3)

Given that that the complex number z and its conjugate z satisfy the equation:

zzZ + 3z = 34— 12i . Find the values of z. (Uneb 2010)
q
1431

Ifarg(z) = g and |z| = 7, find the values of p and q

Given the complex number such that z = % + where p and q are real.

Find the real values of a and b such that(a + ib)? =i, hence or otherwise
solve the equation
z2+2z+1—i=0, wherez=a+ib.

Solve for z in the form a + ib if 2= = >

1-4i 1+i
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Equations involving n'" root of a complex number

Example

Solve the following equations
iy z2+1=0
ii) z2-8=0

ifi) z*-8-i8V3=0
iv) z22-5+i12=0
3 _ (27

v) z (2+i) =0
Solution
Z2+1=0=2=-140i ~z=Y-1+01
Expressing z in polar form
=z =1 (cos(—180°) + i sin(—180°))

1
¥z = [cos(—180°) + i sin(—180%)]3
— 0 0 _ 0 0
= cos (M) +isin (M), where k = 0,1 and 2

3
—180°+360°x0 . . (-180°+360°%0
Fork=0,¥z = cos(f) +15m(f)

1 V3

2 2
—180°+3609x1 . . (-180°+360°x1
Fork=1,¥z= cos(f) +15m(f)

1,43

2 2

—180°+3609x2 . . (—180°+360°x2
Fork=2,¥z= cos(f) +LSlTL(f)
=—=140i

sz=14i2
22-8=0=2z=8+0i ~z=8+01
Expressing z in polar form

=z =8 (cos(0°) + i sin(0?))
1
¥z = [8 (cos(0°) + i sin(09) ]
=2 [cos (@) +isin (O()“Lzﬂ)], where k = 0,1 and 2

For k =0,%=2[COS(00+3:ﬂ)+isin(oo+33ﬂ)]

=2+40i
Fork=1,i/5=2[cos(w)+i5in(oo+33ﬂ)]

=-1+iv3
Fork=2,i/5=2[cos(w)+i5in(oo+33ﬂ)]

=-1-i3
“Az=2+0i,,-1+iV3
z*—8-i8/3=0=2*=-8+4i8V3 =z (say)
nz=4z

Expressing z; in polar form

2] = | (8)2 + (8V3)" =8VTF3 =16

arg(z;) = arg[8(—1 + L\/§)]
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= arg(—l + L\/S_’) [« arg(Az) = arg(z) for 1 > 0]
~arg(z;) = 120°
= z; = 16(cos(120°) + i sin(120°))
sz=4%z = 4\/[16(cos(1200) +isin(1209))]

1
= 2[cos(120°) + i sin(120°)]=
0 0 0 0
=2 [cos (w) +isin (wn , where k =0,1,2and 3

Fork =0, 4\/2—1 -2 [cos (120°+360°><0) +isin (120°+i60°x0)]
Fork=1,z=2 [Z);/E_l-zt)éweot’xl) Lisin (120°+360°x1)]
=1, = — -
Fork=2,4z=2 [cos (11:;)°l+3630°x2) tisin (120°+360°x2)]

, — —
120°+36(?°><3l . . (120°+360°x3
Fork =3, 2 [COS (T) +isin (f)]
=1-iv3

nz=%(V3+1i),+(1-i/3)
Left as an exercise Answer: 1|102°18,1|222°18',1|342°18,0.953 — i 0.304

LOCUS PROBLEMS IN COMPLEX NUMBERS
Consider a complex numberz = x +iy. If z varies when subjected to some
given condition, the corresponding set of points in the Argand diagram is
called the locus of a point P(x,y) representing z.
Loci are defined by:
e Distances
e Arguments/ angles
In general, equations of loci in Argand diagram involve moduli and
arguments of complex variables.
Locus from Distances:
Consider the figure below.
z=x+iy,P(x,y)
a=a, t+ia,
z—a=AP
Finding magnitude of AP
= |ﬁ| = |z — a| = k (+ve constant)

Im

= Re

Thus Distance of P from A is a constant. Hence

|z — a] = k is the equation of a circle with centre a at the point A and

radius k
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NOTE
If a point P(x,y) move so that the ratio of its distance from two fixed points
A and B is constant, then the locus is a circle. This locus is referred to as
Apollonius circle and is represented in the Argand diagram by the equation

of the form -
|z —al =klz-b| or |Z a| =kfork+1
Example

Sketch the loci defined by the equations:

i |z|=2

ii) |z—3+2i|=5

iii) |z—4+3i| =4

iv) |z+i] =3
Solution
These are straight forward equations. Re-writing in the form |z —a| =k
lz| =2=|z—(0+0i)| =2 )ﬂ

=~ Centre of circle: (0,0) ; Radius: 2

lx + iyl = 2= x* + y* = 22 /2
o X
lz—3+2i|=5=|z—(3-2)|=5

Centre (3,—2): Radius: 5

(x=3)+i(y +2)| =52 (x—3)% + (y + 2)% = 52 N
bﬂif<
7\

lz—4+3i|=4=|z—(4-3)|=4
Centre (4,—3):Radius : 4
[(x—4)+i(y+3)=5=2>(x—-4)>+(y+3)> =42

T — X
o\
_3—
y
lz+il=3>|z—=0—0)| =3 —

Centre (0,—1): Radius : 3
[(x—0)+i(y+1)]|=3=x*+(y+2)?=3?

A point P represents a complex numberz = x + iy on an Argand diagram.
Describe the locus of P if;
a) 2|z+1|=1|z-2|
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b) |z +4i| =3|z—4|
z+i

C) Z—5—2L| =2
z—1
d) z+17i| - g
z
o |%l=
Solution
1, lz=2| _
21z+ 1| =1z-2| > PreThe 2
Letz=x+yi

l2=2| _ |c=2)+iyl _
|z+1] |(x+1)+iy|

N Vx=2)2+()?

= 2, squaring both sides

Vx+1D)2+(y)?
(x=-2)%+(y)? _ L X 2_4x+4+y?
G+1D2+()2 x2+2x+1+y?

Sx?—4x+4+y?=4[x* +2x +1+y?]
=23x2+12x+3y2=0 ~x2+y?+4x=0

Circle with centre (-2,0), Radius= v4 + 0 — 0 = 2 units
|Z+4l|

|z +4i| = 3|z — 4| = T— =3

lz+4i] _ letiG+o)] _

lz—4]  |(x—4)+iyl
JXZry+4)?

= YR
NeEnz=a 3, squaring both sides

x2+(y+4)? _ x2+y?+8y+16 _

(c—4)24y2 — 7 T x2-8x+164+y?

= x>+ y2+8y+ 16 =9[x? — 8x + 16 + y?]
=8x2—72x—8y +128+8y?=0 .-.x2+y2—9x—y+16=0

81 V21

Circle with centre G %), Radius= —-16 = > units

| z+i -2 |z+i] _
lz—5-2i |z—5—-2i]

lz+il  _  lxH@+Dl
lz=5-2i] ~ |(x=5)+i(y=2)|
5 HOHY 5 squaring both sides

Va=5)2+G-2)%

x2+y+1)? x2+y242y+1

G=5)+(y—2)2 | x?—10x+25+y2—4y+4

S x2+y?+2y+1=4[x? +y2—10x—4y+29]
115

= 3x2 +3y? —40x— 18y + 115=0 = x? + y? ——x 6y+5 =0

Circle with centre (23—0 ,3), Radius= /— +9— g ZE =3

| z—1 _2=> |z-1] _ 2

34 units

[z+1=il =3 7 |z+1-1] 3
|z-1] _  [xe=D+iy| 2

[x+D+-1)] ~ 3
o VODPy? 2
G+DZ+(y-12 3
(c—1)2%+y2 4, x2+y?—2x+1 _4
G+1D2+(-1)2 9 7 x242x+1+y2-2y+1 9
59x2+y?—2x+1]=4[x*+2x+1+y? -2y +1]
=9x2+9y2 —18x+9 =4x% +8x +8 + 4y2 — 8y

2 5x2+5y2 - 26x+8y+1=0

lz+1—i]

, squaring both sides
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. . 13 4 . [169 16 184 _ 2 .
Circle with centre (? ’_E)’ Radius= St 1= = 46 units

Task

Ifz=x+1iy , determine the Cartesian equation of loci of the point z which

moves in the Argand diagram so that;
i) |z+2il>+|z—2i]> =40
ii) |z +2i|? — |z - 2i|]*> = 24
iii) |z + ki|® + |z — ki|® = 30k?
ANSWER: (i) x* + y? = 16 (ii) y = 3 (iii) x* + y? = 4k?

NOTE:
zZ—a
z—b
Example

For

| =k and k =1, this is a case where locus is a straight line

Sketch the locus of the pointP(x,y) representing the complex numberz = x +

iy given that
i) lz—1=lz+il

z+i
|=1
z—5-2i

Write also the Cartesian equation of the locus.
Solution A
lz=1|=|z+i|;z=x+1iy

ii)

|(x = 1) +iyl =[x +i(y + D]

=>Jx-1)2+y2=x2+(y+1?; -

squaring both sides .
> (x—-1D2+y?=x*+(y+1)> -1 0F
Sx4+y?—2x+1=x>+y*+2y+1

= —2x =2y -~y = —x(Line with slope = —1)

z+i . .
2_5_2i|—1:~lz+1|—lz—5—21|

lx+i(y+Dl=|(x=5+i(y—2)|

= /x2+ (y+1)2 =/(x —5)2 + (y — 2)? ; squaring both sides
>x2+@+1)2=((x—-5?%+(y—2)>
Sx2+y?+2y+1=x>+y*—10x— 4y +25+4
=>6y=-10x+28 ~y= —gx +13—4 (Linewithslope = —z)

368



ii)

Mathematics for an A-level student

LOCUS PROBLEMS FROM EQUALITY OF COMPLEX NUMBERS
Given thatRe (ZZ_TZ‘:) = 0, prove that in the Argand diagram, the locus of z is a

circle. Find the centre and write as a complex number. Show that the radius

isV5

Solution

z=2i _ x+iy—2i _ x+i(y—2)

7+4  x+iy+4  (e+4)+iy
[x+i(y=2)[(x+4)—=iy] _ x2+4x—ixy +i(x+4)(y—2)—i?(y%-2y)

; rationalizing the denominator,

[(x+4)+iy][(x+4)—iy] - (x+4)2—i2y2
z=20 _ x2+4x—ixy +i(x+4)(y=2)+(y?=2y)
z+4 (x+4)2+y?
Cz=2i (iaxtyi-2y) | . e+ (y—2)—xy
TzHa T (x44)24y2 (x+4)2+y?

For Realpart =0
(2 44x+y?-2y) 0
(x+4)24y2
~x% +4x +y? — 2y =0, which is the required locus of a circle.
4 =2
Centre: (_—2 , _—2) =(-2,1)
~ Centre: —2+1i
Radius: V22 +12 -0 =+/5
Ifz = x + iy where x and y are real, show that
i)  when % is purely imaginary the locus of the point P(x,y) is a circle
of radius%\/g
ii) When:—i is purely imaginary the locus of a point P(x,y) in the
Argand diagram is a circle. Write its centre as a complex number.
iii) When% is purely real the locus of the point P(x,y) is a straight
line.
Solution
For purely imaginary complex number, Real part = 0
zHl _ xtiy+i x+i(y+1) |

z+2 x+iy+2 - (x+2)+iy
[x+ily+D][(x+2)—iy] _ x242x—ixy +i(x+2)(y+1)—i2(y2+y)

rationalizing the denominator,

[+ +iyl[(x+2)—iy] (x+2)2—i2y?2

z+i _ x?42x—ixy +i(x+2)(y+ 1D+ +y)

742 (x+2)%4y?
. Z_+L _ (x2+2x+y2+y) . (x+2)(y+1)—xy
T2 T (x42)24y2 (x+2)%+y?
For Real part =0

(c2+2x+y2+y) _ 0

(x+2)%4y?

~x%+y?+2x+y =0, which is the required locus of a circle.

~ Centre: (—1 , — %)

~ Centre: 1 —%i

Radius: ’12 + G)Z -0= %\/g

22 _ xyal x+l:(y -2 ; rationalizing the denominator,
2z—i 2x+i2y—i 2x+i(2y—-1)
z=2i _ [x+i(y=2)I2x—iQy—1)] _ 2x%—i(Q2xy—x)+i(2xy —4x)—i%*(y—2)(2y—1)
2z—i  [2x+iQRy-D]R2x—i(2y-1)] (2x)2—i2(2y—1)?
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z=20 _ 2x2—i(2xy —x)+i(2xy —4x)+2y* -5y +2

2z—i 4x2+(2y—1)2
L z=2i _ (x%+2yi-5y+2) | . —3x
Y 2z—i T 4x2+(2y—1)2 4x2+(2y—1)?

For Realpart =0
(2x%+2y2—5y+2) _ 0
4x2+Q2y-1)2

5 2x2 + 2y —5y+2=0o0rx?+y? —gy + 1 =0, which is the required locus
of a circle.

5
~ Centre: (0, Z)

~ Centre: 0 + %i
z—i

s purely Real if Imaginary part = 0

zol_xdy—i_ xHO-D) rationalizing the denominator,
z4+2  x+iy+2 (x+2)+iy
[x+iy—DI[(x+2)—iy] _ x*+2x—ixy +i(x+2)y—D—i(y*—y)
[Ge+2)+iyl[(x+2)—iy] (x+2)2—i2y2
z+i x242x—ixy +i(x+2)(y -1+ 2—y)
742 (x+2)2+y?
LzH (2 4+2x+y2%—y) . (x+2)y-1)—=xy
Tz42 T (x42)24y? (x+2)2+y?
For Imaginary part =0
GOy _
(x+2)2+y2
sx+2)y-1)—xy=0
>xy—x+2y—-2-xy=0
~ 2y =x 4+ 2, which is a straight line.

Task
3

le = 3+cos +i sind ’
If nis a variable andz = 4n + i3(1 — n), show that the locus of z is a straight
line.

Prove that the locus of z is a circlex? + y?> = 4x — 3

LOCUS PROBLEMS FROM ARGUMENT OF COMPLEX NUMBER
Two major cases shall be considered.
Casel:arg(z—a)=a

P is a point representing complex number z = x + iy. A is a complex
numbera = c + id . AP is a straight line
Im

Deduction

arg(z — a) = a, is the equation of a half line with end point A
inclined at an angle a to the+ve Real axis.
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Example
1. Sketch the loci defined by the equations
i) arg(z—1-2i) =%
ii) arg(z+2) = —%ﬂ
iii) arg(z+1— 3i) =%
iv) arg(z+1—-1i) = —%
Solution
i)y arg(z—1-2i)= %, can be written as arg[z — (1 + 2i)] = % =arg(z—a)=a
This is a locus of half line with end point (1, 2) inclined at an angle %
p Note:
Direction arrow of angle measurement is in
% anticlockwise since
2 f-----&---l-- . T
'A | N arg(z—1—21)=1=+ve
| 1 2
Finding Cartesian equation of line AP
Letz=x+1iy
=arg(z—1-2i) =arg((x—1) + (y — 2)i) =§
-1(¥=2\ ¢
= tan (x—l) T4
y=2 _ T _
> o =tan = 1
wy—2=x—-1lory=x+1
ii) arg(z+2)= _z?n , re-writing the equation
=arg(z+2) =arg (z— (-2+ Oi)) = —2?” =arg(z—a)=a«a
A Finding Cartesian equation of locus
Letz=x+1iy
sarg(z+2) =arg((x+2) +yi) = —2?”
A - S tan1 () = -2
-2 o 0 x+2 , 3
y _ _2m _
E BT tan( 3 ) =V3
P Ly = 23 +2V3
ity arg(z+1-3i) ==, re-writing the equation

6 )
=arg(z+1-3i)=arg (z— (-1+ 3i)) = % =arg(z—a)=a
Half line with end point A(—1, 3)
| Finding Cartesian equation of locus
Letz=x+1iy
sarg(z+1-30) = arg((x +D+ (- 3)1’) =

6
3 = tan™! (E) ==
x+1 6
y=3 _ (z) -1
- = x+1 tan 6 V3
1 0 1,1

=>y—3=x\/—§+\/—§
1

"'y:xj_é+(\/§+3)
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Left as an exercise for the student

Case II: arg (g) =y

Letarg(z—a) = a,arg(z—b) = f and arg (g) =y

wherey = a — B (27 if necessary)

NOTE:

y can either be positive or negative depending on the turn of the half lines
from the end points at a and b. Anti clockwise turn is BP to AP andyis +ve
and for clockwise turn.i.e AP to BP. Two cases arise here

Imy

Im

anarg( )>OLea>b Flgarg( )<01ea<b

In general, the equation arg( ) A , where A = constant represents a
circular arc with end points A and B.
Example

The pointP(x ,y) represents z = x + i y as the complex number on the Argand
diagram. Describe and sketch the locus of P if;

o arg()=2

w

z—

4
b) arg ( ) =§
+2
o arg (i) =5
z—1 T
4 arg(753)=3
z—3—i m
€) arg (z+5 3i) T3
Solution
zHi\ _m | . e . . z—a\ _
arg (;) =7 ; re-writing the equation in the form arg (Z_b) A
ZHl\ _m _ z—(0-0)] _ L3 . . . _
arg (;) =, =arg [z—(O—i)] =3 circular arc with end points A(0,—1)
and B(0,1)
y Cartesian equation of locus:
B(0,1 zH _ x+iQy+1) G +D]x—iy-1)]
e z=i  x+i(y-1)  [x+iy-Dlx-i(y-1)]
! - _ il =)+ ey +0) -+ D -1
! i . - x2=i2(y-1)?
“\ 4 P(x ! y) _ (x2+y2=1)+i(2x)
AN - x24+(y—1)?
A(0, —1
arg =tan~ [(J(fzt,(Zzl)lz))]
(xz+(y l)z)
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2x b3
#=tan—= 1
xétys—1 4

wx?24+y2—-2x—1=0, centre (1,0)
b) arg( ) =arg [i S:gg] % circular arc with end points A(3,0) and B(0,1)

y (x,y)
s

BO,D L AG0)
Cartesian equation of locus: Tee-T

z=3 _ (x=3)+iy _ [=3)+iyl[x—1)—iy]
z—1 (e-D+iy  [xc—D+iy][(x—1)—iy]

_ e=3)(x—D)—iCxy —3y)+ilxy —y)—i%y?
- (x—1)2+(iy)?
_ x —4x+3+i@By—y)+y?
- x2—i2(y—1)2
_ (x24y2—4x43)+i(2y)
- x2+(y—1)2
. z=3\ _ ., -1 2y/(x2+(-1)% o
-arg (;) = tan [(x2+y2—4x+3)/(x2+(y—1)2)] %
~x?+y?—4x—2y+3=0, centre (2,1)

z+2Y\ _ z—(—2+0i) s . . . _
c) arg (;) =arg [—Z ) ] , circular arc with end points A(—2,0) and B(0,1)

Cartesian equation of locus:
z4+2 _ (x+2)+iy _ [(x+2)+iy][x—i(y—1)]

z—i  x+i(y—-1)  [x+iGy-D]x—i(y—1)]
= z+2 _ x242x—i(y—1)(x+2)+ixy —i2(y%—y)
z—i x2—i2(y—1)?
x24+y24+2x—y +i(xy +2y—x—2+xy)
- x24(y—1)2
x24y242x—y+i(—x+2y—-2)
B x24(y—1)2

. z42\ _ o o1 [ (ad2y-2)/GPHe-1H) ] _n
a arg(z—i) = tan [(x2+y2+2x—y)/(x2+(y—1)2)] 3

—x+2y—2 m
>——" " =tan-=+v3
x2+y2+2x—y 3

=> —x+2y-2=V3(x%*+y*+2x—y)

:,~x2+y2+2x—y=—%§x+%—y_j_§

sx?+y*+ (24 ) x+(-5-1)y+5=0, centre (~0.7,-0.1)
y i B TET B

d) arg (%) = % = arg [%] = % , circular arc with end points A(1,0)
and B(—1,0)
Note:
Since BP is rotating through% (Anticlock wise) to AP , arrow direction is as
shown.
Cartesian equation of locus:
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z=1 _ (x=D+iy _ [(x=D+iy][(x+1)-iy]

z P(x,y) 741 (HD+y | [GHD+iyIE+D—iy]
3 z—1 _ x2=1—i(xy —x)+i(xy +y)—i’y?
Z+1 (x—1)2—i%y2
z—1 _ x%+y?—1+i(xy +y—xy +y)
X 71 (x—1)2+y?
B(—l,\OF-—"/A(l, 0) _ (x2+y2=1)+i(2y)
(x—1)2+y?

. z=1\ _ -1 2y _ T
warg (53) = tan™! [y | = tanf = 1

~x?+y? —2y—1=0, centre (0,1)

[ z—(3+i)

Z_(_5+3i)] = g , circular arc with end points A(3,1)

z—3—i
arg () =5 = arg
and B(-5,3)
Cartesian equation of locus:

z=3=i _ (x=3)+i(y—-1) _ [(x=3)+i(y—DI[(x+5)=i(y—3)]
Z245-3i  (x+5)+i(y—3)  [(x+5)+i(y—3)][(x+5)—i(y—3)]

_ =3 45)—i(x—3)y—3)+iy-DE+5)-i’(y-3)y—1)
- (x+5)2+(y—3)2

_ x242x—15+i(xy +5y—x—5—xy +3y+3x—9)+y%—4y+3 y“
- (x+5)2+(y—3)> P(x,y)

_ (x2+y%+2x—4y—12)+i(2x+8y—14) \3_
- (x+5)2+(y—3)?

. z—3—-iY) _ 1 [ 2x+8y—14 ] _m
-arg (Z+5—3i) = tan R \\ 4 A(3,1)

x2+y2+2x—4y—12

2x+8y—14 T
L =tan- =3
x24+y24+2x—4y—12 3

D2 42 C4y_12 =L, 8, 1
s“xt+yt+2x—4y 12—\/§x+ﬁy Nei

)x + (—4 - i) + (1—‘;— 12) =0, centre (—0.4,4.1)

) 2 _2
nxtty +(2 3 V3 V3

N

Task
Sketch the locus of the following

z—2i m
arg () =5
Represent each of the following loci on the Argand diagram
arg(z—1)=arg(z+1)
arg(z) =arg(z—1—1i)
arg(z—2)=n+arg(z)
arg(z—1) =n+arg(z—1)
arg(z) = arg(z — 4+ 2i) +§

arg(w — 5+ 3i) =arg(w + 2 + 3i) +%
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Solution
This example can be transformed in to forms as in example (1) above
a) arg(z—1) =arg(z+1)=>arg(z—1)—arg(z+1) =0

-1
warg C?) =0 [ arg(z,) —arg(z;) = arg C‘i)]
z=1 _ (x=D+iy _ [c—D+iy][(x+1)—iy]

z+1 (+D+y [+ D+Y][e+D—iy]
_xl-1+i(—xy+y+ay+y)+y?  xP+yi-1-i2y

(x+1)%+y? T (x+1)24y2
= tan™! (x2+2; o 1) =0 -~y =0, is the locus of half straight line with end

points B(—1,0) and A(1,0)

b) arg(z)=arg(z—1—-i)=>arg(z)—arg(z—1-i)=0

. z _ z—(0+00)] _
- arg (z—l—i) - arg[z—(lﬂ')] =0
B Since the angle BP is to turn to AP is zero,
this is a straight line joining A and B
P (circular arc in form of a straight line).
= Cartesian equation of locus:
A I z x+iy _ [x+iy][(x—1)—i(y—1)]
z=1-i  -D+iy-1D  [Gc-D+-DIE-D-i(y-1)]
7z xl—x+i(—xy+xtxy—y)+yi-y _ x’+y?—x—y+i(x—y)
Tz-1-i T (x—1)2+(y—1)2 T - -1)?
. Z N _ -1 x—y _
-arg (z—l—i) = tan (x2+y2—x—y) 0

~ x =y, is the locus of half straight line with end points B(1,1) and A(0,0)

c) arg(z—2)=mn+arg(z)=>arg(z—2)—arg(z)=m

. E _ z—(2+00)] _ . . . . .
-~ arg( - ) =arg [z—(0+0i)] = m , circular arc in form of a straight line with end

points B(0,0) and A(2,0)

Cartesian equation of locus:
z=2 _ (x=2)+iy _ [(x=2)+iy]lx—iy]

z (x+iy) [x+iy][x—iy]
_ x2=2x+i(—xy—2y+xy)+y?

B(—l,O)X PN A(1,0) - x24y?
A

_ x2+y?—2x+i2y

x24y?

. z2=2\ _ -1 ( 2y ) _
a arg( z ) = tan x2+y2-2x T
2y
x24y2-2x
d) Left as an exercise for the students.

=tant=0-~y=0

e) arg(z) =arg(z—4+2i) +§ =>arg(z) —arg(z—4+2i) = %
—(0+01) . . .
s arg (z—:+2i) =arg [Z : ] = g , circular arc with end points B(4,—2) and

z—(4—21)
A(0,0)
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Cartesian equation of locus:
7z (P4yP—dx+2y)+i(—2x—4y) [show this as a]
74420 (x—4)2+(y+2)? student

. ar ( z )—tan’l(—72x74y )—E
CAr9\ ) T x2+y2—4x+2y) ~ 2

~ x2+y? — 4x + 2y = 0, since no value for tan;—[

P(x,vy)

Further examples on locus involving arguments
Given thatz = x + iy, find and sketch the locusarg(z) + arg(1z) = % if;

a) 1>0
b) 1< 0, where 1 is a real number.
Solution

It can be shown that1 =1 + 0i

arg(Az) = arg(1) + arg(z)

~arg(Az) =0+ arg(z) = arg(z)

= arg(Az) = arg(z)

»arg(z) +arg(z) =2 = 2arg(z) =7

«arg(z) =7

~arg(z) = arglz— (0 + 0))] = % , which is half line with one end point
as (0,0)

A | -

arg(Az) = arg(1) + arg(z), forA < 0.i.e. Al is — ve

arg(A) = (The principal argument) | -
= arg(Az) = +arg(z) 1 |
~arg(z)+arg(Az) = arg(z) + w + arg(z) = % t -

T gp=_T NG -
:;Zarg(z)—2 T=—- 2
. _ T
- arg(2) = =%

P

Ifarg(2z) + % = arg(z +1), show that the locus of z is a circle.
Solution

arg(2z) +§ =arg(z+i)=>arg(z+i)—arg(2z) =—
=arg(z+i)—arg(z) = %

= arg( H) ==
Z+l [z (0 i)
z—(0+01)
Cartesian equation of locus:
z+i _ x+i(y+1) — [x+i(y+D][x—iy]

] = — , circular arc with end points B(0,0) and A(0,—1)

z (x+iy) [x+iy]lx—iy]
Lz xPeixy iy +0)+y*ty 2%y ity +ix
Tz x24y? T xZ4y?
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z+i -1 X T
~arg(—) =tan =-
z x2+y2+y 4

~x?+y?—x+y=0, which is a circle of centre G s —%) and radius‘/TE units

Locus problems involving inequalities

This involves finding the equation of the locus, representing it on the

Argand diagram and shading the unwanted region.

The knowledge portrayed in the previous examples shall be applied here.
Locus problems may involve arguments, modulus of inequality complex

number.

Example

Shade on separate Argand diagrams the regions in which;
) |z—4+4il<4
ii) [z—3]|>|z-5]

z+i | >2
z—5-2i

i)

v) 3<|z|<5
vi) 4<|z+a|<5,wherea=1+1i

Solution

Recall: |z — 4 + 4i| = 4 represents a circle of centre (4,—4) and radius 4 units.

Letz=x+1iy

[z—4+4i|=>|(x—-4D)+ily+4)]| <4

a(x =42+ (y+4)?% < 4?

Using the centre coordinate to find the wanted

region to be shaded,
~(4—4)?+ (-4 +4)? < 4% , which is true.
Hence shading the outside region of a circle,

|z—3| > |z-5|
Finding the Cartesian inequality of locus |

]
[(x —3) +iy| > |(x—5)+iy|, squaring both sides fm 7

:,~(x—3)2+yz>(x—5)2+y2
=x?—6x+9>x?—10x+25
=>4x>16 ~x>4

zZ+i
z—5-2i
Finding the Cartesian inequality of locus
=|z+i| =2|z—-5-2i|
~x+i(y+ 1| = 2|(x—5)+i(y —2)|, squaring both sides
S x2+ (y+1)2 =2 4[(x —5)?% + (y — 2)?]
= x2+y?2+2y+1=4x% —40x + 100 +4y% — 16y + 16

= 3x2+3y2 —40x — 18y + 115 <0
115

|>2

axt+y?— 43—0x — 6y + =<0, which is a circle of centre (? , 3) and

e

2
radius (23—0) + 32— 13£ = %\/34—
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Using the centre coordinate to find the wanted region to be shaded,

2
(23—0) +(3)2 - 43—0 (23—0) -6(3)+ 13£ = —% < 0, which satisfies the inequality.

Shading the inside of the circle, Aim

Finding the Cartesian inequality of locus

= |z+2|>3|z—i]

~|(x+2)+iy| >3|x+i(y — 1)| , squaring both sides

= (x+2)2+y2>9[x%+ (y —1)?]

S>x2+4x+4+y?>9x%+9y? —18y+9
=8x2+8y?—4x—18y+5>0

wxt4y?— %x —3)/ +§ > 0, which is a circle of centre ( ,Z) and

1
4
radive (1) + () -§ =58

Using the centre coordinate to find the wanted region
to be shaded, Im

C(1\%, (9\% 1 81 5 _ 45

2@ +() —-nri=-uso,

, which does not satisfy the inequality.
Shading the outside of the circle,

Re

3<|z|<5,for3<|z|, 32 <x?+y?
For |z| < 5,x* + y? <52

Using the centre coordinate to find the wanted

region to be shaded, .// ’/&
For9 < x? + y?> = 32 < 0% + 02, this is not true. 1 | .
Shading the outside of circle, ";" /’7

Now for |z| < 5, x? + y? <52 o.? 7

= 02 + 0% < 5% , this is true. Shading the inside of circle,

4<|z+a|<5,a=1+i

542 <(x+1)?2+(y+1)? <52

Using the centre (—1,—1) to find the wanted
region to be shaded,

For4? < (x + 1)%> + (y + 1)? = 4% < 0% + 0?

, this is not true shading the outside of circle,
Now for (x + 1) + (y + 1) < 52

= 02 + 02 > 52 | this is true. Shading the inside of circle,
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NOTE:

When testing region that is to be shaded, always use the centre to represent

the inner region of the locus.

Shade the region represented by;
a) arg(z+a)£%,a=1+i
b) arg(z—1+i)>%
) arg(z+2—i)<—2?”
d) arg(z—-i)= —g
e) —%Sarg(z+i)£2?”
f) 0<arg(z—a)£§,wherea=1+i
g) —%<arg(z+a)<%;a=2+i

Solution
arg(z + a) S% ,a=1+4+1i

Recall: arg(z — a) = a, represents a half a line with one end as a and making

an angle of @ with +ve real axis.
Cartesian inequality:

arg(z+1+i)£%

arg[(x+ 1) +i(y + 1)] S%
y+1

= tan! (
x+1

)S%:y+1£(x+1)tan%

~y+1<x+1ory<x,shading below the line, _ _

arg(z—1+1) >g:~arg[z—(1—i)] >%
Cartesian inequality:
arglx—1)+i(y+ 1)] >g

y+1

= tan~! (—
x—1

)>g:~y+1>(x—1)tan%

1 1 1
-'.y+1>(x—1)\/—§ or y>7§x+(—1—ﬁ)

, shading the above region of the line,

arg(z+2—-1i) < —2?” > arg[z— (-2+ i)] < —2?”
Cartesian inequality:

argl(x+2)+i(y— 1] < —2?”

= tan™! (E) <-Z

x+2 3
T

=2y-1< (x+2)tan(—2?)

2y—1<(x+2)V3 ory <+3x+(1+2V3)
, shading the below region of the line,

left as an exercise

A

A f—
P—
—
_
—
—_—
F -
—
—— 4
T
=X
-1 o
A
— e —1
4. ) 271
Vi 3
Vi
4 =
Y —
——
—
L[——
Y —
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e) —% <arg(z+1i) < 2?”
= —% <arg(z+1i); arg(z+1i) < %ﬂ
Representing these on the Argand diagram,
For—g <arg(z +1i) =>—g <arglz—(0-1)]
Cartesian inequality:
—g <arglx+i(y+1)]
:»—g < tan™! (yxi) or tan (—g) < yxil
~0<x orx =0, shading the R.H.S of the line,
Forarg(z+1i) < 2?” Sarglz—(0-0)] < Z?H
Cartesian inequality:
arglx +i(y + 1] < 2?”

g (y+1\ _ 2 1 2
= tan 1(3'—)S—” or y—Stan(—”)
x 3 X 3

-'-yTHS—\/B_’ ory+1<—/3x
~y < —/3x — 1, shading the below region of the line,

f) Left as an exercise
g) Left as an exercise
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